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Abstract
Stochastic processes with time delay are invaluable for modeling in science
and engineering when finite signal transmission and processing speeds can
not be neglected. However, they can seldom be treated with sufficient preci-
sion analytically if the corresponding stochastic delay differential equations
(SDDE?5) are nonlinear. This work presents a numerical algorithm for calculat-
ing the probability densities of processes described by nonlinear SDDEs. The
algorithm is based on Markovian embedding and solves the problem by basic
matrix operations. We validate it for a broad class of parameters using exactly
solvable linear SDDEs and a cubic SDDE. Besides, we show how to apply the
algorithm to calculate transition rates and first passage times for a Brownian
particle diffusing in a time-delayed cusp potential.
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1. Introduction

Consider the stochastic delay differential equation (SDDE)

Ox (1) = flx (1) ,x (1 = )] + o€ (1) Q)
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with a general time-delayed force f[x(¢),x(¢ — 7)] and Gaussian white noise o& () with intens-
ity o. Similar equations are often encountered in modeling noisy feedback systems [1].
Examples range from feedback-controlled Brownian particles [2-5] and robots [6—8] over
various biological [9-13] and physical [14—16] systems to finance [17]. SDDEs also success-
fully describe instabilities in car traffic [18] and recently, they have been applied to model
other manybody nonequilibrium phenomena with time-delayed interactions such as flocking or
swarming [19-27].

Unfortunately, SDDEs are notoriously difficult for analytical treatment if they are not lin-
ear [28, 29]. SDDEs with nonlinear forces can generally only be treated approximately, using a
linearization, small or large delay approxiamation [30] or by expansions around an equilibrium
dynamics [31]. Therefore, the main tools for studying SDDEs are numerical methods.

The stochastic processes described by SDDEs are non-Markovian, and it is impossible to
write a closed dynamical equation for the probability density for the stochastic coordinate x(¢).
For this reason, most available numerical methods focus on direct integration of the SDDE [32—
34]. We are aware of only a single method devised to compute the coordinate probability
density directly [35]. The suggested algorithm is based on a Gaussian approximation of a
short-time propagator. For nonlinear problems, this approximation is valid only for small time
steps, and thus, the suggested method becomes computationally expensive for long integration
times.

In this work, we propose an alternative numerical algorithm that directly calculates the
joint probability density for the system’s history during time interval [t — 7, ] in discrete time
and space. The dynamics is within the algorithm described by a master equation of the form
q;+1 = Uq;, where the vector q; contains the occupation probabilities of the individual states
in the history space at discrete time i, and U is a time-independent matrix of corresponding
transition probabilities. The presented method thus allows us to compute the time evolution of
the joint probability density by multiplying the current state vector q; by U and the stationary
joint probability density as a solution to the eigenvalue problem (., = Uq. Furthermore, the
transition probability matrix can be easily constructed to capture various boundary conditions
in a way described in [36]. Hence, the presented method can also be applied to calculating first
passage times and transition rates in bistable systems.

This work is structured into two main parts. In the first part, we present the proposed
algorithm. In the second part, we calculate the variances for two linear and one non-linear
SDDEs using this algorithm. Then, we apply it to predict the transition rate in a cusp potential.
Afterwards, we conclude our findings.

2. Numerical method

2.1. Preliminaries

The dynamical equation for probability density p(x,7) corresponding to the SDDE (1) can be
written in the form [28]

2
0up (x,1]¢) = | T-02 — 0 (x,1]0) | p(x,1]6), ®)
2

where ¢ denotes an initial condition for x(r), i.e. x(t) = ¢(r) for t € [—7,0]. The function f
is defined as the average f(x,7/¢) = [ dyf(x,y)p2(y,t — T|x,,¢) over the two-time probability
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density pa(y,t— 7|x,t,¢) that a trajectory residing at coordinate x at time 7 was at coordin-
ate y at time ¢t — 7 under the given initial condition ¢. Since equation (2) provides no recipe
for calculating the two-time probability density p,, it does not represent a closed dynamical
equation for p(x,#|¢). In fact, no such a closed dynamical equation is known. Nevertheless, we
will show below how equation (2) can be numerically integrated to yield the joint probability
density for x during the time interval [r — 7,1].

Our strategy is based on rewriting equation (1) using the Markovian embedding [30]

%o (1) = fTxo (1), xa (1)] + 0€ (1), 3
x,v(t):x,-,l(t—A,L i=1,...,n,
where A, = 7/n, x(t) = x¢(¢), and the embedding becomes exact in the limit of the infinite
number n of auxiliary variables x;(¢) = x(r—iA,). For a fixed history {x;(#)}"_,, the first
equation in (3) corresponds to the Fokker—Planck equation

2

Op (x,tx1,. .. %) = [028)% — &j(x,xn)] p(x,tx1, .. x), )]
which can be solved, e.g. using the numerical method described in [36], to yield the probabil-
ity density p(x, 7+ A, xo, . .., Xu—1|X0,2,X1, . .., X, ) for reaching the coordinate x at time 7+ A,
with history xg,...,x,_ from the coordinate xy at time ¢ with history xi,...,x,. The remain-
ing equations in (3) represent a deterministic history update, implying that only transition
probabilities between history states {xg,x,...,x,} and {x,xo,...,x,_} with arbitrary x can
be nonzero.

