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ABSTRACT

We consider a dynamical system undergoing a saddle-node bifurcation with an explicitly time-dependent parameter p(f). The combined
dynamics can be considered a dynamical system where p is a slowly evolving parameter. Here, we investigate settings where the parameter
features an overshoot. It crosses the bifurcation threshold for some finite duration #, and up to an amplitude R, before it returns to its initial
value. We denote the overshoot as safe when the dynamical system returns to its initial state. Otherwise, one encounters runaway trajectories
(tipping), and the overshoot is unsafe. For shallow overshoots (small R), safe and unsafe overshoots are discriminated by an inverse square-
root border, t, occ R™V/2, as reported in earlier literature. However, for larger overshoots, we here establish a crossover to another power law
with an exponent that depends on the asymptotics of p(#). For overshoots with a finite support, we find that z, o« R™!, and we provide examples
for overshoots with exponents in the range [—1, —1/2]. All results are substantiated by numerical simulations, and it is discussed how the
analytic and numeric results pave the way toward improved risk assessments separating safe from unsafe overshoots in climate, ecology, and
nonlinear dynamics.
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Tipping points are critical thresholds in dynamical systems at
which small perturbations may lead to a qualitative and possibly
irreversible change of the dynamical system’s state.'* Often these
tipping points are crossed only up to a certain amplitude R and
for some finite duration f,, before the parameters return to their
sub-threshold values. In geology, this applies for heavy rainfalls
inducing landslides.”~” In economy, this is a common scenario for
bank stress tests.'’ In neural dynamics, it is a core idea in the crit-
icality hypothesis modeling the brain computational properties.'!
In the Earth’s climate system, the tipping points for melting the
large ice sheets on Greenland or Antarctica may be crossed at least
temporarily due to ongoing global warming.'”~'* In all cases, it
is vital to identify the boundary between safe overshoots, where
the system returns to its initial state without tipping, and unsafe
overshoots, where tipping events are triggered. Earlier literature'”
reported an inverse square-root law as boundary between safe and
unsafe overshoots. Here, we introduce a dimensionless overshoot

amplitude H and duration T, and we establish that the scaling
T ~ H~'/2 applies for shallow overshoots H ~~ 1. For larger over-
shoot amplitudes H = 1, there is a crossover to a steeper power-
law decay with exponents in the range between —1/2 and —1.
We provide upper bounds for parameter profiles that decay with
different powers, and by numerical work, we show that these
bounds are sharp. Hence, the safe region in parameter space is
substantially smaller than expected, with severe consequences for
the risks assessments of separating safe from unsafe overshoots.

1. INTRODUCTION
Tipping emerges when an asymptotic state of a dynamical
system disappears in a saddle-node bifurcation.”'*'” We will char-

acterize the state of the system by the scalar variable x(t), and assume
that its equilibrium state x., changes continuously upon changing a
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control parameter r for values r < 0. At r = 0, the dynamical system
undergoes a saddle-node bifurcation where x,, fuses with an unsta-
ble fixed point: For r < 0, there is a region of initial conditions that
converge toward X, and for r > 0, these initial conditions will run
away to a different attractor. Here, we are interested in situations
where the control parameter is varied in time r(f): For late and early
times, it approaches —R; < 0; at time ¢ = 0, it takes its maximum
value R > 0; and it takes positive values for a time interval of dura-
tion t,. We denote this behavior as an overshoot of duration ¢, and
amplitude R. When the overshoot is sufficiently shallow and short,
i.e., when R and f, are both small, the system will return to its ini-
tial state. We denote this as a safe overshoot. An overshoot where the
system runs away to another attractor will be denoted as an unsafe
overshoot.

Overshoots have been discussed in the field of nonlinear sys-
tems and bifurcation theory over recent years.'>"> The main question
for general systems is whether we observe a return to the original
state after the control parameter falls below the critical value again.
This question may be relevant for various applications in finance,
politics, or ecology.”'® Moreover, recently, overshoots received par-
ticular attention in climate science,”>' because there are several
subsystems of the Earth that may exhibit threshold behavior.

