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ABSTRACT: In this note, we apply transition path theory (TPT) from Markov chains to shed light on the problem of
Iceland–Scotland Overflow Water (ISOW) equatorward export. A recent analysis of observed trajectories of submerged
floats demanded revision of the traditional abyssal circulation theory, which postulates that ISOW should steadily flow
along a deep boundary current (DBC) around the subpolar North Atlantic prior to exiting it. The TPT analyses carried out
here allow attention to be focused on the portions of flow from the origin of ISOW to the region where ISOW exits the
subpolar North Atlantic and suggest that insufficient sampling may be biasing the aforementioned demand. The analyses,
appropriately adapted to represent a continuous input of ISOW, are carried out on three time-homogeneous Markov
chains modeling the ISOW flow. One is constructed using a high number of simulated trajectories homogeneously covering
the flow domain. The other two use much fewer trajectories which heterogeneously cover the domain. The trajectories in
the latter two chains are observed trajectories or simulated trajectories subsampled at the observed frequency. While the
densely sampled chain supports a well-defined DBC, whether this is a peculiarity of the simulation considered or not, the
more heterogeneously sampled chains do not, irrespective of the nature of the trajectories used, i.e., observed or simulated.
Studying the sampling sensitivity of the Markov chains, we can give recommendations for enlarging the existing float data-
set to improve the significance of conclusions about long-time-asymptotic aspects of the ISOW circulation.
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1. Introduction

The strength of the Atlantic meridional overturning circula-
tion (AMOC) and its impact on global climate through heat
and freshwater transport is linked to the rates of formation of
North Atlantic Deep Water (NADW) (Buckley and Marshall
2016). Representing the lower limb of the AMOC, the NADW
flows southward.

The Greenland–Scotland Ridge is a region that rises to depths
shallower than 500 m and restricts the exchange between the
Nordic seas and the subpolar North Atlantic the Nordic seas
and the subpolar North Atlantic (Fig. 1). The overflow of dense
water across that ridge entrains the thermocline and middepth
water, representing one deep-water formation process (Daniault
et al. 2016). The Iceland–Scotland Overflow Water (ISOW) is
the lighter of the two overflow components of NADW. It enters
the Iceland Basin mainly through the Faroe Bank Channel and
channels across the Iceland–Faroe Ridge, at a volumetric flow
rate of about 5 Sv (1 Sv; 106 m3 s21).1 The ISOW is character-
ized by potential temperature in the range 218C , Tu , 2.58C
and salinity in the tight interval 34.9 , S , 34.97. These Tu and

S values roughly correspond to potential sigma density (density
in kg m23 2 103, as is most commonly used in oceanography) in
the narrow range 27.8 kg m23 , su , 27.9 kg m23, which is
typically found within 1600–2600 m. This characterization of
ISOW follows Johns et al. (2021), and is supported by in situ
data collected during the Overturning in the Subpolar North
Atlantic Program (OSNAP) (Lozier et al. 2017, 2022). In situ
observations of the ISOW plume date back to at least the
mid-twentieth century (Steele et al. 1962). Refer to Johns
et al. (2021) for a quite detailed account on the observa-
tional efforts that followed.

The heavier overflow component of NADW is the Denmark
Strait Overflow Water (DSOW), which enters the Irminger
Basin between Greenland and Iceland. This component is not
of our interest here.

According to Stommel’s (1958) traditional theory of large-
scale abyssal circulation of the ocean, there should be a steady
equatorward flow of ISOW in the form of a deep boundary
current (DBC). Before exiting the subpolar North Atlantic to
give rise to the deep western boundary current (DWBC),
the DBC should flow around the Reykjanes Ridge into the
Irmenger Sea, and then around Greenland into the Labrador
Sea. The trajectories of 21 acoustically tracked isobaric RAFOS
floats (Rossby et al. 1986), deployed at 1800–2800-m depth as
part of OSNAP, challenge this traditional view, according to Zou
et al. (2020). By contrast, they suggest the existence of multiple
equatorward ISOW paths, which represents a puzzle. A similarly
puzzling assessment was made by Zou et al. (2020) from the in-
spection of simulated float trajectories of the same duration (upCorresponding author: F. J. Beron-Vera, fberon@miami.edu

1 An anonymous reviewer argued that a more appropriate nam-
ing for ISOW after this spills into the subpolar North Atlantic
should be NEADW (North-East Atlantic Deep Water) as used in
Zantopp et al. (2017) due to the mixing this water mass may be
subjected to along its spreading pathway.
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to 2 years) as, and also longer (10 years) than, the observed tra-
jectories. In arriving at their conclusions, Zou et al. (2020) em-
ployed direct inspection of individual observed float trajectories
and the construction of probability distributions (histograms) of
observed and simulated float positions.