Working in a discrete time and space, the probability densities p yield a finite set of
transition probabilities between discrete states with coordinates labeled by possible values
of the (n+ 1)tuples {x(z),x(t — A,),...,x(t—nA,)}. Organizing the occupation probabilities
of these history states at a discrete time i inside a vector ¢; and the corresponding trans-
ition probabilities p inside a matrix U, the time evolution of the joint probability dens-
ity p(x,t;x1,t — At;...;x,,t — 7) can be characterized by the Markovian dynamical equation
q;,1 = Ugq; for a discrete-time random walk on a lattice. In the next subsection, we describe
how to use these insights to find the probability density for x in practice.

2.2. Algorithm

As outlined above, we start with discretizing space and time. Assuming we aim to find the
probability density for x on an interval x € [x_,x], we choose the discrete space-step A, =
(x4 —x_)/(Ny— 1) to discretize the interval into N, discrete space points x; = x_ +IA,, | =
0,...,N, — 1. Similarly, we choose the discrete time step A, = 7/N; so that each of the points
in the history space {x(¢),x(t — A;),...,x(t — N;A,) } is described by N; + 1 coordinates.

From now on, we will refer to the discrete spatial coordinates x; by their labels /. In the
discretized time, the coordinates of the system in the history space can be written as vectors
si = (loy- -, lN,)Twith elementss;; = ; = [(i —j)Af],j =0,...,N,. The total number of states
in the history space is (N,)™*!. An example of the system’s evolution through the history space
is shown in figure 1.

The transition probabilities p(s;y1|s;) =p(x,t+ A xo,- -, X0—1|%0,1,X1,- .., X,) between
the points in the history space vanish whenever s, # sij+1,j =0, ...,N; — 1. The nonzero
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Figure 1. Sketch illustrating two consecutive states in the history space for N; = 4.
values can be calculated from equation (4) using the method of [36]. Denoting by p(¢) the

vector of probabilities p;(¢) corresponding to the density p(/,#|l;,...,Iy,), the Fokker—Planck
equation can be approximately rewritten as the Master equation

Oipi (1) = ri—1spi—1 (1) + rip1=1pi01 (1) — (Fsi—1 + 11si41) i (2) %)
with the transition rates ry_; = rr—;(l1,...,In,)
2 2
o fiot1Ay, o Sir1510x
Fisil = TA}(CXP (:taz> y Nkl = TA%CXP <¥02 ) (6)
which depend on the history through the forces fi—; = fi—i(1,. .., Iy,). In our numerical sim-

ulations, we use the form

feoi (o) =f (e +x0) /2, (x, +x,_,) /2] - @)

This choice is motivated by the fact that we need to integrate the dynamical equation (5)
over a single time-step A, when the coordinate changes from x; to x; and the relevant his-
tory coordinate from x;, to x;, _,. Since we have the whole history during the time interval
of length 7 available, the presented strategy can, in principle, also capture more complicated
memory dependencies of the force in equation (1) than f{x(),x(t — 7)).

The transition rates (6) are valid in the bulk of the discrete state space. On its boundaries,
one can cautiously choose from various boundary conditions [36]. However, we recommend
implementing absorbing boundaries even when solving for a stationary density in an infinite
domain when one normally introduces a reflecting boundary condition equivalent to an infin-
ite potential barrier far enough from the expected maximum of the probability density. This is
because the reflecting boundary conditions in the delayed dynamics lead to oscillations, which
would not be observed in the infinite system. When modeling a system with natural boundar-
ies, we thus impose absorbing boundaries far away from the most likely occupied states and
normalize the occupation probabilities to one after each iteration in time to correct for the
probability leaking through the boundary.
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Having all transition rates, one can rewrite the Master equation (5) as O,p(f) =
R(ly,...,Iy,)p(t), and formally integrate it over single time-step. Denoting as p; the probability
vector at the discrete time 7, we find p; | = G(I1,...,Iy,) p;, With the propagator

G(ll,...,l]v[):eXp[R(ll,...,lNl)At]. (8)
Elements G, j(l,,...,ly,) of this matrix are transition probabilities from state {i,/y,...,ly,} to
state {j, 1,11, ...,ly,—1 } in the history space, which represent the nonzero transition probabilities

p(si+1]s;). Altogether, we thus have

B 0 s,~+|2,»7és,»,,~+1foranyj S [O,Nl—l]
p(sialsi) = { Gy o010 (Si15---,8in,)  otherwise ’ ©)

In the final step, we introduce a vector g; of length (N,)¥*! so that its element g, 4,,
N, ‘
ki = sij (N, (10)
j=0

contains the probability to find the system at discrete time i in the history state s;*. After organ-
izing all the transition probabilities (9) into an (N, )V ! x (N,)M*! matrix U with elements
Uji+1 g = p(Si+1/si), the system evolution through the history space can be described by the
discrete time Markov process

q;+1 = Ugq;. (11

The matrix multiplication takes care of summation over all history states s;, which contribute to
the next state s; 4 1. Although the matrix U can become very large, only N2 of its (N, )2 +1)
entries are nonzero. While this number can still be very large for denser discretizations, we
tested that one can work efficiently with U using functions for sparse matrices implemented
in Python [37] or similar.

The dynamical equation (11) can be used for solving the complete time-resolved evolution
of the system through the history space from an initial condition qq as q; = U’ qo°. When q;
converges to a steady state ¢, the latter can directly be determined by solving the eigenvalue
problem g = Ugq. If the absorbing boundaries are imposed to supplement natural boundaries
as suggested above, the steady state should be identified with the state corresponding to the
eigenvalue of U closest to one from below. In the example section below, we refer to the time-
resolved solution as the dynamical algorithm and the steady-state solution as the steady-state
algorithm.