Based on a multiple time scale analysis,'“** Ritchie et al."” estab-
lished that the border separating safe and unsafe overshoots takes
the form of a power law, R 2 =const, provided that R is small, ¢,
is large, and that the overshoot takes the form of a parabola. This
dependence is shown by the uppermost, black dotted line in Fig. 1.
In the present paper, we extend this result to all values of R and
arbitrary form of the overshoot (other lines in Fig. 1):

-1 :
107" 7 a literature
==Cauchy

3

Il -

==Gaussian
1073 o =rectangular *
triangular

T
1072 100 102 104 106
H=R/R,

FIG. 1. The border dividing the parameter space spanned by the dimensionless
overshoot amplitude H and overshoot duration T [both introduced in Eq. (7)] into
a safe region (no tipping) and an unsafe region (tipping). The different lines refer
to different shapes of the overshoot with the same amplitude and duration. The
uppermost, dotted black line corresponds to the results from the literature'® and
follows a power law. Numerical results from the present article for an overshoot
following a Gaussian shape are represented by the red solid line and those for
distributions decaying to their asymptotic values with power laws with exponents
2 (Cauchy distribution), 3 and 4 by blue, orange, and green solid lines, respectively.
The solid gray line provides the boundary for a discontinuous, piecewise-constant
dependence of r(t).
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For R < Ry, we recover the power law suggested in the litera-
ture. Different shapes of r(¢) only slightly modify the prefactor of the
power law.

For R 2 Ry, the boundary changes qualitatively. It crosses over
to a steeper power law with an exponent that depends on the asymp-
totic decay of r(f) toward R;. We determine the corresponding
power and potential logarithmic corrections.

For triangular overshoots, we explicitly show that these results
also apply when the overshoots are asymmetric and when they do
not have a quadratic tip.

This paper is organized as follows. In Sec. I1, we determine the
boundary of the stable region for a piecewise-constant overshoot
trajectories. Subsequently, we use this analytical result to establish
upper and lower bounds for the boundaries of systems where the
overshoots deviates from R, only for a finite time (Sec. 111 A) and
where they take a general unimodal shape (Sec. I1I B). In Sec. IV A,
we discuss the bounds for overshoots with a Gaussian shape, as
previously considered in the literature,”” and Sec. IV B deals with
overshoots with power-law tails. In the discussion (Sec. V), we revisit
the earlier findings'” and discuss the relevance of our findings for
climate models. Key findings are summarized in Sec. V1.

Il. SOLUTION FOR RECTANGULAR OVERSHOOTS

We consider a system described by a variable x(f) with a
dynamics close to a saddle-node bifurcation upon varying a param-
eter, r. Accordingly, the dynamics takes the form

x=F@r)=r(l+2ax)+bx>+f(xr), (1)

where f(x,7) comprises terms that are at least cubic in x. In gen-
eral, a and b are continuous functions of r, i.e., for small r, we
havea>~ay+ayr+---andb>~by+ b, r+ --- with by > 0. Con-
sequently, the dynamics has two fixed points x_ and x that collide
and undergo a saddle-node bifurcation at x = 0 when r traverses
r = 0. This setting is illustrated in Fig. 2 where the solid blue (low-
ermost at x = 0) line shows F(x; —R;) for some value r = —R,; < 0,
the solid gray line shows F(x;0) that follows b, x* for small x, and
the solid red line (uppermost thick line at x = 0) shows F(x; R) for
some value r = R > 0, respectively.

In the present section, we explore if the dynamics return to the
stable fixed point x_ after undergoing a rectangular overshoot,

L
R for |t < —,
) = 2 )

te

—R; for |t| > —.
d ||_2

Consequently, for |t| > t,/2, the dynamics has fixed points at

aRy Ry asz
= — 4. /— |1
“ET E [+ﬁ< b )]

=x—x_=2 &, ©)
\ ka

with a coefficient k,; that takes the value of b, in the limit of r — 0.
Note that Ry is assumed to be small so that & (a*R,/b) is negligible.

For —t,/2 <t <t,/2, the state x(f) evolves according to the
autonomous differential equation x = F(x; R) with initial condition
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FIG. 2. The thick solid lines sketch the dynamics [Eq. (1)] for values r = —Ry
< 0 (blue), r=0 (gray), and r =R > 0 (red), respectively. The function
F(x; —Ry) takes negative values in the interval (x_;x, ) such that x_ and x,
are a stable and an unstable fixed point, respectively. When r approaches zero,
the width of the interval shrinks and the fixed points disappear in a saddle-node
bifurcation at r = 0. The thin light and dark green lines provide a lower and an
upper bound of F(x, R) on [x_; x.], respectively.

x(—t,/2) = x_. It will return to the initial state iff x(¢,/2) < x,.
Integration by separation of variables provides the following con-
dition for the border tg of stability, i.e., the maximum duration of

the overshoot
Xt dx
tg = . 4
' / F(x;R) @

Let F(x;R) be continuous and bounded for x € [x_;x,], and let
it take its minimum at the position x, € [x_;x;] with a value
R, = F(x;, R). Then, there will be constant positive numbers k4 such
that for all x € [x_;x, ], we have