The recent application by Miron et al. (2022) of transition
path theory (TPT) (E and Vanden-Eijnden 2006; Metzner
et al. 2009; Helfmann et al. 2020) to the discretized motion of
all available submerged floats (over 250, of RAFOS and of
other type, with the RAFOS floats corresponding to the total-
ity of those deployed during OSNAP) represents an attempt
to resolve the above puzzle. TPT highlights the dominant
pathways of fluid parcels connecting a chosen source with a
target region of the flow domain. That is, instead of studying
the individual complicated paths connecting source with tar-
get, TPT concerns their average behavior and shows their
dominant transition channels. Thus, TPT leads to a much
cleaner picture and is hence much easier to interpret than
probability distributions computed using the raw trajecto-
ries as in Zou et al. (2020). Moreover, the framework for
TPT is given by a Markov chain model, which is constructed
from short-run trajectories. This is advantageous when deal-
ing with observed trajectories, even when records might
seem too brief to make long-term transport assessments. In-
deed, under a stationarity assumption, which is appropriate
to study abyssal circulation due to its slow evolution, as-
ymptotic aspects of the Lagrangian dynamics can be ro-
bustly framed using a time-independent Markov chain. By
contrast, long trajectory integrations of numerically pro-
duced velocity data, as carried out in Zou et al. (2020), are
sensitively dependent on initial conditions and hence sub-
ject to exponential divergence with time (Guckenheimer
and Holmes 1986), making long-term transport assessments
dubious.

Miron et al. (2022) found that transition paths of floats can
organize along a DBC, consistent with traditional abyssal cir-
culation theory. However, their results are not strictly conclu-
sive for ISOW as they considered floats in a depth range
where the heavier overflow component of NADW (the
DSOW) is also present.

We revisit the problem of the ISOW export paths from the
subpolar North Atlantic by applying TPT on observed float
trajectories restricted to a depth range within which ISOW is
expected to be better constrained. We also consider simulated
float trajectories, but along an isopycnic (constant density)
layer that intersects the ISOW density range. TPT (reviewed
in section 2) is appropriately adapted (in section 3) to include
the effects of a continuous injection of ISOW into the subpo-
lar North Atlantic, which represents a further improvement
over Miron et al. (2022). This is done by imposing a mass bal-
ance (of ISOW) within the open ocean domain of interest,
which requires one to use a recent adaptation of TPT to open
dynamical systems (Miron et al. 2021). The main result, among
other characterizations of the ISOW problem (cf. section 4), is
that insufficient sampling of the flow domain may mask the
presence of a DBC of ISOW. Section 5 is dedicated to investi-
gating the robustness of this result. The paper is finalized with
a summary and some concluding remarks with recommenda-
tions on how to circumvent the sampling issue (section 6).

2. Transition path theory

Suppose that the long-term motion of fluid parcels can be
described by a stationary stochastic (advection–diffusion) pro-
cess. Upon an appropriate spatiotemporal discretization of
the Lagrangian dynamics, fluid parcels evolve like random
walkers of a finite-state, discrete-time, homogeneous Markov
chain. That is, conditional on the current location of the fluid

FIG. 1. The subpolar North Atlantic domain of interest with main geographic features indi-
cated. The ISOW enters the Iceland Basin primarily through the Faroe Bank Channel (thick ar-
row) and channels across the Iceland–Faroe Ridge (thin arrow). In blue tones, selected isobaths.
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parcel, the Markov chain assigns to each possible next loca-
tion a certain transition probability. Such a discretization into
spatial boxes and discrete time steps can be achieved using
Ulam’s method (e.g., Koltai 2010), by projecting probability
densities onto a finite-dimensional vector space spanned by
indicator functions on boxes, which, covering the flow do-
main, are normalized by their area (Miron et al. 2019b). The
spatial boxes represent the locations or states of the chain.

