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ABSTRACT

Noise-induced tipping from a low-amplitude oscillation state to a high-amplitude one is widespread in airfoil systems. Its occurrence may
cause fatigue damage to the wing structure of an aircraft, which directly threatens its flight safety. Therefore, it is of utmost importance to
predict the occurrence of noise-induced high-amplitude oscillations as the system parameters vary in airfoil systems. Taking a two-degrees-of-
freedom airfoil model with random loadings as a prototype class of real systems, the prediction of noise-induced tipping from low-amplitude
to high-amplitude oscillations is carried out in the present study. First, we analyze the effects of random fluctuations on the system response.
The results show that noise-induced catastrophic high-amplitude oscillations take place before the bifurcation point of the corresponding
deterministic airfoil model. Subsequently, the possibility that the low-amplitude oscillation state of the given noisy model jumps to the high-
amplitude one is analyzed based on the escape probability. Then, the new concept of the high-risk region is defined. This is an efficient
early warning indicator to approximately quantify the ranges of the system parameters where noise-induced high-amplitude oscillations may
occur. Compared with the existing early warning indicators, this method is a non-local universal concept of stability. More importantly, it
may provide theoretical guidance for aircraft designers to take some measures to avoid such catastrophic critical jump phenomena in practical
engineering applications.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0084796

Random fluctuations in a flight environment can induce tipping
from a low-amplitude oscillation state to a high-amplitude one
of an airfoil system. These typically undesirable high-amplitude
oscillations often lead to airfoil structural damage, thereby
increasing the risk of flight safety issues such as the aircraft break-
ing up in mid-air. Therefore, early warning of high-amplitude
oscillations under random fluctuations has been a major prob-
lem faced during the safe flight of the aircraft. Many studies, in
recent years, have been devoted to exploring early warning indi-
cators to predict and characterize the onset of high-amplitude
oscillations. However, these existing indicators can only warn
of high-amplitude oscillations that are impending, which leaves
operators not having enough time to avoid the occurrence of these
catastrophic events. To overcome these problems, in this paper,
we introduce a new and non-local concept: the high-risk region.
It can provide early warning signals for the airfoil structure by

quantifying the ranges of the system parameters where noise-
induced high-amplitude oscillations may occur in advance.

I. INTRODUCTION

Many engineering systems exhibit tipping points where small
random fluctuations spark a sudden transition to a catastrophic
high-amplitude oscillation state.1,2 One example of such engineering
systems is the airfoil aeroelastic system. In practical aircraft design,
the high-amplitude oscillation phenomena are not rare and highly
undesirable.3–10 At times, they can severely jeopardize the perfor-
mance and even lead to a possible great disaster. Thus, early warning
of the high-amplitude oscillations in an airfoil system has been an
active area of research.
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In general, the nonlinear factors in airfoil models can induce
very rich dynamic behaviors. Coupling of nonlinearity and random
loadings makes the dynamics even more complex.11–13 Despite this,
uncertain influences should be taken into account in the exploration
of aircraft structures. This is of high practical significance and may
provide valuable information to an efficient and safe design of the
aircraft wings.14–17

During the past few years, many investigations have been
devoted to exploring dynamic responses of the airfoil model with
random excitations.18–21 For instance, turbulence suffered by a two-
degrees-of-freedom airfoil (TDOFA) system in the vertical direction
was modulated as an additive white noise, and the saddle-node
and subcritical bifurcation associated with the proposed random
airfoil model were investigated.22 Several early warning indicators,
including multi-fractality, entropy measures, Lempel–Ziv complex-
ity, and Hurst exponents, were proposed to capture changes of the
dynamic responses in random airfoil aeroelastic system systems.23–25

It should be noted here that these indicators can only warn impend-
ing catastrophic dynamic responses. However, it is already diffi-
cult for operators to prevent the occurrence of these catastrophic
events at this time. In addition, a number of works focused on air-
foil models subjected to narrow-band random excitations, which
have been shown to exist in several aeroelastic problems of a
wing.26–34 Specifically, the power spectrum density of the airfoil
instability tonal noise has been proved experimentally to have a
narrow-band characteristic.35 Stochastic jumps from low-amplitude
to high-amplitude oscillations of a TDOFA model with Gaussian
or narrow-band noise excitations were studied, which decrease the
performance of an aircraft and could even lead to a catastrophe
in flight.36 All these existing results provide ideas for us to further
establish a more general early warning indicator of high-amplitude
oscillations in an additive narrow-band random excitation-induced
airfoil model.