Ro+k_ (x—x)* < Fx,R) < R+ ky (x — x)°

In Fig. 2, these bounds are provided by a thin light green and dark
green lines, respectively. The evaluation of the integral, Eq. (4), for
the approximation where F(x; R) is replaced by R, + k (x — x.)? is
a continuous monotonic function of k. Moreover, k; and k_ pro-
vide lower and upper bounds of 5. Therefore, there must be a value
k. € [k_; k. ] such that

x4 dx
tg = —_—
? -/x_ Rc + kc (X - xc)2

— L atan [ 5 ) | —atan [ R )
=R atan R X1 —X, atan R X_—X,

(5a)

T k| I>1
or [ — |xi—x. ,
k. R. R
(5b)
k.
TC for R_C (er—Xf) < L

1

pubs.aip.org/aip/cha

In view of Eq. (3), we obtain the following prediction for the
boundary of the stable domain:

k R,
P /k—d H? for H= 25 <1,
Tg =+vksRq tg = ¢ Rd (6)

2H! forH=—">» 1
R4
Here, the dimensionless parameters
R
HZE and T=+ksRy t, (7)
d

characterize the strength and the duration of the overshoot.

The gray line in Fig. 1 shows the crossover, Eq. (6), for k; = k..
It features a crossover from a decay T ~ 7 \/ky/k./~/H for small
values of H, where the arcus tangens takes values close to 7/2, to
a decay T ~ 2/H for large values of H, where the arcus tangent
approaches the identity. Such a shape of the boundary is observed
whenever there are global bounds for k; and k. that apply for all
considered values of R; and the corresponding intervals [x_;x;].
We will further discuss this requirement in the Sec. V A.

Prior to elaborating on these conditions, we show that the
crossover emerges also for a vast range of other temporal profiles
of r(t). Indeed, the crossover is observed for all parameter profiles
where the order parameter decays to its asymptotic values faster than
t72. This will be shown here for the dynamics

% =kx*+r(f), withconstant k > 0 (8)

that has been adopted to evaluate the integral Eq. (4). It allows
us to determine the crossover of the stability boundary without
superfluous technicalities.

Note that in this case k., = k; = k and x, = —x_ = \/Ry/k,
and

Tg )

2 ¢ 1
= — atan—.
vH vH
Equation (9) clearly shows how the crossover in T from an H~'/2
decay to H™! emerges due to the saturation of the atan-function.
Moreover, it also suggests that the crossover may conveniently be
studied in terms of the dimensionless variables,

1 Ry
c=Tx/ITI=kate and d=—=,/— 10a
vH VR (10a)

such that Eq. (9) takes the form
CR =V kR tg =2 atan(d). (IOb)

11l. BOUNDS FOR THE STABILITY BORDER

In order to derive bounds for the stability boundary, we com-
pare the trajectories x; (f) and x; (¢) for the overshoots p; (f) and p, (¥).
Their difference evolves as

d
d—t(xz—xl)=k(xz+x1) (X — x1) + (p2 — p1)- (11)

For small values of x, — x;, the solution of this equation takes the
form of an exponential for p, = p;, and its right-hand side is strictly
positive for p, > p;.
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(c) 10* 4 T —
1 unsafe
|E‘. 100 g 7
T 0 A/
I o
s 10 1 :
1072

-1 -05 0 0.5 1

(t—tr(a))/t.

T T
-1 =05 0 0.5 1

(t —tu(a))/t.

FIG. 3. Panels (a) and (b) show different triangular-shaped, i.e., piecewise-linear profiles r(t), where « denotes the position of their respective maxima. They are all bounded
from above (panel a) by a profile that takes the value R on an interval of duration (1 + d?) t, and —R, outside the interval. They are all bounded from below (panel b) by
a profile that takes the value Ry on an interval of duration (1 — Ry/R) t, and —Ry outside the interval. The profiles in panels (a) and (b) are shifted by # () and fy(«),
respectively, in order to emphasize that o only induces a trivial time shift of the piecewise-constant bounds. According to Egs. (12) and (14), these bounds provide the
boundaries indicated by the uppermost solid (blue) line and the lowermost solid (green) line in panel (c), respectively. The thick green line (i.e., the lowermost curve) marks
the result of Eq. (13) with A = 1 4 d. The thin green line indicates that for d 21, one can improve the lower bound by considering overshoots that do not reach down to
—Ry, as in panel (a), but rather take a larger value —Ry < —R; < 0. Thus, one establishes a lower bound that is provided by the lowest lying solid green line. There is also
a (hardly visible) dotted black line that provides a slightly smaller upper bound for large values of d. The numerical values for the position of the stability boundary proceed
mid-way between the bounds. They are marked by lines with colors matching those in the other two panels. Full details are provided in the main text.