Thus, if Xn denotes the random position at discrete
time nT, n 2 Z, on a closed two-dimensional flow domain
D covered by N disjoint boxes {B1, …, BN}5:DN , then
prob(Xn11 2 Bj)5∑i:Bi2DN

Pijprob(Xn 2 Bi) where

Pij :5 prob(Xn11 2 Bj|Xn 2 Bi), ∑
j:Bj2DN

Pij 5 1, (1)

is the one-step conditional probability of transitioning between
Bi and Bj. The row-stochastic matrix (i.e., with nonnegative en-
tries and whose rows sum to one) P5 (Pij)i,j:Bi ,Bj2DN

2 R
N3N is

called the transition matrix of the Markov chain {Xn}n2Z.
Let x(t) represent a very long stationary fluid parcel tra-

jectory visiting every box of the covering of D many times.
Then x0:5 x(t) and xT:5 x(t 1 T) at any t . 0 provide obser-
vations for Xn and Xn11, respectively. These can be used to
approximate Pij via counting transitions between boxes,
namely,

Pij ’
Cij

∑
l:Bl2DN

Cil

, Cij :5 #{x(t) 2 Bi, x(t 1 T) 2 Bj, t : any}:

(2)

If P is irreducible or ergodic (i.e., all states in the Markov
chain communicate) and aperiodic or mixing (i.e., no state is
revisited cyclically), its dominant left eigenvector p satisfies
pP 5 p, and can be chosen componentwise positive. Scaled
appropriately it represents a (limiting, invariant) stationary
distribution, namely, p5 lim

k↑‘ fPk for any probability vector f
(Norris 1998). We will assume that the Markov chain is in
stationarity, meaning that prob(Xn 2 Bi) 5 pi for all n 2 Z.

TPT provides a rigorous characterization of the ensemble
of trajectory pieces, which, flowing out last from a region
A,DN , next go to a region B,DN , disconnected from A.
Such trajectory pieces are called reactive trajectories due to
tradition originated in chemistry, which identifies A (B) with
the reactant (product) of a chemical reaction. In fluidic terms,
reactive trajectories most effectively contribute to the trans-
port between A and B, which will herein be referred to as
source and target, respectively.

The main objects of TPT are the forward committor proba-
bility, q1 5 (q1i )i:Bi2DN

, giving the probability of a trajectory
initially in box Bi to first enter the target B and not the source
A, and the backward committor probability, q2 5 (q2i )i:Bi2DN

,
giving the probability of a trajectory in box Bi to have last exit
the source A and not the target B. The committors are fully
computable from P to p, according to (Metzner et al. 2009;
Helfmann et al. 2020):

q6|DN\(A⋃
B) 5 P6|DN\A⋃

B,DN
q6

q1|A 5 0|A|31, q2|B 5 0|B|31

q1|B 5 1|B|31, q2|A 5 1|A|31

:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ (3)

Here, |S denotes restriction to the set S while |S,S′ that to rows
corresponding to S and columns to S′; P1 5 P; and

P2
ij :5 prob(Xn 2 Bj|Xn11 2 Bi) 5

pj

pi

Pji (4)

are the entries of the time-reversed transition matrix, i.e., for
the original chain traversed in backward time, {X2n}n2Z.

The committor probabilities are used to express several statis-
tics of the ensemble of reactive trajectories as follows (Helfmann
et al. 2020):

• The reactive distribution, pAB 5 (pAB
i )i:Bi2DN

, where pAB
i is

defined as the joint probability that a trajectory is in box Bi

while transitioning from A to B and is computable as

pAB
i 5 q2i piq

1
i : (5)

• The reactive currents, f1 5(f1ij )i,j:Bi ,Bj2DN
, where f1ij gives

the net flux of trajectories going through Bi at time nT
and Bj at time (n 1 1)T on their way from A to B, indi-
cates the dominant transition channels. This is comput-
able according to

f1ij :5 max{fAB
ij 2 fAB

ji , 0}, fAB
ij 5 q2i piPijq

1
j : (6)

• The reactive rate of trajectories leaving A or entering B,
defined as the probability per time step of a reactive trajec-
tory to leave A or enter B, is computed as

kA"B :5 ∑
i : Bi 2A,
j : Bj 2DN

fAB
ij or kB$A :5 ∑

i : Bi 2DN ,
j : Bj 2 B

fAB
ij , (7)

and gives the proportion of reactive trajectories leaving A
or entering B. It turns out that

kA"B ; kB$A 5: kAB: (8)

In some situations, as we consider below, it is insightful to
further decompose the transition rate

kB$A 5 ∑
j:Bj2B

kBj$A (9)

into the individual arrival rates into the disjoint boxes Bj

that cover B:

kBj$A 5 ∑
i:Bi2DN

fAB
ij : (10)

The same can be done for decomposing kA"B.
• Finally, the reaction duration, tAB, of a transition from A
to B is obtained by dividing the probability of being reac-
tive by the transition rate interpreted as a frequency,
namely,
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tAB :5

∑
i:Bi2DN

pAB
i

kAB
: (11)

3. The ISOW problem

For the ISOW problem, we are interested in the source set
given by the region where ISOW originates and a target set
given by the area where ISOW exits the subpolar North At-
lantic. Since the domain D here represents a subdomain of
the subpolar North Atlantic, and thus an open flow domain, P
cannot be row stochastic, which requires an adaptation of
TPT. This is proposed in Miron et al. (2021), which we further
adapt here to account for the input of ISOW into D.