In fact, the occurrence of noise-induced tipping from low-
amplitude to high-amplitude oscillations depends on the stability
of the low-amplitude oscillation state against random perturbations.
To overcome the limitation that the existing indicators can only pro-
vide early warning signals when catastrophic dynamic responses are
imminent, an earlier analysis of non-local stability is necessary. In
Refs. 37–39, we have proposed a non-local and nonlinear early warn-
ing indicator, the parameter dependent basin of the unsafe regime.
This tool can successfully quantify the ranges of the parameters
where Gaussian white noise or Lévy noise-induced critical transi-
tions may occur in multi-stable systems. Based on these results, in
this study, a new concept of the high-risk region is introduced to
warn noise-induced catastrophic high-amplitude oscillations in the
airfoil model.

The remainder of this paper is arranged as follows: In Sec. II,
the TDOFA model subject to a narrow-band noise is introduced.
In Sec. III, the approximate analytical solutions of the ampli-
tude–frequency responses obtained by the multiple-scale method
are compared with the results from numerical simulations. Fur-
thermore, noise-induced high-amplitude oscillations that take place
earlier are uncovered. Section IV introduces the new concept of the
high-risk region to quantify the parameters, where noise-induced
high-amplitude oscillations may occur. Finally, conclusions are pre-
sented in Sec. V.

II. TDOFA MODEL WITH RANDOM LOADING

In this section, a conceptual TDOFA model oscillating in pitch
and plunge is introduced. Figure 1 shows a typical TDOFA section
containing various symbols used in the TDOFA model.4,36 Among
them, α denotes the pitch angle of the airfoil, which is positive if
nose-up. h represents the plunging deflection, and it is positive if it
is downward. U denotes the flow velocity, and L and M represent the
aerodynamic force and moment acting on the airfoil, respectively.
G indicates the center of gravity, F is the point of the force applica-
tion, b is the airfoil semi-chord, and EA is the elastic axis. ab is the
distance of the elastic axis from the mid-chord, while the center of
gravity is located at a distance xαb from the elastic axis. Both dis-
tances are positive when measured toward the trailing edge of the
airfoil.

Considering the steady aerodynamic force based on the intro-
duction of the non-dimensional plunge deflection ξ = h/b and the
time τ = Ut/b, a non-dimensional TDOFA model with an external
random loading can be written as4,8,9

ξ̈ + xαα̈ + ζξ ξ̇ + (ωξ/ωα)
2(ξ + βξ ξ

3) = −2Qα/µ,

xα

rα
2
ξ̈ + α̈ + ζαα̇ + α + βαα

3 = (1 + 2a)Qα/µrα
2 + η(τ),

(1)

where rα is the radius of gyration, and Q = (U/bωα)
2 is called the

generalized flow velocity. µ = m/πρb2 is the non-dimensional mass
of the airfoil with the mass of the airfoil m and the air density
ρ. ωξ and ωα represent the uncoupled natural frequencies, βξ and
βα stand for the nonlinear stiffness coefficients, and ζξ and ζα are
the damping ratios, in both degrees of freedom, respectively. In
particular, η(τ) is the random harmonic excitation used to char-
acterize the random loading of the external environment, which is
described as

η(τ) = Acos[�τ + vW(τ )],

where W(τ ) is a standard Wiener process, and A denotes the
amplitude of the random excitation with the central frequency �.
Moreover, v ≥ 0, is the intensity of the stochastic excitation, which is
assumed to be a small parameter in the present paper. Obviously, the
random excitation η(t) will degenerate into a deterministic periodic
force when v = 0.