Let the trajectories start at their respective stable fixed points.
Then, p, > p; implies that x, — x; starts off positive semi-definite,
and that x, becomes strictly larger than x; as soon as p, takes larger
values than x;. Combining this monotonicity condition with the
result of Sec. II provides bounds for the position of the stability
borders. For overshoots of triangular shape, this is demonstrated in
Fig. 3.

A. Overshoots with finite support

We say that an overshoot has a finite support when there is a
constant A > 1, with

[t >At, = r()=—Ry

An upper bound to the stability border is then provided by a rectan-
gular overshoot where Ry takes the role of R such that the duration
of the overshoot decreases by a factor of § < 1. Moreover, its ampli-
tude is decreased by a factor of Ry/R < 1. With Ty =46 T and
Hy = (Ry/R) H,and Egs. (102a) and (9), one obtains an upper bound
cy for the stability boundary of overshoots with finite support,

CR 2 d
= = t .
VTS J/R/R 8RR TV JROR

The optimal, i.e., lowermost upper bound is obtained by taking
into account the relation between § and Ry and minimizing the
right-hand side of Eq. (12) for different choices of § in the range
0<d6<L

For triangular-shaped overshoots, we have § = 1 — Ry/R such

an (12)

that

atan d . (13)

2
Cir =
T si=s J1-3

For small values of d, the choice § = 1/2 is optimal, as one rapidly
checks after introducing atan(d/+/1 — &) >~ d/+/1 — 8. The solid
blue line in Fig. 3(c) provides this boundary. For large d, one rather
has atan(d/«/A) ~ /2, and the value 8§ = 2/3 provides a slightly
smaller bound. It is provided by a dotted black line that is barely
visible below the large d part of the solid blue line that shows
Eq. (13).

A lower bound to the stability border is provided by the
rectangular overshoot

_|—Ry for |t > AL,
rt) = {R else.

Hence, Egs. (9) and (10) apply up to the substitution f, - At,, i.e.,
withd; =d = /Rs/Rand¢y = Ac= VKR A t,. Consequently, we
obtain the following lower bound ¢, for the stability boundary of
overshoots with finite support,

o = R % atan(d). (14)

For triangular-shaped overshoots, we have A = 1 + d2. The corre-
sponding line is plotted as a thick green line in Fig. 3(c).

For small d, the lower bound provided by Eq. (14) provides
a good idea about the boundary (solid thick green line). However,
for d 2 1, it is rapidly decreasing while one would rather need a
constant asymptotic value (dotted thick green line).

A better lower bound can obtained by adopting a rectangu-
lar overshoot profile with a lower value 0 > —R, = —R (A — 1)
> —R; with 1 < A < 1+ d?. The smallest width that provides an

Chaos 35, 013157 (2025); doi: 10.1063/5.0197940
Published under an exclusive license by AIP Publishing

35,013157-4

0€ ¥Z 190 9202 AN L0


https://pubs.aip.org/aip/cha

Chaos ARTICLE

upper bound will then be A t,, and we obtain

2
cL=max—atan( A—l)
A>1 A

0.8239... ford > /A, — 12>~ 0.7654,
Ta atan(d) else. (15)

This bound takes it maximum value for A, > 1.5858. This bound
is provided by the horizontal thin green line in Fig. 3(c). For
d < +/A,— 122 0.7654, this value cannot be realized because the
support of the overshoot has a width of A, = 1 + d2. Therefore,
for d < /A, — 1, the optimal choice amounts to the width of the
support, i.e., the expression provided by the thick solid green line in
Fig. 3.
In Sec. I1I B, we extend our analysis to unimodal overshoots.

B. Bounds for unimodal overshoots

In Fig. 1, we announced that the exponent of the decay for
large H is affected by a slow decay of r(f) toward —Ry. In order to
describe this dependence, we consider general overshoots of the uni-
modal form where r(¢) approaches —R; for |t| — o0, and it takes
a maximum value of R. To simplify notations, we introduce the
dimensionless time T = 2t/t,, and we describe the overshoot by a
function R p(7) that provides the value of » when the width of r(¢)
amounts to 7 t,/2. For symmetric overshoots, this amounts to

p(t)=R'r (%te) )

The notations are summarized in Fig. 4.