The states q; contain the complete history of the coordinate during one delay interval.
The one time probability density corresponding to the discretized version p(x;,iA|sg) of p
in equation (2) follows from the marginalization

(NN

p(lal): Z qivka[k/]\/_’y’j,l’ (12)

k=0

4 The inverse map is s;; = (K mod Ny, |k /Ny | mod Ny, ..., |k /NN~ | mod Ny, [k /N3 ])T, where mod is the
remainder of a division, and | | denotes the floor operation.

3 Since U' is for i > 1 not sparse anymore, it is preferable to evaluate the product U’ qo as i multiplications of the
initial vector from the left.
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assuming that the discrete process is initialized at time O with unit probability in state sy and | |
denotes the floor operation. Other joint probability distributions during the time interval [r —
T, 1] can be calculated similarly. Besides, the jump process in the history space is Markovian,
and thus, arbitrary joint probability density can be calculated using the matrix U. The numerical
method can also be generalized to calculate characteristic functions of various functionals over
the stochastic trajectories of the stochastic process x(¢) as described in [36].

3. Numerical examples

To test the proposed method, we apply it to three specific examples. First, we show that it
can reproduce known analytical solutions of linear SDDEs. As a second example, we use the
method to calculate probability density and variance for a diffusion in a delayed cubic potential.
In the last example, we compute probability density and rates for transitions between the wells
of a delayed cusp potential.

In all the studied situations, we compare the numerical results to solutions found using
Brownian dynamics (BD) simulations of the corresponding SDDEs. For the linear case, the
reason is to provide a performance comparison of the two methods. In the simulations, we
simultaneously iterated 2000 trajectories using a vectorized version of the Euler algorithm with
timestep dt = 7/60. We performed ten such runs in parallel to estimate simulation errors and
speed up the computation. For further implementation details, interested readers can directly
inspect our codes [38].

In the numerics, we tested the precision of the results for several values of space and time
discretization N, and N,. Interestingly, we found that in most examples, the precision signi-
ficantly increases only up to N, = 2, and for finer time discretizations, it barely changes. The
only exception is the case with a combination of delayed and nondelayed harmonic potential
in section 3.1.2, where increasing N, to three improves the results significantly.

There is a stark difference between the meaning of the time discretization in BD simula-
tions and the numerical algorithm. In simulations, d is an integration timestep over which one
assumes a constant deterministic component of the right-hand side of the SDDE. In the numer-
ics, A, discretizes the history interval [t — 7, ] and approximates the drift term f in (4) within
the individual intervals of duration A, by corresponding average values. With this approximate
£, the spatially discretized partial differential equation (5) is solved by the exact matrix expo-
nential. Using a fine space discretization with a large N, is thus important for obtaining precise
results. For the usually optimal time discretization N, = 2, the number of nonzero elements of
the rate matrix U increases as N and the computation time grows accordingly.

3.1. Linear SDDEs

Consider equation (1) with a linear function f[x(¢),x(t — 7)] = —ax(t) — bx(t — 7). The result-
ing SDDE

x(t) = —ax(t) —bx(t—7)+ & (1) (13)

is linear, and its properties, including the probability densities for x(#), are known [30]. In par-
ticular, linearity implies that the probability density for x(¢), evolved from a Gaussian initial
condition, is Gaussian and thus determined solely by its mean and variance. For complete-
ness, we derive these two moments analytically, including their small delay approximations,
in appendix A.
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Figure 2. Probability density for x(¢) in SDDE (14) for 7 =1 and ¢ = 10 in normal (left)
and logarithmic (right) scale. We used Ny = 81 and N; = 2 in numerics. The errors of
the BD simulation were calculated from ten parallel runs.

3.1.1. Time-delayed harmonic potential. = We start by studying the system

() =—x(—-7)+£(@0), (14)

with the initial condition x(¢) = 0 for 7 < 0. It describes the diffusion of a particle in a time-
delayed harmonic potential. Setting a =0 in equation (13), the coefficients b and ¢ can be
absorbed into units of ¢ and x. Equation (14) thus represents a general linear SDDE containing
only delayed terms on the right-hand side. Depending on the value of delay, solutions to (14)
averaged over the noise exhibit three different dynamical regimes [29]: (I) 7 < 1/e, mono-
tonous exponential decay; (I) 1/e < 7 < 7/2, oscillatory exponential decay; (III) 7/2 < T,
oscillatory exponential increase.

In figure 2, we demonstrate that the probability density for x obtained numerically (red)
and by BD simulation (dark blue) indeed match the exact Gaussian distribution (yellow). This
example shows that the numerics can be expected to outperform BD simulations when applied
to either calculate tails of probability densities or higher moments of x, whose precise evalu-
ation requires sufficient sampling of rare events and thus many simulation runs. The disagree-
ment between the exact solution and numerics for far tails can be decreased by increasing N,.
We also show the prediction obtained using the small delay approximation in light blue for
completeness.

The Gaussian probability density is solely determined by its mean (x) and variance v =
(x*) — (x)2. The former is, for our initial condition, 0, and thus, in figure 3, we show the
variance computed as a function of delay time 7. In the left column, we present v for finite
times numerically obtained by the dynamical algorithm, i.e. by iterating equation (11). To
depict behavior for multiple finite times in a single plot, we show the time-averaged variance
V=5 f;g v(t")dr’ (data points) together with the minimum and maximum values of () dur-
ing the time interval (7.5, 10) (colored areas). BD simulation results (blue) overlap with exact
analytical results (yellow) in all three dynamical regimes. Panels (a), (c) and (e) differ only in
space and time discretization used for the numerics (red). They show that increasing N; bey-
ond two does not improve the precision, while changing N, from 41 to 81 yields significantly
better agreement with exact results.