FIG. 1. Schematic of the TDOFA section model.36
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To enable a theoretical analysis, we assume that the cou-
pling and nonlinearity terms in the airfoil model are very small.
So, the scale transformation is introduced with a small parameter
0 < ε � 1, and some parameters are renewed as

xα → εxα , ζξ → εζξ , ζα → εζα , βξ → εβξ , βα → εβα ,

Q → εQ, A → εA.

Then, the airfoil system (1) becomes,

ξ̈ + εxαα̈ + εζξ ξ̇ + ω10
2ξ + εω10

2βξ ξ
3 = −2εQα/µ,

ε
xα

rα
2
ξ̈ + α̈ + εζαα̇ + ω20

2α + εβαα
3 = εA cos[�t + vW(τ )],

(2)

where ω10 = ωξ/ωα and ω20 =
√

1 − (1 + 2a)Q/µrα
2.

FIG. 2. The steady-state amplitude responses of system (2) with ν = 0. (a) and (b) The amplitude–frequency responses of plunge and pitch motion (A = 1.5). (c) and
(d) The plunge and pitch amplitudes as the external excitation amplitude A vary (� = 0.84). -, stable analytical solutions; ·, unstable analytical solutions; F, numerical
solutions.
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In what follows, a comparison of the steady-state ampli-
tude–frequency response from the approximate analytical method
and the numerical method is presented. The approximate analytical
results by the multiple-scale method can be found in the Appendix.
The numerical simulations of the original system (2) are carried out
based on the classical fourth-order Runge–Kutta integral scheme
with the time step 1τ = 0.01. The values of system parameters are

chosen as µ = 20, a = −0.1, xα = 0.25, rα
2 = 0.5, ωξ/ωα =

√
0.2,

ζξ = ζα = 0.125, βξ = 0, βα = 0.1, ε = 0.1, and Q = 6.0.4,10,16,36

Moreover, in this process, the plunge amplitude a1(τ ) and the pitch

amplitude a2(τ ) are calculated via a1 =
√

x2
1(τ ) + [ẋ1(τ )/�]2 and

a2 =
√

x2
2(τ ) + [ẋ2(τ )/�]2, respectively.

Figure 2 shows the steady-state amplitude responses of the
forced airfoil calculated through Eq. (A10) in the Appendix. Fur-
thermore, the numerical solutions are obtained by the forward and
backward scanning of frequency � or amplitude A of the exter-

nal periodic excitation of the original system (2). It is found that
the results obtained by the multiple-scale method are consistent
with the numerical results. More interestingly, as marked by the

FIG. 3. The time histories of plunge and pitch motion with the same initial values x1(0) = x2(0) = 0.1, ẋ1(0) = ẋ2(0) = 0.1, and ν = 0. (a) and (b) A = 1.5, � = 0.81.
(c) and (d) A = 2.6, � = 0.84.
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FIG. 4. The time histories of plunge and pitch motion with the same initial values x1(0) = x2(0) = 0.1, ẋ1(0) = ẋ2(0) = 0.1, and ν = 0.06. (a) and (b) A = 1.5,� = 0.81.
(c) and (d) A = 2.6, � = 0.84.

gray bistable regions, multiple-values response phenomena appear
within a certain range of � or A of the external excitation. As �

decreases or A increases, the tipping from the lower-branch to the
upper-branch occurs, when passing through the bifurcation points.
Correspondingly, the number of steady-state solutions changes from
three to one. The three solutions such as a11, a10 and a12 are shown
in the enlarged local view in Fig. 2(a). Among them, a11 and a12

are two stable solutions, and a10 is the unstable solution. Similar
enlarged local views are also given in Figs. 2(b)–2(d). Although the
bistable regions are different under the multiple-scale and numeri-
cal solutions, a part of consistency lays a solid foundation for us to
directly adopt the numerical method to investigate noise-induced
catastrophic high-amplitude oscillations in the following. In the

numerical case, two probable steady-state responses coexist for
� ∈ [0.80, 1.03] with the step 1� = 0.01 or for A ∈ [0.6, 2.7] with
the step 1A = 0.1. Once the airfoil system crosses the bifurca-
tion point � = 0.80orA = 2.7, the catastrophic tipping from the
low-amplitude oscillation state to the high-amplitude one will take
place.