1. Lower bound

To derive a lower bound for unimodal overshoots, we con-
sider rectangular overshoots that take a value of R for |7| < 7, with
7, > 1,and the value R p(t;) otherwise. The green line in Fig. 4 pro-
vides the optimal case 7, = A and p, = —p(A) that provides the

1
e
~
—~~
<
o PU
+~
=
SN—
~
I o
~—~
:/ —PL
g2 4 H H )
- 1 1T 1T +t T T Tt

A -1 =5 0 4§ 1 A
T=2t/t,

FIG. 4. Notations adopted to derive optimal bounds for general unimodal
overshoots.

pubs.aip.org/aip/cha

maximum

¢ = max [% atan\/—p(rL)iI . (16)
L

>1
The maximum is provided by the solution of

A p'(A)
Jpr atan = —— .
L PL 2 1+p

17)

For large d, we expect that the argument of the arcus tangent is
large such that

A p'(A) bid
-= = tany/p; >~ — /pL — 1
2 1+p, pr atany/pr 5 oL
2 1 Ap'(A)
= V== (1-2="22) for 1.
o n( 2 1+p pL>

(18a)

The bound ¢; is obtained by evaluating this expression for the given
overshoot.

For small d, we expect that the argument of the arcus tangent
in Eq. (17) is small such that

1
pL=—2Ap(A) for p <1 (18b)

The bound ¢ is obtained by evaluating this expression for the given
overshoot. Examples will be provided in Secs. IV Band I'V A.

2. Upper bound

To derive an upper bound, we consider a rectangular overshoot
that takes a value of r = R p(ty) for |7] < Ty < 1 and the value
r = —R, otherwise. The blue line in Fig. 4 provides the optimal case
7y = 8 and py = p(8) that provides the minimum

2 ) d
atan
3 /pu v/ Pu
For large d, we expect that the argument of the arcus tangent is

large. Approximating it by its asymptotic value /2 and taking the
derivative with respect to § provides the condition

cy = min [ ] with py = p(8). (19)

0<é<l1

1
pu==38p©) ford> /p, (202)

The bound cj; is obtained by evaluating this expression for the a
given overshoot.

For small d, we expect that the argument of the arcus tangent
is small. Approximating it to linear order and taking the derivative
with respect to § provides the condition

pu=—8p'(8) ford <K /py,. (20b)

The bound ¢ is obtained by evaluating this expression for the a
given overshoot.

The shape of the boundaries will depend on the form of
the overshoot, p(t). For the analysis, it is useful to observe that
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Eqgs. (18b) and (20) take the form
p(t) =—ft p'(x), (21)

with f= —1/2, 1/2, and 1, respectively. Apart from the value of f,
the cases only differ in the valid range of 7, and the limits to be taken
when evaluating the arguments.

In the remainder of this section, we work out the limits for
Gaussian overshoots and for overshoots with power-law tails.

IV. NONTRIVIAL EXAMPLES
A. Gaussian overshoots

Earlier literature'® addressed Gaussian overshoots. In our nota-
tions, they take the form

) 14+d2\'"
p(T) = ? =d? [—1 + <7) :| > (22)

with derivative

, s (1 [(1+d\"T
Tp(t)=-2d°t° In - .

d? d?
Ford > 1and d > pj, the expression (22) implies that

1—A?
pL=d2 |:1—CXP(7>i| =A2_1,

A p'(A) = =2 A?

such that the implicit Eq. (18a) takes the form

e (iharey s

T 2 14p; T

Consequently, we obtain

. 2atanp; 2 atan
C="x = =
1+(3)

as opposed to the numerically obtained value of 2.01. Indeed, in
Fig. 5, there only is a small difference between the numerical data
(solid red line) and the prediction Eq. (23) that is provided by a
dashed blue line.

We inspect Eq. (21) to find the other bounds of the stability
boundary. For the distribution Eq. (22), it takes the form

1+d? 5 1+d?
-1+ 2 eP|T In ¥E

~ 1.118, (23)

p(T) 7 0'(7)
1+d¥\ 1+d? 1+ d?
=2f7? 1n< -;2 ) -22 exp [—tzln( -;2 >i|
Introducing
1+ d?
X=121n ( _;2 ) (24a)
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d

FIG. 5. The stability border for Gaussian overshoots, as defined in Eq. (22).
The thick red line shows numerical data for the boundary. The other lines show
upper and lower bounds for large and small values of d, respectively, as indicated
in the legend.

allows us to write this condition in the compact form

d2
—=01-2 X 24b
S =(-2fMe (24b)
In order to evaluate the small d limit for the lower bound ¢,
we evaluate Eq. (24) for f = —1/2. In this case, the first factor of the
right-hand-side of Eq. (24b) is larger than one, and the product can
only be small when X is large. The logarithm of Eq. (24b) provides

d?