Specifically, we replace P by a row-stochastic transition ma-
trix P̃ 2 R

(N11)3(N11) defined by

P̃ :5
P PDN"v

PA$v 0

( )
(12)

on the extended domain DN
⋃v: Here, v denotes a state,

called a two-way nirvana state, which is added to the chain de-
fined by P. It absorbs probability imbalance from DN , which
is sent back to the chain through the source A. More pre-
cisely, in (12),

PDN"v 5 1 2 ∑
j:Bj2DN

Pij

( )
i:Bi2DN

2 R
N31 (13)

gives the outflow from DN and

PA$v 5
1A
|A| 2 R

13N (14)

is a probability vector that gives the inflow into DN , taken to
take place uniformly through A, thereby enforcing a mass
balance for ISOW. In other words, this guarantees a contin-
uous inflow of ISOW through A, whose transition paths into
the target B, to be placed at the southern edge of the subpo-
lar North Atlantic (sub)domain DN , can be unequivocally
tracked.

TPT is adapted in Miron et al. (2021) such that transitions
between A and B are constrained to take place within
DN , i.e., they avoid the artificial state v. This is shown in
Miron et al. (2021) to be accomplished by restricting the
committor problem to DN . The restricted committor equa-
tions are given by (3) with P1

ij 5 Pij on the open domain DN
and the replacement P2

ij 5 (p̃j/p̃i)Pji for i, j : Bi, Bj 2DN . That
is, the transition matrix for the open time-reversed Markov
chain is computed using the restriction to DN of p̃, the station-
ary distribution of the closed transition matrix P̃. Since the
probability imbalance enters the open domain via A, the tran-
sition paths that avoid v are unaffected by this artificial closure
of the system. The rest of the TPT formulae remain the same,
except that for computing the statistics, p is replaced by p̃|DN

.

To carry out the TPT analysis of the ISOW problem just
posed, we will consider two datasets for estimating the transi-
tion matrix as in (2). On one hand, we have observed trajecto-
ries produced by acoustically tracked RAFOS floats (from
OSNAP and earlier experiments) and satellite-tracked profil-
ing Argo floats (Argo 2022), deployed in the subpolar North
Atlantic domain of interest (in the 1990s and mid-2010s), or
that simply happened to travel through it (since the 1980s).
Miron et al. (2022) provides additional details on the two
types of float trajectory data. Miron et al. (2019a) demon-
strates that the vertical excursions of the Argo floats do not
substantively affect the description of the motion at their
parking depth.) Unlike in the TPT analysis of Miron et al.
(2022), we restrict to trajectories parked between 1600 and
2600 m, a depth range where ISOW is expected to be found
(Zou et al. 2020; Johns et al. 2021; Lozier et al. 2022). There is
a total of 268 float trajectories, with positions linearly interpo-
lated 10-daily. For the Argo floats, interpolation between po-
sitions at parking depths follows estimates by the YoMaHa’07
Project (Lebedev et al. 2007). If a given trajectory contains a
gap larger than 10 days, then it is split into two separate tra-
jectories. The transition time-step choice of T 5 10 days and
the box size of (roughly) 183 18 were found sufficient to allow
maximal communication [by the application of the Tarjan’s
(1972) algorithm; cf. Miron et al. (2017, 2019a) details] on a
time-homogeneous (as we ignore the start day of the trajecto-
ries) Markov chain on boxes over a domain (D) that covers
the largest portion of the subpolar North Atlantic (Fig. 2, top
panel). We will refer to this chain as the observed chain.