The right column of figure 3, shows stationary variance v = lim, v(#) in dynamical
regimes I and II, where it is finite. Panels (b), (d) and (f) differ just in the precision of the
numerics in the same way as in the left column. The small delay approximation (light blue)

7
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Figure 3. Variance v for x(¢) in equation (14) as a function of delay time 7. In the left
panels, the data points show v calculated as the time average over the interval (7.5, 10)
numerically (red), by BD simulation (blue), and by exact analytics (yellow). The colored
areas mark the interval’s minimal and maximal values of v(¢). The error bars in simu-
lations were calculated from ten parallel runs and are smaller than the data points. In
the right panels, we show stationary variance attained at long times calculated numeric-
ally (green), by exact analytics (yellow), and using the small delay approximation (light
blue). The numerical solver uses space and time discretization N, and N, shown above
the individual panels and x4 —x_ = 4/v.

predicts the exact variance (yellow) relatively well in the first dynamical regime. The numer-
ical results (green) obtained using the steady state algorithm, i.e. by solving Uq = q, agree
best with the analytical results for N, = 81 and N, = 2.

The main reason the error of the numerical results increases in figure 3 with the delay
time is the increase of v with 7. We set the boundaries of the x interval as x; —x_ =4,/v
so that the probability at the boundaries is negligible. However, for a fixed N,, the discrete
space step A, = (x; —x_)/(N, — 1) increases with the delay, leading to decreased precision
for the same computation time. Besides, the history’s sampling A, = 7/2 also worsens with
increasing delay.
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Table 1. Computation times in seconds on an Ubuntu laptop with AMD Ryzen 5 2500U
CPU (four 2GHz cores) and 18.4 GiB RAM for numerics with specific discretizations
and the simulations. The simulations were performed for ten parallel runs, each with
2000 trajectories. The Setup time measures the initialization period of the program
before any iteration in time is performed. The Iferation time is the duration of one A,
update in numerics and d¢ update in the simulation. The 7 interval time is the compu-
tation time of one delay period. It is given by the Iteration time x N; for the numerics
and x 60 for the simulation. The Steady state overall time is the runtime of the steady
state algorithm for the specific discretization.

Numerics Simulation
Ny 41 41 81
N; 2 3 2 60
Setup 0.828 5.255 8.218 —
Iteration 0.004 0.147 0.055 0.003
T interval 0.007 0.441 0.11 0.207
Steady state overall 1.316 34.414 15.252
101 4 1
] dynamical
exact
o ¢ sim P ¢
£ ]
32 2
o =
100 - o
] - ~e
~. ® o =0 .4’ [ :a/
| ]

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

Figure 4. Time when the variance of the probability density for x(¢) in (14) reaches 75%
of its stationary value as a function of delay obtained from exact analytical expression
(yellow), BD simulations (blue), and numerically (red). The grey lines depict from bot-
tom to top the first three iteration times A; = 7/2, 2A,, 3/, of the numerical algorithm
with N; = 2 and N, = 81.

In table 1 we provide run times of the BD simulations, implemented with 10x2000 real-
ization of the stochastic process with dt = 7/60, and the two numerical procedures with dif-
ferent space and time discretizations on our specific hardware described in the caption. The
table shows that the overall runtime of numerics with the optimal discretization N, = 81 and
N, =2 in figure 3 is approximately half of the runtime of the simulations. While the simulation
is more precise when predicting the variance for large delay times, the numerics is superior
when computing probability density for x, which requires much better statistics than simple
averaging.

To further assess the ability of the numerics to capture the relaxation dynamics of the sys-
tem, we show in figure 4 the time when the probability density for x(¢) initialized at time O
with probability one at x = 0 reached 75% of the stationary variance. While the time obtained
by BD simulation (blue) nicely agrees with the exact analytical results (yellow), the numerics

9
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(red) show nonnegligible discrepancies in the dynamical regime II. These errors are caused by
the fact that the numerics use quite large time steps A, = 7/2 (depicted by grey lines in the
figure) for long delays and could be partly decreased by interpolation.

3.1.2. Combination of time-delayed and standard harmonic potentials.  Let us now turn to
the case

(1) =—x(1) —x(1=7) +£(1) (15)

with the initial condition x(7) = 0 for ¢ < 0. It follows from equation (13) by setting a =b =
o = | and might be interpreted as a dynamical equation for a particle diffusing in a combination
of delayed and standard harmonic potentials. In this case, the small delay approximation gives
the same result for coordinate variance v and thus also the steady-state probability density as
the exact solution. For specific expressions, see appendix A.

In figure 5, we present the results for variance in the same way as in figure 3. The left panel
thus shows v averaged over the time interval (7.5, 10), and the right panel depicts the stationary
variance. The individual rows differ in the discretization used in the numerics. Contrary to what
we observe in other numerical examples above and below, in this case, the best agreement
between numerics (red on the left and green on the right), simulation (blue on the left), and
the exact result (yellow) is obtained for a modest space discretization N, = 41 and finer time-
discretization N, = 3. Even better agreement between numerics and exact results would be
obtained for a larger N,. But this would cost a lot in terms of computation time and working
memory.