III. NOISE-INDUCED HIGH-AMPLITUDE OSCILLATIONS

In this section, the effects of the noise on tipping from low-
amplitude to high-amplitude oscillations will be investigated for the
proposed stochastic TDOFA model.
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Before analyzing the influences of random fluctuations on the
tipping, Figs. 3(a) and 3(b) first show the time histories of the plunge
and pitch motion in the deterministic case with � = 0.81. It is very
close to the bifurcation point � = 0.80. Similarly, the time histo-
ries of the plunge and pitch motion very close to the bifurcation
point A = 2.7 are shown in Figs. 3(c) and 3(d). Here, the ini-
tial values are taken as x1(0) = x2(0) = 0.1, ẋ1(0) = ẋ2(0) = 0.1 to
ensure that the initial state of system (2) converges to low-amplitude
oscillations. Corresponding to Fig. 2(a), system (2) stays in a low-
amplitude oscillation state with the response amplitude a11 as shown
in Fig. 3(a). Similarly, as given in Figs. 3(b)–3(d), system (2) is also
in a low-amplitude oscillation state one-to-one corresponding to
Figs. 2(b)–2(d). However, can random fluctuations induce catas-
trophic high-amplitude oscillations? Figure 4 answers this question
very well. It is found that, under the same initial values as in
Fig. 3, the noise-induced tipping from the low-amplitude oscil-
lation state to the high-amplitude one occurs in the plunge and
pitch motion with v = 0.06. As shown in Fig. 4(a), the response
amplitude of the plunge motion crosses the barrier a10 from a11

to reach a12. Similar results are found in Figs. 4(b)–4(d). All these
results indicate that random fluctuations can induce catastrophic
high-amplitude oscillations before � or A reach their bifurcation
points.

To further explore the high-amplitude oscillation state that
takes place in advance under random fluctuations, the steady-state
probability density functions (PDFs) of the response amplitudes of
the pitch motion are calculated. In Fig. 5(a), it can be found that
system (2) always stays in the low-amplitude oscillation state with
the response amplitude a21 whenv = 0, which is consistent with the
result in Fig. 3(d). On the contrary, in Fig. 5(b), the steady-state
PDF Pst(a2) of pitch motion appears in unimodal form with most of
the density concentrated around the response amplitude a22 when

v = 0.06. That is, system (2) is in a state of high-amplitude oscil-
lations, which is basically consistent with the result in Fig. 4(d).
Furthermore, these noise-induced similar dynamic behaviors can
also be found in the steady-state PDFs of the response amplitudes
of plunge motion due to the mutual coupling effect of both degrees
of freedom.

In fact, random fluctuations in the flight environment of the
aircraft can induce tipping from the low-amplitude oscillation state
to the high-amplitude one in the airfoil system. Such catastrophic
high-amplitude oscillations can cause fatigue damage to the wing
structure, thereby increasing the risk of flight safety issues such as
the aircraft breaking up in mid-air. Therefore, an early warning of
noise-induced catastrophic high-amplitude oscillations in an airfoil
system in advance can ensure the flight safety of the aircraft and
reduce the risk of accidents. In the following, a more general, early
warning indicator of noise-induced catastrophic high-amplitude
oscillations will be established.

IV. HIGH-RISK REGIONS OF NOISE-INDUCED

HIGH-AMPLITUDE OSCILLATIONS

Since the response amplitude of the plunge or pitch motion
has a transition or escape that crosses the corresponding unstable
state, the noise-induced tipping from the low-amplitude oscillation
state to the high-amplitude one occurs in system (2). Therefore,
to determine whether system (2) with a low-amplitude oscillation
in its initial state can exhibit high-amplitude oscillations under
� ∈ [0.80, 1.03], A ∈ [0.6, 2.7], and a given noise intensity v, it is
necessary to first calculate the probability of system (2) crossing the
unstable state. Here, a numerical method for calculating the escape
probability is given as follows.