On the other hand, we consider simulated float trajectories
obtained by integrating velocities produced by a 1/508 Atlan-
tic Ocean simulation based on HYCOM (Hybrid Coordinate
Ocean Model), as described and validated in Chassignet and
Xu (2017). The model is set to run freely while being forced
using a combination of monthly mean winds from the European
Centre for Medium-Range Weather Forecasts (ECMWF) ERA40
reanalysis and submonthly anomaly winds from the Navy
Operational Global Atmospheric Prediction System (NOGAPS).
The relaxation uses GDEM (Generalized Digital Environmental
Model) climatological temperature and salinity data. A coarser-
horizontal-resolution simulation using the same model was con-
sidered in Zou et al. (2020). The velocities were extracted (except
north of the domain of interest, where interpolation was involved)
on the model’s native isopycnic-coordinate level (layer) k 5 26,
which intersects the ISOW typical density range. This layer was
shown (Lozier et al. 2022) to reproduce the observed transport
and spreading of ISOW well. The trajectories were initialized ev-
ery 5 days for 2 years from a very dense grid over the subpolar
North Atlantic domain, each one lasting 60 days. Ignoring the
start day and using the same transition time step (T5 10 days)
as with the observed trajectories, a maximally communicating
Markov chain on boxes (of the same size, 18 3 18, as in the
case of observed trajectories) over D is obtained, which covers
the subpolar North Atlantic as shown in the middle panel of
Fig. 2. Unlike in the observed trajectory case, in which there
are on average about 100 data points per box, the simulated
trajectory case contains on average 1500 data points per box.
We will refer to this chain as the simulated chain.
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A third Markov chain is constructed, with the correspond-
ing box covering shown in the bottom panel of Fig. 2. This
uses a subset of the simulated float trajectories with x0 chosen
to lie closest to those of the observed float positions. This is
done to test the dependence of the TPT analysis on sampling.
We will refer to this chain as the truncated chain.

The source set A for TPT analysis is chosen to include one
box and to be located in the northernmost end of the Iceland
Basin, where ISOW enters the subpolar North Atlantic. The
nominal geographic location of the box is (62.558N, 16.378W),
which slightly varies depending on the Markov chain. The

target set B is placed along 49.258N, to frame export paths of
ISOW out of the subpolar North Atlantic. This is the south-
ernmost and longest row of boxes for the three chains
considered.

It should be noted that a Markov chain on smaller boxes
can be constructed when using simulated trajectories. More-
over, even a time-inhomogeneous Markov chain can be con-
structed. But the observed float trajectories do not resist a
nonautonomous discretization into boxes of smaller size than
stated. Thus, to enable a fair comparison between the TPT
analyses of the simulated and the observed chains, the ob-
served float trajectory dataset must be used to define their
construction, as we have chosen to do.

4. TPT analysis of ISOW

We begin by showing in Fig. 3 the resulting reactive cur-
rents. To visualize them, we follow Helfmann et al. (2020)
and for each box Bi of the covering of D, we estimate the vec-
tor of the average direction and magnitude of the reactive
current (f1) to other boxes Bj, j Þ i. In agreement with tradi-
tional abyssal circulation theory, the reactive currents out of
the source in the simulated chain (Fig. 3, middle panel) orga-
nize into a DBC, which turns northward following the ba-
thymetry of the western flank of the Reykjanes Ridge, then
continues counterclockwise around the Irminger Sea, and
subsequently around of the Labrador Sea after turning north-
ward around the southern tip of Greenland. This happens be-
fore the reactive currents reach the westernmost boxes of the
target, in the Newfoundland Basin, which are also reached by
reactive currents that shortcut the DBC across the Charlie–
Gibbs Fracture Zone. This is in stark contrast to the reactive
currents supported by the observed chain (Fig. 3, top panel),
which do not reveal a DBC, but rather reach the target east of
the Mid-Atlantic Ridge. The picture, however, is not too dif-
ferent than that one drawn by the truncated chain (Fig. 3, bot-
tom panel), suggesting that the absence of a well-defined
DBC in the observed chain might be due to insufficient sam-
pling. The only evident difference is a tendency of the ob-
served reactive currents recirculate, consistent with inferences
made by Jong et al. (2020) based on OSNAP moored current
meter measurements.

The reactive rates into each of the target boxes, (10), offer, as
expected, a picture consistent with the reactive currents. These
are depicted in Fig. 4 as a function of longitude along the target
upon transforming them into volumetric flow rates. This is done
by first normalizing the reactive rates into each target box by
the total reactive rate into the target, and then multiplying them
by the volumetric flow rate of ISOW into the subpolar North
Atlantic inferred from in situ observations (5 Sv). While in the
simulated chain (Fig. 4, middle panel) the volumetric flow rate
peaks in the western end of the target, in the observed chain
(Fig. 4, top panel) and truncated chain (Fig. 4, bottom panel) it
also peaks east of the Mid-Atlantic Ridge. (It should be noted
that the target lies close to the region of influence of the mean-
ders of the North Atlantic Current, which may promote
recirculation of ISOW back into the subpolar North Atlantic.