3.2. Quartic potential

Let us now turn to nonlinear SDDEs, where no exact analytical results are known, and thus,
numerical or simulation techniques are the only way of obtaining reliable results for non-
negligible delays. Specifically, we consider the SDDE

i) =—x(t—1) +£(@), (16)

which can be interpreted as a diffusion in a delayed quartic potential. As in the case of
equation (14), one can consider the potential stiffness and noise intensity in (16) to be absorbed
in units of ¢ and x. The analysis for £ = 0 in appendix B reveals, that equation (16) without noise
is unstable for the initial conditions x(r) = 0 for ¢t <0, and x(0) = xo with |xo| > /3/(47).
Otherwise, solutions to the deterministic part of equation (16) converge to a steady state at
x=0. However, this does not mean the same applies to the case with £(¢) # 0. Indeed, the
noise can always excite the coordinate above the unstable initial distance from the origin cor-
responding to the given delay and thus create diverging trajectories. This effect is nonnegligible
for an arbitrary nonzero delay, and hence, the dynamics described by SDDE (16) converges
to a steady state only for 7 =0.

In appendix B, we show that a small delay approximation of equation (16) yields a well-
defined stationary distribution for arbitrary 7. Given the above discussion, the small delay
approximation thus captures the dynamics correctly only for 7 =0 and fails qualitatively for
any 7 > 0.

To avoid divergencies caused by the inevitable instabilities, we analyzed the dynamics
numerically and by BD simulations with absorbing boundaries at x. = +4. We imposed
reflecting boundaries at the same positions for the small delay approximation. This only affects

10
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Figure 5. Variance v for x(¢) in equation (15) as a function of delay time 7. In the left
panels, the data points show v calculated as the time average over the interval (7.5, 10)
numerically (red), by BD simulation (blue), and by exact analytics (yellow). The colored
areas mark the interval’s minimal and maximal values of v(¢). The error bars in simu-
lations were calculated from ten parallel runs and are smaller than the data points. In
the right panels, we show stationary variance attained at long times calculated numeric-
ally (green), by exact analytics (yellow), and using the small delay approximation (light
blue). The numerical solver uses space and time discretization N, and N, shown above
the individual panels and x4 —x_ = 4/v.

the normalization constant N in the stationary density for x in equation (B.5). In figure 6, we
show the probability density for the coordinate at time 7 = 6 for delay time 7 = 0.4 and initial
position xop = 0 occupied with unit probability at time 0. The numerical result for N, =2 and
N, = 81 (red) agrees within the error bars with the density obtained by BD simulations (dark
blue). As expected, the linear approximation fails.

In figure 7, we show the coordinate variance v after time r=4.5 when the system has
already reached a steady state. This is confirmed by the perfect agreement of results obtained
by the dynamical (red) and steady-state algorithms (data not shown). The numerical results
were obtained for time and space discretization N, =2 and N, = 81. They nicely agree with

1
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Figure 6. Probability density for x(¢) in SDDE (16) for 7=0.4, t=6, and xo =0 in
normal (left) and logarithmic (right) scales. In numerics, we used Ny = 81 and N; = 2.
The errors of the BD simulation were calculated from ten parallel runs.
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Figure 7. Stationary variance for x(¢) in equation (16) with absorbing boundaries at x =
44 as function of the delay time 7. The numerical results (dark red) were computed
using Ny = 81 and N; = 2. The error bars for BD simulation data (blue) were obtained
from ten parallel runs using averaging over the time interval (4.5, 6). The grey lines in the

left panel indicate when 3./v, 24/v, and /v equal the divergence threshold 1/3/(41).
The right panel magnifies the initial part of the left panel to highlight that the small delay
approximation (light blue) fails to capture the system dynamics completely, except for
T=0.

dark blue symbols calculated using BD simulations up to 7 = 0.5. We have tested that a better
agreement is reached upon increasing the spatial discretization N,. Increasing only the time
discretization N, has a negligible effect. The right panel shows the initial part of the plot in
the left panel to illustrate the complete failure of the small delay approximation in light blue.
The grey lines in the left panel hint how many trajectories reach the unstable distance from the
origin 1/3/(4) for the given delay. Specifically, when v is larger than the nth grey line from
the left, the unstable point lies within (4 — n)+/v interval of the non-Gaussian density for x.

3.3. Transition rates for delayed cusp potential

As the last numerical example, we consider the problem of transitions between the two minima
of delayed double-well cusp potential U(x) = 1 (x — signx)?, where signx = |x|/x denotes the
signum function. By choosing appropriate length and time units and neglecting the d-function
obtained by taking the derivative of the signum function, the general SDDE for the dynamics
in a delayed cusp potential reads:

x(t)=—|x(t—7)—signx(t—7)] +E(2). (17)

12
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Figure 8. Probability density for x(¢) in SDDE (17) with 7 =1 and ¢ = 0.5 for times r =
0,5...25. The numerical results (red) obtained with N, = 88 and N; = 2 and absorbing
boundaries at x; = F4.14 at all times nicely agree with probability densities calculated
from BD simulations with natural boundaries (blue). In the simulations, the error bars
were obtained from ten parallel runs.

Due to the signum function on the right-hand side, this SDDE is nonlinear, and we are unaware
of any exact solutions for the corresponding dynamics or transition rates. However, relatively
good estimates for transition rates were obtained for small and intermediate delays using a
time-dependent Fokker—Planck equation valid for linear SDDEs describing the dynamics in
the individual wells [29]. In appendix C, we derive the small delay approximation and review
approximations for transition rates based on the exact stationary solution of the linear delayed
dynamics in one of the wells.