1+d? 1+ d?
zln( ¥E >+ln|:1—|—ln( ¥E )]

Based on Eq. (24a) with T = A, we find

Lid?

o) ()
and we obtain

2
pr=—p(A)=d’ [1 — exp ((1 — A% In (1 sz ))]

=d*|1- ! = il

42 14+ —1 7
()" i

2
X:ln<1+d >+ln(1+X)

We see that A is larger than one, and p; is small. Consequently,

atan(/p,) >~ /p, and we find

2
= VP =24 (25)

This bound is shown by the solid blue line in Fig. 5.
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The large d limit for the upper bound is obtained by evaluating
Eq. (24) for f=1/2 and observing that In(1 + d=2) =~ d=2. There-
fore, X >~ ((S/d)2 < 1since 0 < § < 1, Hence, Eq. (24b) reduces to

such that

1 1—8% 1
2~ — ]2 —
§° ~ 3 and py=d |:—1+exp <7>i| =3

Consequently, we find that

atan 27, (26)

N 2 d
Crr—m—————— =

AN EAN N
This bound is shown by the dotted green line in Fig. 5.

Finally, the small d limit for the upper bound is obtained by
evaluating Eq. (24) for f = 1. In this case, X cannot exceed the value
of 1/2 because the expression on the right-hand side of Eq. (24b)
must be positive. Hence, the exponential cannot be small such that

1
X = 3 —d*Je+ 0(d).

In that case,

and
8= ! ~ !
21 (#) 4 [Ind|
such that
_ P 1+1+d2 1) 1
o @ )T
Consequently, we obtain
2d
cg=——=4+/e d,/|Ind|. (27)
3 pu

This bound is shown by the solid green line in Fig. 5. One clearly sees
that the numerical data follow the d \/| In d| dependence provided by
Eq. (27), rather than the linear dependence of Eq. (25). This suggests
that the decay of the tails of the unimodal distribution might have
an impact on the crossover from constant for large d to decaying for
decreasing small d behavior. We will further explore that possibility
by inspecting overshoots with power-law tails.

pubs.aip.org/aip/cha

B. Overshoots with power-law tails

As an example of an overshoot with very broad, power-law
tails, we inspect overshoots of the form

1—|z|*
p(r)=d* Fre (28a)
with derivative
1+ d?
7 p/(2) = —d? m c Il (28b)
T

For k& = 2, this amounts to a Cauchy distribution with baseline —d*
(thick red line Fig. 4). The stability borders for « € {2,3,4} are
plotted in Fig. 1.

For d > 1, the implicit equation (18a) takes the form

VET=yi=2 (13 52 - 2 (14 8).

2 1+p T 2

This provides A, and, hence, the bound

T T
c = (29a)

A (1+ 5+

Note that we dropped terms of order p;' in the derivation of
Eq. (18a). Hence, this expression holds at best when « is not
too small. Indeed, numerical data reveal that this approximation
increases the prediction equation (29b) by about 70% for k = 2 and
still 20% for k = 10. As a consequence, ¢; is not even a lower bound,
but rather it is larger than the boundary for all « > 3. However,
it never exceeds the boundary by more than 2%, and the relative
deviation decays like «~!. The solid green line in Fig. 6(a) demon-
strates that it provides an excellent estimate of the asymptotic value
of the border for large d. A proper lower bound can be found
by numerically solving the large d approximation of the implicit
equation (18a),

K
VP, atany/p, = 5 (29b)

The resulting expression is shown by the dotted line in Fig. 6(a).
We inspect Eq. (21) to find the other bounds of the stability
boundary. For the distribution equation (28), it takes the form

L=t e fro@  1+d
S = — = KfT .
d2+|T|K d? d? (‘EK+d2)2

This provides a quadratic equation for t* with solutions

K
T

[(1—xf) = (1+«f) d°]

442 '
Xpiw+uvwn—0+wwﬂ4' e

In order to evaluate the small d limit for the lower bound ¢,
we evaluate Eq. (30) for f = —1/2. For small d, the solution t* has a

N | =
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FIG. 6. Comparison of predictions and numerical data for the stability border for overshoots with power-law tail, as defined in Eq. (28). (a) The « dependence of the position
c(d) of the stability boundary for d = 100. The red line provides numerical data for « > 2. It amounts to the stability boundary between the safe and the unsafe region.
The green lines are (approximations to the) lower bound ¢;” discussed in the main text, the thin gray line provides the asymptotic value lim,_, ., ¢(d) = 7, and the blue
line is the upper bound ¢ [Eq. (32)]. (b) The thin solid lines show numerical results for the boundaries ¢(d) with different «, as provided in the figure legend, i.e., for
k € {2,3,4,6,10, 16, oo} from top to bottom. The corresponding upper bounds for the decay for small d [Eq. (33)] are provided by dotted lines with matching colors. The «

dependence of the asymptotic value to the right is shown in panel (a).

negative sign, and it must be discarded. Consequently,

and we find

2 K K\—3—%
G=7 pL=2d\/; (1+5) e (31)

These lower bounds are linear functions that provide only a very
rough lower bound. However, this bound can be improved notice-
ably by introducing another step in the piecewise-constant function
adopted to derive the bound (see Fig. 7). We provide the according
derivation in the Appendix.