FIG. 5. The steady-state PDFs Pst(a2) of the pitch amplitude a2 with A = 2.6,� = 0.84, and the same initial values x1(0) = x2(0) = 0.1, ẋ1(0) = ẋ2(0) = 0.1. (a) ν = 0.
(b) ν = 0.06.
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For � ∈ [0.80, 1.03], A ∈ [0.6, 2.7], and a given noise inten-
sity v, suppose that a certain time history of the plunge or pitch
motion of system (2) without a transient state has N local max-
ima, where M of these N values are greater than the correspond-
ing unstable solution (a10 or a20 as shown in Fig. 2). Then, the
ratio

M/N
1= PE

is the escape probability of system (2) jumping from low-amplitude
to high-amplitude oscillations.40–44 It should be reminded that here,
this time history is the average result of 10 000 trajectories.

Based on the numerical method introduced above, the escape
probabilities of the plunge and pitch motion with varying � and
A under different noise intensities v are presented in Fig. 6. In
Figs. 6(a) and 6(b), it is found that, as � gradually decreases to
the bifurcation point � = 0.80, the escape probabilities gradually
increase. In particular, the escape probabilities of the plunge and

FIG. 6. The escape probabilities PE of plunge and pitch motion with different v. (a) and (b) PE of plunge and pitch motion against � (A = 1.5). (c) and (d) PE of the
plunge and pitch motion as A vary (� = 0.84). The initial values are also taken as x1(0) = x2(0) = 0.1, ẋ1(0) = ẋ2(0) = 0.1 to ensure that the initial state of system (2)
converges to the low-amplitude oscillation state.
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FIG. 7. The escape probabilities and the high-risk regions of plunge and pitch motion against� and A. (a) A = 1.5, v = 0.1. (b) A = 1.5, v = 0.35. (c)� = 0.84, v = 0.1.
(d) � = 0.84, v = 0.35. The inserted horizontal dotted line is PE = 0.5. The thick bar-type and thin bar-type represent the high-risk regions of plunge and pitch motion,
respectively.

pitch motion almost reach 1 at � = 0.80, when v = 0.1. Although
the escape probabilities at � = 0.80 are less than 1 when v = 0.35, it
does not mean that the probabilities of the plunge and pitch motion
escaping to the high-amplitude oscillation state are smaller than that

TABLE I. The lengths of Rξ−� and Rα−� under different v.

v Rξ−� Rα−�

0.1 [0.80, 0.832] [0.80, 0.830]
0.35 [0.80, 1.030] [0.80, 0.852]

when v = 0.1. In fact, larger v increases the value of N in PE = M/N.
While this intensity is not enough to make the increased local max-
ima exceed the unstable solution, the value of M is hardly changed.
Similarly, as shown in Figs. 6(c) and 6(d), as A gradually approaches

TABLE II. The lengths of Rξ−A and Rα−A under different v.

v Rξ−A Rα−A

0.1 [1.667, 2.7] [1.704, 2.7]
0.35 [0.932, 2.7] [1.364, 2.7]
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FIG. 8. The high-risk regions of noise-induced high-
amplitude oscillations in the plunge and pitch motion.
The inserted plane represents PE = 0.5. (a) Rξ−�

under � vs v; (b) Rα−� under � vs v; (c) Rξ−A under
A vs v; (d) Rα−A under A vs v.
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the bifurcation point A = 2.7, the probabilities of the plunge and
pitch motion escaping to the high-amplitude oscillation state also
gradually increase.

After the escape probability is obtained, another important
problem is to determine a critical value of PE. Since we have
not yet obtained a more precise critical value of PE, we directly
take PE = 0.5 to approximately judge whether the noise-induced
high-amplitude oscillations occur. Perhaps, there are more accurate
results than 0.5, we will further explore it in future research. Then, a
more general, early warning indicator of noise-induced catastrophic
high-amplitude oscillations is defined as follows:

Definition 1. For the escape probability of the plunge or pitch
motion under a fixed v and � ∈ [0.80, 1.03], the set of � satisfying

PE ≥ 0.5

is defined as the high-risk region of noise-induced catastrophic high-
amplitude oscillations in the plunge or pitch motion, which is
correspondingly denoted as Rξ−� or Rα−�.