FIG. 2. (top) Ignoring the start date, initial positions x0 (light
blue) and positions after 10 days xT (light red) of available acousti-
cally tracked RAFOS and satellite-tracked profiling Argo floats
parked between 1600 and 2600 m, where ISOW is typically found.
In thick gray, boxes of the domain covering DN used to construct a
maximally communicating Markov chain for TPT analysis. In
black, source A and target B used in the TPT analysis. The thin
gray curves are selected isobaths. (middle) As in the top panel, but
based on simulated float trajectories integrated from HYCOM
model velocities on a density layer intersecting the typical ISOW
density range. Unlike in the top panel, the initial positions x0 uni-
formly cover the flow domain. (bottom) As in the middle panel,
but only using initial positions x0 that lie in closest proximity to
those of the observed floats.
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However, the available data neither support nor rule out this
possibility.)

Finally, we present in Fig. 5 the domain of influence of each
box of the target. This is done by associating to each domain box
Bi 2DN the most likely target box Bj 2 B to hit according to the
probability in Bi 2DN to forward-commit to Bj 2 B (and not to
any other box in B). This committor probability is computed
using (3) for the plus sign with P1 5 P̃, A5v⋃(B \Bj), and
B replaced by Bj 2 B. This way every box of the covering of
D gets assigned to a target box that it will most likely reach,
forming what Miron et al. (2021) have dubbed a forward-

committor-based dynamical geography. Each province
P , DN shown in Fig. 5, i.e., each set of boxes that are most
likely mapped into a certain target box, is colored according
to the expected exit time, T/(12 lP), where lP is the domi-
nant eigenvalue of P̃ |P,P [e.g., Miron et al. 2019a, Eq. (10)],
which represents a measure of residence time in P. The geog-
raphies are consistent with the reactive currents in Fig. 3 and
the volumetric volume rates in Fig. 4. The observed chain
(Fig. 5, top panel) reveals a marked partition, with the
Irminger and Labrador Seas and Newfoundland Basin pre-
dominantly forward committing to the westernmost end of
the target, and the Iceland Basin to a target box flanking the
Mid-Atlantic Ridge on the west. Moreover, the Irminger and
Labrador Seas and Newfoundland Basin have a shorter resi-
dence time (about 2 years) compared to that of the Iceland
Basin (about 14 years). Altogether, this suggests that the
Irminger and Labrador Seas and Newfoundland Basin are dy-
namically disconnected from the Iceland Basin. This is consis-
tent with the absence of a DBC for the reactive currents

FIG. 3. Reactive currents (with colors indicating magnitude) of
ISOW as described by (top) observed floats, (middle) simulated
floats, and (bottom) simulated floats starting at observed float posi-
tions. The thin gray curves are the isobaths shown in Fig. 1. The
broken straight lines indicate the Bight Fracture Zone (northern
line) and the Charlie–Gibbs Fracture Zone (southern line).

FIG. 4. Reactive rates, converted into volumetric fluxes, into
each of the target boxes for the Markov chain constructed using
(top) observed floats, (middle) simulated floats, and (bottom) sim-
ulated floats starting at observed float positions. The dashed line in-
dicates the longitude where the target intersects the Mid-Atlantic
Ridge.
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emerging from the northern Iceland Basin. By contrast, in the
simulated chain (Fig. 5, middle panel) the Iceland Basin is for-
ward committed to the western side of the target and has a res-
idence time comparable to that of the Irminger and Labrador
Seas and Newfoundland Basin (2–5 years, overall). This sug-
gests a dynamical connection of the Iceland Basin with the
Irminger and Labrador Seas and Newfoundland Basin, en-
abling, as a consequence, reactive currents starting in the
northern Iceland Basin to develop a DBC. But for the trun-
cated chain (Fig. 5, bottom panel), the Iceland Basin presents
a similar lack of communication with the Irminger and Labra-
dor Seas and Newfoundland Basin as in the observed chain,

highlighting the possibility that insufficient sampling by floats
may be masking the emergence of a DBC of ISOW.

5. Testing the sampling sensitivity

The conclusion above on insufficient sampling deserves fur-
ther consideration. In what follows, we first test its robustness
by considering the results from reducing uniformly at random
the number of simulated trajectories (x0, xT) involved in the
construction of the simulated Markov chain until it agrees
with the amount in the truncated chain. Figure 6 shows the re-
sults for the computation of the reactive rates into the target
boxes at the southern edge of the domain. The circles are aver-
ages over 100 uniform random reductions of the trajectories
by 93%. These averages are accompanied by one-standard-
deviation error bars. Overlaid in blue is the reactive rate ob-
tained using the simulated Markov chain computed using all
trajectories at disposal. As can be seen, this result is surpris-
ingly very robust, given that only 7% of the trajectories are
considered. By contrast, the reactive rates obtained using the
truncated Markov chain (red curve in Fig. 6) are quite differ-
ent and lie nearly everywhere outside of the variability of the
rates of the uniformly reduced Markov chain, even though it
uses approximately the same number of trajectories.