For large d, the solution 7 has a negative sign, and it must be
discarded. Moreover, the term added to one under the square root is
now of order d~2. Expanding the square root, one obtains

[ShEsY

8)(

= and ~1-48=
145 pu 1

_l’_
[Tk

In view of Eq. (19), we find

A=

+

o=

A = (1+3) (32)
Crr——— =

VT8 Jpu «/2 2
It is shown as a solid blue line in Fig. 6(a).

Finally, the small d limit for the upper bound is obtained by
evaluating Eq. (30) for f = 1. For ¥ > 1, the solution 7 has a nega-
tive sign, and it must be discarded. Moreover, the term added to one
under the square root is now of order d?. Expanding the square root,
one obtains
d? 1 k—1

and py > = s

8 = T
Kk —1 14+ — K

and this provides

L S (33)
3 pu (k — 1'%

These upper bounds are power laws in d with exponents 1 — 2/«k.

Figure 6(b) shows that this dependence is also observed in the

numerical data. Moreover, for moderately large d the predicted pref-

actors approach those of the numerical data such that Eq. (33)

provides an accurate estimate of the stability border.

In summary, we find that for large values of d the boundaries
lie close to . This behavior was also reported in earlier work."”
However, for small values of d, the upper bound cf; implies that
the boundaries follow power laws with exponents 1 —2/k. For
k = 2, there is no change. However, for x > 2, the unsafe region
is substantially increasing in this case, as shown in Fig. 6(b).

V. DISCUSSION

In the present section, we revisit the results reported in earlier
literature, and we discuss the impact of our findings for applications.

A. Bounds for the general dynamics [Eq. (1)]

Let us now consider a time-dependent overshoot for the gen-
eral dynamics [Eq. (1)]. As before, the asymptotic values of the
control parameter are denoted as Ry = lim;, 1 r(f). However, in
this case, the maximum overshoot R will be defined by the implicit
equation R = max, min, F(x, r) = min, F(x, R) = F(x,, R).

1. Lower bounds

Following the argumentation adopted in Sec. II, one shows that
there is a value k; such that

F(x,r) < R4k (x — x)%.
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Consequently, there is a rectangular overshoot, as depicted by the
green line in Fig. 4, that provides a lower bound for the stability
border,

cg=vVkRtg>cf +¢f,

1 [k
cf = A_j: atan( EL pun Ixi—xcl> .

This expression is derived from Eq. (52) by accounting for the
increase of the left and right overshoot region by a factor of A,
and by a decrease in the distance of the fixed points from x, by
a factor A.. The increase in the length of the overshoot region is
reflected by the condition A} + A_ > 1. The decrease in the dis-
tance between the fixed points from x; — x_ to the X, — X_ entails
that x; —x_ = Ay |xp — x| + A_ |x_ — x| < x; —x_. The rela-
tion between the coefficients A, and . is provided by the condition

with

0= F(%sR p(+As)) = Rp(£As) + ki (R2—%)°
= Rp(£AL) +k 22 (x2—x)°
where X are the positions of the fixed points for the parameter value

r = R p(£A.). Hence,

1 1
cp > max Al atany/—p(AL) + inax A atany/—p(—A_)
+ —>1 _

Ay>1

2
= rga{( A atan/—p(A).

Hence, we recover our previous result [Eq. (16)]. The asymptotic
power-law behavior of the upper bounds of the asymptotic stabil-
ity boundaries of the general dynamics is faithfully described by the
analysis of Eq. (8).

2. Upper bounds

Following the of argumentation adopted in Sec. II one shows
that for every py there is a k},(py) such that

F(x,1) = R py + ku(puv) (x — x)*.