Before focusing on the transition rates, we study the dynamics of the probability density.
In figure 8, we initialize x(f) with unit probability in the left well (x(0) = —1) with history
x(t) = —1 for t < 0 and depict the densities for 7= 1 and o = 0.5 obtained numerically (red)
and by BD simulations (blue) for times r = 0,5, 10, 15,20, and 25. In the numerics, we imposed
absorbing boundaries at x— = F4.14 and used the space and time discretization with N, = 88
and N, = 2. The corresponding numerical results nicely match the densities from simulations
performed with natural boundary conditions at all the times.

For a Markovian diffusion in a bistable potential, the transition rates can be either calculated
from the first passage time for reaching the top of the barrier between the two wells or as
the number of jumps between the wells per unit time. Since these two approaches are not
guaranteed to yield the same results for non-Markovian dynamics, we calculate the rates using
both.

Let us assume that we initialize the system with unit probability at the bottom of the left
well, as in figure 8. In the case of absorbing boundary at x =0, the transition rate x can then
be defined as p;(¢) = —kp,(t), which leads to
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Figure 9. The transition rate (18) for the cusp potential calculated from SDDE (17)
with absorbing boundary at the origin as a function of delay time 7. The error bars in
simulation data (blue) were computed from ten parallel runs and are always smaller than
the symbols. The dynamical numerical algorithm used to produce the red data points was
implemented with A; = 7/2, Ny = 44, x_ = —4.14, and x; = —0.0487. The strategies
used to obtain the small delay (light blue), time-local (grey), and Kramers (dark red)
predictions for the rates are described in appendix C.

d
— 1 1
k= dr ogpi (t)a (18)

where p;(t) = [ i)oo dxp(x,?) is the probability of finding the system in the left well at time 7.

For an overdamped Markovian dynamics, the particle reaching the top of the barrier will
end up in either well with probability 1/2. Therefore, the rate computed using an absorbing
boundary at the top of the barrier (18) is twice the real transition rate between the two wells
obtained from the number of jumps between them. For an underdamped Markovian dynamics,
the particle reaching the top of the barrier from the left almost surely ends up in the right
well, and the two rates equal. For non-Markovian dynamics such as the one in SDDE (17), no
such a relation is known and the only safe way to calculate the true rate of transition between
the two wells of the cusp potential is thus to consider the dynamics without the absorbing
boundary at x =0 shown in figure 8, and define the rate x as p;(t) = —k[p;(t) — p,(¢)], where
pr(t) = [ dxp(x,) = 1 — pi(t). The transition rate thus reads

1d
=—=—log(2 —1). 1
h= g los () 1) (19)
In figures 9 and 10 we show the rates (18) and (19) calculated numerically (red), by BD
simulations (blue), small delay approximation (light blue), a Kramers theory (dark red), and a
time-local approximation (C.5) to the dynamical equation for the probability density (2), which
represents a numerical refinement of the Kramers theory (grey). The details of the last three
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Figure 10. Twice the transition rate (19) for the cusp potential calculated from
SDDE (17) with natural boundaries as a function of delay time 7. The error bars in sim-
ulation data (blue) were computed from ten parallel runs and are always smaller than the
symbols. The dynamical numerical algorithm used to produce the red data points was
implemented with A, = 7/2, N, = 88, x3 = F4.14. The strategies used to obtain the
small delay (light blue) and time-local (grey) are described in appendix C. The shown
lines for the Kramers rates times two are the same as in figure 9.

procedures, which we implemented to compare their performance to the numerics, are given
in appendix C. In figure 11, we further directly compare transition rates (18) obtained using
the absorbing boundary and the true rates (19) for simulation, numerics, and the time-local
theory. In all these figures, the transition rates are calculated in steady-state, which we identify
as a state where the variance of the probability density for x(#) reaches 75% of its stationary
value in a single infinite well (cf figure 4). To avoid numerical overflows, we excluded all data
points where arguments in the logarithms were too small.

The numerical algorithm predicts the rates from BD simulations obtained using the two
definitions very well for all investigated parameter regimes except for the low noise regime
with o =0.2. There, its failure is caused by strong localization of the coordinate distribution
near the minimums of the potential. To predict the transition rates accurately in this regime,
one needs to increase the spatial discretization from A, = 0.08 employed in our calculations.
The missing data points for BD simulation for ¢ =0.2 and 7 < 0.8 demonstrate that we have
not observed a single transition in our 20 000 runs. While this can be improved by running
more and longer simulation runs, it shows the power of the other techniques to determine the
transition rates for a weak noise.

For the transition rates calculated using the absorbing boundary in figure 9 for o = 0.2, the
Kramers approximation and its more precise variant, denoted as time-local, work exceptionally
well. None of the applied methods except the numerics yield satisfactory agreement with the
simulation for any larger noise value.



J. Phys. A: Math. Theor. 57 (2024) 235001 N Antary and V Holubec

sim
— o0 =0.2- full (x2)
0.6 1 -== 0=02-abs
—— o =04 - full (x2)
e 0.4 === o0 =04-abs
o = 0.6 - full (x2)
0.2 4 o =0.6 - abs
o =0.8 - full (x2)
0.0 o . o =0.8 - abs
T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2
T
time-local dynamical
0.5
0.15
0.4 4
0.10 0.3 -
2 2
0.2
0.05
/ 0.1 A e
0.00 - 0.0 { ——————messssc=-s====—
T T T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
T T

Figure 11. Comparrison between rates (18) calculated using absorbing boundary (abs)
at the top of the barrier and twice the true rates (19) calculated from diffusion in the full
delayed potential (full). The shown data from BD simulations (sim), time-local approach
(time-local), and numerics (dynamical) are the same as in figures 9 and 10.