The reason for this difference in the results between the
uniformly reduced chain and the truncated chain is that in the
former case the trajectory sampling is uniform, and in the lat-
ter case the sampling is nonuniform, as it is shown in Fig. 7.
The top panel of this figure shows a histogram of the simu-
lated float initial positions x0 keeping only 7% of them, uni-
formly at random. This contrasts with the distribution in the
bottom panel, which shows the initial float positions x0 used
for constructing the truncated Markov chain. Since the initial
positions, in this case, lie closest to those of the observed
floats, the lack of homogeneity in the distribution is dictated by
the sampling strategy taken during the OSNAP experiment,

FIG. 5. Forward-committor-based dynamical geography reveal-
ing domains of influence for each box of the target with the provin-
ces colored according to residence time for the (top) observed,
(middle) simulated, and (bottom) truncated Markov chain. The
gray curves are the isobaths shown in Fig. 1.

FIG. 6. As in Fig. 4, but for the simulated Markov chain after re-
ducing uniformly at random the number of trajectories involved its
construction by 93%, the circles represent averages over 100 uni-
form random reductions and the error bars correspond to one stan-
dard deviation about the mean values. The blue curve is the result
obtained using the full (i.e., with no trajectory reduction) simulated
Markov chain (Fig. 4, middle panel) while the red curve is that one
obtained using the truncated chain (Fig. 4, bottom panel), which
uses about 7% of the total simulated trajectories, but starting at the
observed float positions.
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with most of the floats deployed on the western and eastern
flanks of the Reykjanes Ridge. From this experiment, we can
also suspect that the TPT results obtained from the observed
chain are biased due to the nonuniform sampling of the floats.

Further support to the need of better sampling for reliable
TPT computations is given by studying different realizations
of the observed Markov chain constructed with a uniformly at
random reduced set of trajectories (x0, xT). Over these differ-
ent realizations, we consider the signal-to-noise ratio S/N
(mean over standard deviation, also the inverse of the coeffi-
cient of variation) as a dimensionless and comparable mea-
sure of variability and uncertainty in the data. When S/N is
smaller than 1, the standard deviation is larger than the mean,
and thus there is large uncertainty and variability in the esti-
mation of the observed chain. In particular, we compute the
S/N for each transition probability Pij from box Bi to box Bj

over the different realizations of uniformly at random re-
duced observed chains. We denote the S/N of each entry Pij

by Sij. To show the resulting ratios on the domain and since
the matrix S5 (Sij)i,j:Bi ,Bj2DN

inherits the sparsity of P and is
often zero when Bi and Bj are not neighbors, we average Sij
for each outbound box Bi over the set of neighboring boxes.
The vector of average ratios is denoted by s5 (si)i:Bi2DN

.
The ratio si of box Bi tells us the amount of uncertainty in the

estimation of transition probabilities out of box Bi. A reliable
TPT analysis requires a transition matrix P with s component-
wise (sufficiently) greater than 1. The top, middle, and bottom
panels of Fig. 8 show estimates of s for 100 realizations of P
obtained by uniformly keeping at random 75%, 50%, and
25%, respectively, of the available float trajectories. The
“noise” consistently masks the “signal” in the majority of the
domain. A consistent exception is the eastern flank of the Rey-
kjanes Ridge. This provides reason to distrust the results from
the TPT analysis of the observed Markov chain, demanding an
improvement of the float dataset with more sampling, espe-
cially in the western regions where s is componentwise smaller
than 1.

FIG. 7. (top) Histogram of simulated float initial positions x0,
keeping only 7% of them, uniformly at random. The thin gray
curves are the isobaths shown in Fig. 1. (bottom) As in the top
panel, but with x0 lying closest to those of the observed float
trajectories.