Similarly, the high-risk region of the plunge or pitch motion at
about A ∈ [0.6, 2.7] can be defined below.

Definition 2. For the escape probability of plunge or pitch
motion under a fixed v and A ∈ [0.6, 2.7], the set of A satisfying

PE ≥ 0.5

is defined as the high-risk region of noise-induced catastrophic high-
amplitude oscillations in the plunge or pitch motion, which is
correspondingly denoted as Rξ−A or Rα−A.

Based on Definition 1, PE and the corresponding Rξ−� (thick
bar-type) and Rα−� (thin bar-type) under different v are shown in
Figs. 7(a) and 7(b). In addition, the lengths of Rξ−� and Rα−� with
respect to different v are presented in Table I. It is found that Rξ−�

and Rα−� increase with increasing v. When v = 0.35, even the whole
� ∈ [0.80, 1.03] becomes Rξ−� as shown in Fig. 7(b). Similarly,
based on Definition 2, PE and the corresponding Rξ−A (thick bar-
type) and Rα−A (thin bar-type) under different v are also shown in
Figs. 7(c) and 7(d). The lengths of Rξ−A and Rα−A under different
v are also presented in Table II. Obviously, the noise intensity still
plays a crucial role to expand the lengths of Rξ−A and Rα−A: the larger
v is, the larger the ranges of Rξ−A and Rα−A are. These phenomena
are also associated with earlier noise-induced high-amplitude oscil-
lations that take place under strong fluctuations. Furthermore, it can
be found from Fig. 7 that random fluctuations are more likely to
induce high-amplitude oscillations in the plunge motion than in the
pitch motion.

To be more intuitive, Fig. 8 shows the space diagrams of the
high-risk regions with respect to different parameters of the ran-
dom excitation. Obviously, as v increases, either Rξ−�, Rα−� or Rξ−A,
Rα−A increase. Moreover, as shown in Figs. 8(a2) and 8(b2), the
closer � is to the bifurcation point � = 0.80, the larger the ranges
of the corresponding high-risk regions. Similar results also exist in
Figs. 8(c2) and 8(d2), as A approaches the bifurcation point A = 2.7.
It means that noise-induced high-amplitude oscillations are more
likely to take place in advance. Comparing Figs. 8(c1) and 8(c2) with
Figs. 8(d1) and 8(d2), it is also found that the trends of Rξ−A and
Rα−A are similar against A, while this does not happen in Rξ−� and
Rα−� against �. Nevertheless, once � and v belong to Rξ−� or Rα−�,

and A and v belong to Rξ−A or Rα−A, there is a high possibility that
noise-induced high-amplitude oscillations are impending.

In the above results, A = 1.5 is taken in quantifying the high-
risk regions of plunge and pitch motion under � vs v, and � = 0.84
is taken in quantifying the high-risk regions of plunge and pitch
motion under A vs v. In fact, based on the introduced method here,
more interesting phenomena can also be obtained for other A or
� values. As the well-known concept of basin stability, the quan-
tified high-risk regions are the important geometric structures that
can be used to predict noise-induced catastrophic high-amplitude
oscillations in engineering systems.

V. CONCLUSIONS

In this paper, we have focused on a TDOFA model with an
external random loading as a concrete example to detect the tip-
ping from a low-amplitude oscillation state to a high-amplitude
one. First of all, the approximate analytical solutions of the ampli-
tude–frequency responses obtained by the multiple-scale method
are compared with the results from Monte Carlo numerical sim-
ulations. It provides a correct guarantee for us to directly use
the numerical method to warn noise-induced catastrophic high-
amplitude oscillations. Then, the influences of different parameters
of the random excitation on the amplitude responses are discussed
in detail. Among them, noise-induced high-amplitude oscillations
that take place earlier are uncovered. Based on the escape prob-
ability, finally, the concept of the high-risk region is introduced.
It provides early warning signals via quantifying the ranges of
the parameters where noise-induced catastrophic high-amplitude
oscillations may occur. Once the central frequency �, the ampli-
tude A, and the noise intensity v enter the quantified high-risk
regions, there is a high possibility that noise-induced catastrophic
high-amplitude oscillations are impending. Now, some performance
should be designed to avert them.