The transition rates calculated from hopping between the two wells (19), shown in figure 10,
are predicted well only using the numerics (except for the lowest noise, as discussed above).
We attribute this failure of standard techniques for rate evaluation to the non-Markovianity of
the underlying dynamics [29, 39]. Most of the commonly used methods for the calculation of
transition rates, except for BD simulations and the present numerics, infer the true transition
rate (19) from the rate (18) obtained using absorbing boundary. And the non-Markovianity
breaks this correspondence.

In figure 11, we show as dashed lines the transition rates calculated with absorbing bound-
ary (18) and as solid lines twice the real transition rates (19). For the time-local algorithm,
when both rates are computed from an overdamped Markovin Fokker—Planck equation, both
lines overlap as expected. The disagreement between the two lines for numerics and BD sim-
ulations increases with noise. These results highlight the importance of calculating the rates
for non-Markovian dynamics from the correct definition (19). On the downside, assessing the
rate by numerically resolving the dynamics in the complete double well potential necessitates
significantly more bins and, consequently, more computation time than calculating the rate
using an absorbing boundary.

4. Conclusion

We presented a novel numerical algorithm that directly calculates probability density for
stochastic coordinates described by SDDEs. We employed Markov embedding to derive a
closed Fokker—Planck equation for the probability density over an enlarged state space. Its
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microstates represent possible histories of the system dynamics over one delay interval in dis-
crete time. By further discretizing space, we have written the dynamical equation for occupa-
tion probabilities in the history space in matrix form. This allows us to evolve the probability
density in the history space by matrix multiplication or to calculate the stationary distribution
directly from the corresponding eigenvalue problem. The probability density for the coordin-
ate can be obtained by marginalizing the probability in the history space. By employing dif-
ferent marginalizations, the method can also be used for computing correlation functions or
multi-time probability densities. The numerical method can be easily implemented with vari-
ous boundary conditions, as we demonstrated by computing stationary densities and transition
rates.

The computational demands of the numerics are proportional to N2, where N, + 1 is the
number of discrete times per one delay interval and N, is the number of discrete points in space.
Fortunately, for most numerical examples we investigated, precise results have already been
obtained for N; = 2. The only exception where increasing N, to three improved the precision
was the case of overdamped diffusion in a combination of delayed and time local harmonic
potential. The main strength of the numerical method is that it provides precise results in tasks
such as calculating transition rates or probability densities, where one has to generate many
stochastic trajectories in simulations to get sufficient statistics.

The method is now in its infancy, and we expect it to be sped up compared to our implement-
ations, available online [38]. Besides, the algorithm can be generalized to yield characteristic
functions for various functionals over the stochastic process, as suggested for overdamped
Markov processes in [36]. This generalization would make it a valuable tool in assessing
stochastic thermodynamics of stochastic processes with time delay [30].
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Appendix A. Linear stochastic differential eqautions

Linear stochastic differential equations of the form
x(t) = —ax(t) —bx(t—7)+ & (1) (A.D)

with nonnegative parameters a, b, o and 7 and Gaussian white noise £(¢) are most easily
formally solved by the method of Laplace Transform [29, 40]. The formal solution can then
be used to calculate the moments (x) and (x?) characterizing the Gaussian probability density
for x.

We provide below the solution for the special initial history x(#) = 0 for 7 < 0. The Laplace
transform of equation (A.1) reads

sx(s) —x(0) = —ax(s) —be™""x(s) + o€ (s), (A.2)
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where s denotes the Laplace variable and ]‘(s) denotes the transformed function f(x). Solving
this equation for X(s) yields

o x(0)+0E(s) > (-b) .
B(s)= o = ; (x(O) tof (s)) el ] (A.3)

Taking the inverse Laplace transform, one obtains

x(1) = (x(0)6 (£) + o€ (1) i (t—Ir) e Mo (t—Ir)|, (A4)
1=0
where * denotes a convolution. Defining the Green’s function
Ar) = [i (lf’)l (t—ir) e =M (1 — zr)] (A.5)
1=0
allows to write the formal solution as
x(1) =X () x(0) —|—/0tdt’)\(t—t’)aﬁ (t". (A.6)

The formal solution, together with the noise autocorrelation (£(¢)&(¢')) = 6(r—t') yields
the mean and the variance

p () = (x(1)) =x(0)A (1), (A7)

v(f) = (x(8)%) — (x(£))* = o? /O ldt’A(t’)z. (A.8)

If the limit lim,_, o, v(¢) is finite, the probability density for x converges to a stationary Gaussian
with zero mean and the variance [22]

o [ bsin(VET=ar) .
ve=2 11+ —— . (A.9)
2 b*—a a—+bcos (\/bz—a27>

For a =0 (only delayed coordinate on the right hand side of (A.1)), the stationary variance
simplifies to

o? 1

Vgt =

This expression diverges for 7 = m /(2b). For 7 > 7 /(2b), the steady state does not exist, and
the variance increases with time forever. For a < b (delayed component stronger than the non-
delayed one), v in (A.9) diverges for 7 = arccos(—a/b) //b* — a?. For the special case a = b
when delayed and non-delayed components have equal strength, one obtains

27
vst:% Lﬁr}, (A.11)
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which is finite for any b and 7, and thus the system always reaches a steady state. Finally, when
a > b (delayed component weaker than the non-delayed one),

o [ bsinh (Va?=57r) .
2 va: —b? a+ bcosh (mT)

7 (A.12)

which is also always finite.