FIG. 8. Averaged signal-to-noise ratio of the transition probabil-
ity between each covering box and neighboring boxes for the ob-
served Markov chain as estimated from 100 realizations thereof
constructed using (top) 75%, (middle) 50%, and (bottom) 25% of
the available float trajectories, chosen uniformly at random. The
thin gray curves are the isobaths shown in Fig. 1.
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Finally, let us assume that the HYCOM simulation is repre-
sentative of reality, that is, that a well-defined DBC exists.
The following numerical exercise illustrates how the informa-
tion conveyed by the signal-to-noise ratio computation can be
used to design an experiment that has the best chances to un-
veil a DBC. Specifically, consider s as resulting from using the
truncated chain with, say, 25% of the simulated trajectories
uniformly retained at random. This is shown in the top panel
of Fig. 9. In the bottom panel we show the reactive rates, con-
verted into volumetric fluxes, into the target as computed us-
ing the simulated chain (solid red) and a chain resulting by
adding trajectories (x0, xT) to the truncated chain where s is
componentwise smaller than 3. (Recall that the truncated
chain considers trajectories with initial positions x0 closest to
the observed float x0, amounting to 100 or so on average per
covering box. The simulated chain has nearly 1500 x0 per cov-
ering box to choose from.) The red dashed curve in the bottom
panel of Fig. 9 is included for reference, showing the rates
based on the truncated chain, i.e., with no data augmentation.
Note the improvement with respect to those of the simulated
chain, which reveals a well-defined DBC. This result is quite re-
markable as it took the addition of only 10% of the available
simulated trajectories, chosen uniformly at random.

6. Summary and conclusions

The equatorward export of Iceland–Scotland OverflowWa-
ter (ISOW) from the subpolar North Atlantic is a problem

that has stirred much debate in recent years. The ISOW is the
lighter of the two overflow components of the North Atlantic
Deep Water (NADW), which forms the upper limb of Atlantic
meridional overturning circulation (AMOC) that flows south-
ward. The AMOC strength and the impacts on the planet’s cli-
mate regulation depend on the rates of formation of NADW.
Recent analyses of observed deep float trajectories have led in-
vestigators to conclude that the traditional abyssal circulation
should be revised. Such a theory postulates that ISOW should
steadily flow equatorward along a well-organized deep bound-
ary current (DBC) around the subpolar North Atlantic. Unlike
those analyses, which involved direct inspection of observed
trajectories and the construction of probability distributions
from long trajectories integrated using numerically generated
velocities, which typically lead to a picture difficult to interpret,
here we have applied transition path theory (TPT). TPT is de-
signed to rigorously characterize the ensembles of trajectories
that directly connect a source with a target. As such, TPT is
very well suited to tackle the ISOW problem as details of indi-
vidual connecting trajectories are averaged out and instead the
average dominant transport channels are found.

TPT was applied on three different time-independent
Markov chains on boxes that covered the subpolar North
Atlantic, which are useful for framing long-term ISOW mo-
tion asymptotics. One was constructed using a high number of
simulated trajectories homogeneously covering the flow do-
main. The other two chains used much fewer trajectories that
heterogeneously covered the domain. The trajectories in the
latter two chains were observed trajectories or simulated tra-
jectories subsampled at the observed frequency. While the
densely sampled chain supported a well-defined DBC, the
sparsely sampled chains did not, independent of whether ob-
served or simulated trajectories were involved. By studying
the sensitivity of the results to sampling, we conclude that het-
erogeneous and insufficient sampling might be behind the cur-
rent debate around the validity of the traditional abyssal
circulation theory.

It might be thought that our results are biased by the con-
sideration of a model simulation that sustains a DBC.
Whether this is a peculiarity of the particular model consid-
ered or not is irrelevant. Quite to the contrary, the important
point is that the model considered sustains a DBC and that
heterogeneous and insufficient sampling of the subpolar North
Atlantic by trajectories integrated from model velocities ham-
pers our ability to appropriately framing it.

While the required sampling density to unveil, or not, a
DBC of ISOW seems beyond the capability of observational
platforms at present, the TPT analysis, or any analysis aimed
at investigating long-time asymptotics and connectivity, might
benefit from a subsurface float dataset enlarged with extra
floats deployed in the northern Iceland Basin, where the
ISOW enters the subpolar North Atlantic, and in the western
flank of the Reykjanes Ridge. The expectation is that trajecto-
ries initialized there will reveal any missed communication be-
tween the basins west and east of the Reykjanes/Mid-Atlantic
Ridge, and also within these basins. The western side, more
specifically the Irminger and Labrador Seas, and the New-
foundland Basin, is characterized by transition probabilities

FIG. 9. (top) As in the bottom panel of Fig. 8, but based on the
truncated chain. (bottom) As in Fig. 4, but for the simulated chain
(blue), the truncated chain (dashed red), and the augmented chain
through the addition of trajectories (x0, xT) (10% of all available)
where the signal-to-noise ratio falls below 3 (solid red).
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with a low signal-to-noise ratio and hence high uncertainty. In
turn, the eastern side has a large region, the West European
Basin, that is not visited by float trajectories at all. The lack of
sampling there attempts against the significance of any transi-
tion export paths flanking the Mid-Atlantic Ridge on the east.
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