However, in the definitions of the high-risk regions, the scale
factor is taken as PE = 1/2. More accurate results may be real-
ized in terms of other values, which need to be further explored.
Furthermore, it should be noted that only additive random noisy
fluctuations are considered here to study the noise-induced criti-
cal jumps in an airfoil model. Owing to the complexity of quasi-
or unsteady aerodynamics, achieving the quantification of high-risk
regions of catastrophic high-amplitude oscillations with more com-
plex random fluctuations is worth further investigation. Although
the high-risk region of noise-induced catastrophic high-amplitude
oscillations is established based on a simple random airfoil model,
our work may provide some new ideas for the early warning of
catastrophic high-amplitude oscillations in real airfoil systems and
even may provide some valuable perspectives for aircraft designers
to avoid the occurrence of catastrophic high-amplitude oscillations.
More importantly, our work may be extended to the early warn-
ings of other practical engineering systems, such as thermoacoustic
systems and rotor-bearing systems.
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APPENDIX: STEADY-STATE AMPLITUDE–FREQUENCY

RESPONSE

The multiple-scale method is applied only for the primary reso-
nance, i.e., the excitation frequency is close to the natural frequency
of the airfoil model. Then, system (2) can be rewritten as45,46

ξ̈ + εxαα̈ + εζξ ξ̇ + �2x1 − εσ1x1 + εω10
2βξ ξ

3 = −2εQα/µ,

(A1)
ε

xα

rα
2
ξ̈ + α̈ + εζαα̇ + �2x2 − εσ2x2 + εβαα

3

= εAcos[�t + vW(τ )],

in which, �2 = ω10
2 + εσ1 and �2 = ω20

2 + εσ2. σ1 and σ2 are the
detuning parameters of plunge and pitch motion, respectively.

First of all, the fast and slow time scales are introduced as
follows:

T0 = τ , T1 = ε, T2 = ε2τ , . . . ,

Then, using the differential operators

D0 =
∂

∂T0

, D1 =
∂

∂T1

, D2 =
∂

∂T2

, . . . ,

and the chain rule, the ordinary time derivatives can be transformed
into partial derivatives as

d

dτ
= D0 + εD1 + ε2D2 + · · · ,

d2

dτ 2
= D2

0 + 2εD0D1 + ε2(D2
1 + 2D0D2) + · · · .

According to the standard procedure of the multiple-scale
method, we look for the uniformly approximate solutions of system
(A1) in the form

ξ = ξ10(T0, T1) + εξ11(T0, T1) + · · · ,

α = α20(T0, T1) + εα21(T0, T1) + · · · .
(A2)

Substituting Eq. (A2) into system (A1), and separating terms
based on the power of ε, we have the following:

Order ε0:
{

D2
0ξ10 + �2ξ10 = 0,

D2
0α20 + �2α20 = 0.

(A3)

Order ε1:
{

D2
0ξ11 + �2ξ11 = −2D0D1ξ10 − xαD2

0α20 − ζξ D0ξ10 + σ1ξ10 − ω10
2βξ ξ10

3 − 2Qα20/µ,

D2
0α21 + �2α21 = −2D0D1α20 − xα

rα2 D2
0ξ10 − ζαD0α20 + σ2α20 − βαα20

3 + Acos[�t + vW(τ )].
(A4)

The general solutions of Eq. (A3) can be obtained as
{

ξ10 = A1(T1)e
i�T0 + c.c.,

α20 = A2(T1)e
i�T0 + c.c.,

(A5)

Here, c.c. denotes the complex conjugate of the preceding terms [i.e., A1(T1)e
−i�T0 ]. Substituting Eq. (A5) into Eq. (A4), we obtain