Let us close this section with a summary of results for linear SDDEs obtained using small
delay approximation [28], one of the most commonly applied techniques for treating stochastic
delayed differential equations [30]. Either expanding the complete solutions given above to the
leading order in the delay, or solving the SDDE (A.1) after using the approximation x(f — 7) &
x(t) — x(f)7, one obtains

() =xpexp((a+b)(1+7b)1) (A.13)
o?(1+7b)
u(t)zW(l—exp@(a—kb)(l—kﬂ?)t)). (A.14)

The corresponding stationary variance thus reads

o (1+7b)
st N ———————=. A.15
Vst 2(a+b) ( )
Appendix B. Cubic stochastic differential equation
Consider the nonlinear SDDE
i(1)=—x(t—7) +£(), (B.1)

with initial condition x(7) = 0 for # < 0 and x(0) = xo.

First, we investigate the stability of solutions to the deterministic part of this equation for
given delay 7 and xy. This can be done by numerically integrating equation (B.1) with £(¢) =0
and tracking if the solution for given parameters diverges. Alternatively, one can estimate the
region of stable parameters by integrating the delay differential equation analytically over the
first few delay intervals.

Integrating the deterministic part of equation (B.1) with initial condition x(7) = 0 for <0
and x(0) = xo during the first three delay intervals, we find

x(0<t<7)=x0 (B.2)

x (7 <t<27) =x0 —x3d, (B.3)
3 1

x (21 <t <37) =x0 — X3 — xgdar + Exgd; —xyd3, + ngd;, (B.4)

with d, =t —nr7. For large enough 7, the coordinate changes sign after one delay inter-
val, suggesting as a suitable condition for instability that the maximum absolute value of
the coordinate within the third interval exceeds the absolute value of the initial coordinate,
|max,e(pr,37)X(f)| > |xo|. This leads to the condition 3xo — 7x3 > Xo, which suggests that for

initial coordinates |xg| > y/3/(47) equation (B.1) yields diverging trajectories. In figure B1,
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Figure B1. Initial conditions xo leading to stable (bounded) and unstable (diverging)
solutions of the delay differential equation i(f) = —x(¢ — 7)* for different values of the
delay 7. The theoretical prediction for the phase boundary (red) almost perfectly over-
laps with the result from numerical analysis (blue).

we compare this analytical estimate to results from numerical analysis, finding an excellent
agreement.

Let us now turn to the small delay approximation of solutions to equation (B.1) [28].
Expanding the nonlinear delay term on the right-hand side as x* (¢ — 7) ~ x3(f) — 3x*()x(¢)T,
and rearranging the resulting stochastic differential equation as an equation for x(¢), one
finds a Langevin equation with drift f(x) = —x(#)*(1 4 37x(¢)?) and diffusion D(x) = (1 +
37x(t)%)? /2 [41]. The corresponding stationary distribution for the coordinate reads

N f\ N 3rx? —log (3rx? + 1)
Pt (¥) = 35y &P ( / de(x)> “2p(x) P (‘ 972 ) ’ (B-5)

with a normalization constant N.

Appendix C. Diffusion in delayed cusp potential
Consider the nonlinear SDDE
x(t) = —[x(t—7) —signx(t — 7))+ & (7). (C.1)

First, we derive the corresponding small delay approximation used to calculate the rates
denoted as small delay in the main text. Expanding the right-hand side of (C.1) up to first
order in 7 and neglecting the contribution proportional to the §-function, one obtains

(1) = = (L4 7) [x (1) = signx (1)) + (1 4 7) o€ (1). (C.2)
The corresponding Fokker—Planck equation reads
2
Ao (x,1) = (1+7) 0, [x —signx] p (x,1) + (1 +7)° %@?p(x, 1. (C3)

From this equation, we calculated transition rates, denoted as small delay in figures 9 and 10,
numerically [29] using equations (18) and (19).
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Now, we explain how we calculated the transition rates denoted in the main text as time-
local. Let us assume that the two wells of the potential are so deep that, for a given noise
intensity o, the coordinate x equilibrates in a given well before any transition occurs. The
stationary variance (A.10) for x diffusing in a single well reads v = "77 % For a Markovian
diffusion in a harmonic potential, the variance is given by the ratio w/D where D = 0% /2 is the
diffusion coefficient and w is the product of the friction coefficient and the trap stiffness. From
equation (2) and the discussion in [28] it follows that the delay does not affect the diffusion
coefficient. Therefore, the stationary distribution for diffusion in a delayed single well obeys
the Fokker—Planck equation with drift d,w(x £ 1)p(x,1),

o= (C.4)
1 +sin(7)
and diffusion coefficient D. For deep cusp potentials, it seems reasonable to approximate the
true dynamics by connecting two wells with the above described dynamics at x = 0. This leads
to the Fokker—Planck equation

2
0up(50) = 5= sign) ) + 5 02 (). )

1 +sin(7
From this equation, we calculated transition rates, denoted as time-local in figures 9 and 10,
numerically [29] using equations (18) and (19). Since the Fokker—Planck equation describes
overdamped diffusion in a cusp potential, the rate (18) equals twice the true rate (19).

An approximate analytical expression for transition rate in the overdamped setup (C.5) can
be derived using Kramer’s theory [42]. It reads [29]:

W32

N (—%) . (C.6)

In figures 9-11, we denote the corresponding data as Kramers. These rates are analytical
approximations of the time-local rates.
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