{

D2
0ξ11 + �2ξ11 = (−2i�D1A1 + xα�

2A2 − iζξ�A1 + σ1A1 − 3ω10
2βξ A2

1A1 − 2Q/µA2)e
i�T0 − ω10

2βξ A3
1e

3i�T0 + c.c.,

D2
0α21 + �2α21 = (−2i�D1A2 + xα

rα2 �2A1 − iζα�A2 + σ2A2 − 3βαA2
2A2 + 1

2
feiv̄W(T1))ei�T0 − βαA3

2e
3i�T0 + c.c.,

(A6)

where Ai, i = 1, 2 denote the conjugate of Ai, D1Ai, i = 1, 2 are the derivative with the respect to the slow time scale T1, and

vW(τ ) = vW(T0) = vW

(

T1

ε

)

=
v

√
ε

W(T1) := v̄W(T1).

Eliminating the secular terms in Eq. (A6), one obtains
{

−2i�D1A1 + xα�
2A2 − iζξ�A1 + σ1A1 − 3ω10

2βξ A2
1A1 − 2Q/µA2 = 0,

−2i�D1A2 + xα

rα2 �2A1 − iζα�A2 + σ2A2 − 3βαA2
2A2 + 1

2
Aeiv̄W(T1) = 0.

(A7)
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Then, substituting A1(T1) = 1
2
a1(T1)e

iϕ1(T1)
(

A1(T1) = 1
2
a1(T1)e

−iϕ1(T1)
)

, A2(T1) = 1
2
a2(T1)e

iϕ2(T1)
(

A2(T1) = 1
2
a2(T1)e

−iϕ2(T1)
)

into
Eq. (A7), and separating the real and imaginary parts, one arrives at























D1a1 = − 1
2�

ζξ a1 + 1
2�

(xα�
2 − 2Q/µ)a2sinθ1,

a1D1ϕ1 = − 1
2�

σ1a1 + 3
8�

ω10
2βξ a3

1 − 1
2�

(xα�
2 − 2Q/µ)a2cosθ1,

D1a2 = − 1
2
ζαa2 − 1

2
xα

rα2 �a1sinθ1 + A
2�

sinθ2,

a2D1ϕ2 = − 1
2�

σ2a2 + 3
8�

βαa3
2 − 1

2
xα

rα2 �a1cosθ1 − A
2�

cosθ2,

(A8)

where θ1 = ϕ2 − ϕ1, θ2 = v̄W(T1) − ϕ2.
Here, we are mainly interested in the steady-state responses of system (A1) in the deterministic case (v = 0), which lays a solid foundation

for us to directly use the numerical method to study noise-induced high-amplitude oscillations. Hence, D1a1 = D1a2 = 0 and D1θ1 = D1θ2

= 0 need to be considered. According to Eq. (A8), we get























− 1
2
ζξ a1 + 1

2�
(xα�

2 − 2Q/µ)a2sinθ1 = 0,

− 1
2�

σ1a1 + 3
8�

ω10
2βξ a3

1 − 1
2�

(xα�
2 − 2Q/µ)a2cosθ1 = 0,

− 1
2
ζαa2 + 1

2
xα

rα2 �a1sinθ1 + A
2�

sinθ2 = 0,

− 1
2�

σ2a2 + 3
8�

βαa3
2 − 1

2
xα

rα2 �a1cosθ1 − A
2�

cosθ2 = 0.

(A9)

By eliminating the parameters θ1 and θ2 in Eq. (A9), one can derive the following steady-state amplitude–frequency relations










(

�µζξ a1

a0(µxα�2−2Q)

)2

+
(

3µω10
2βξ a3

1
4a2(µxα�2−2Q)

− µσ1a1
a2(µxα�2−2Q)

)2

= 1,

(

�ζαa2 + xα�3a2
1µζξ

rα2a2(µxα�2−2Q)

)2

+
(

3
4
βαa3

2 − σ2a2 − 3xα�2µω10
2βξ a4

1
rα24a2(µxα�2−2Q)

− xα�2a2
1µσ1

rα2a2(µxα�2−2Q)

)2

= A2.

(A10)

By solving Eq. (A10), a1 and a2 can be obtained, and the steady-state amplitude–frequency response of plunge and pitch motion can be
explored.
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