In the following, we assume that ky = infy. ;<1 k{;(ov) takes a
strictly positive value. (It is finite by construction.) Moreover, we
introduce k.. such that it describes the asymptotic fixed points,

0 = F(xy; —Ry) = —Ry + ki (xe—x,)%

Consequently, there is a rectangular overshoot, as depicted by the
blue line in Fig. 4, that provides an upper bound for the stability
border. In this case, Eq. (5a) provides

s = VkuR ty < c{+cy

with

+
Cuy

1 ) ky d
= atan | [ — .
3+ /pu ki /pu
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Here, py = p(£48.) such that

g <

) 1 ku d
min ————— atan — Y
0<84<1 8, /p(6+) ( ky P(3+))

. 1 ky d
t L e (\/kj \/ﬁ) ey

In this expression, ky and k1 do not depend on 8, and §_. Hence,
each summand is of the form of our previous condition Eq. (19), and
the previous limits hold up to a substitution d — d \/ky/k+:

Forlarge d \/ky/k<, the bound approaches a constant. This will
happen for large d whenever \/ky/k+ does not decay like d~! or
faster.

For small /ky/k+ d, the general dynamics obey the power laws
derived for Eq. (8). Moreover, the ratio ky/ky approaches a finite
value for d — 0 when ky and ky are strictly positive and finite.
Therefore, only the prefactor of the small-d asymptotics of the upper
bounds may change. The exponents remain the same.

B. Earlier literature
Ritchie et al.”” reported the following condition for the safe
region:
d'RE < 16, (35)
where d" is the ratio of the square of decay rate A to the stable fixed

point and the position of the fixed point, —x,, evaluated right at the
bifurcation value,

dic
A=——

AZ
=2kx. =2Vk|r| = d":li}r(}ﬂ =4k
7, r

X=—Xc

Hence, Eq. (35) is equivalent to

T=,/detg fkad\/% = %{,

as provided by the uppermost, black dotted line in Fig. 1. More-
over, this also amounts to ¢ = T/H < 2, which amounts to the
horizontal, large d behavior observed in Figs. 3, 5, and 6.

The relation to our present work becomes transparent when
adopting the dimensionless coordinates ¥ = x/\/R4/k and © =t/
(T't,) such that Eq. (8) takes the form

dx

2 r(t)
it x"+H R
The derivation of Eq. (35) assumes that the forcing term is approx-
imately parabolic in [—t,./2,t,/2], and that the parameter forcing
is of the form € Ry + 7, (€ t) [cf. Eq. (2.2) and the discussion below
Eq. (2.10) in Ritchie et al.'], where Ry and (¢ ) take values of order
one. The former condition implies that
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and the latter condition stipulates that both H and v/H T take values
of order € < 1. Hence,

rsYE L
is an immediate consequence of the adopted scaling.

The condition [Eq. (35)] was derived based on the condition
that R is small and ¢, is large. It does not involve the asymptotic val-
ues R;. Here, we establish that the adopted scaling holds also for
a general dynamics and for larger overshoots, where H 2 1, i.e.,
in particular, for R <« R;. Moreover, Ritchie et al.'” assume that
the control parameter takes a parabolic form beyond the threshold.
The bounds provided in Sec. I1I establish that only minor changes
of the numerical factor emerge in Eq. (35) when one drops this
requirement. Moreover, the bounds also do not change when the
overshoots are not symmetric in time with respect to the maximum
[cf. Fig. 3 and the definition of p(7) in Sec. III B].

C. Applications in earth system sciences

Figure 1 entails that the critical threshold H, for short trans-
gressions of duration T over the tipping point is substantially smaller
than that previously expected: A previous work'® suggested that
H, >~ 4/T* while Eq. (10b) entails a crossover to linear scaling ¢ ~ d
for small ¢ and d. This implies that

H, ~ ! 4 36

o Lo (36)

We provide two examples that indicated how this might be impor-
tant in Earth system sciences.

The Earth climate system comprises subsystems that may
exhibit threshold behavior.'”=*! These are the so-called climate tip-
ping elements,”>”" which can conceptually be represented through
models that exhibit a saddle-node bifurcation (tipping point) such
as the Amazon rainforest, the large ice sheets on Greenland and
Antarctica, or the Atlantic Meridional Overturning Circulation.””
The risk of at least temporarily transgressing such critical thresholds
of the Earth system increases as global warming levels increase.'”"”
Indeed, it is unlikely that the Paris climate targets of limiting global
warming to, at best, 1.5°C by the end of this century can be satis-
fied without an overshoot.”’~* This will put some climate tipping
elements at risk of losing their stability’’ and may ultimately lead
to severe biosphere degradation or large levels rises of sea level
on the timescales of centuries and beyond. As compared to typi-
cal relaxation time scales of the climate system such an overshoot
will be short, and according to Eq. (36), the maximum admissible
trespassing H. is substantially smaller than expected.

Shallow landslides and debris flow are triggered by intense
and/or long-lasting rainfalls.”~ The stability threshold of slope sta-
bility has been described as a power law I ~ D77, where I is the
intensity of the rainfall and D is the duration, with exponents y in
the range between 0.4 (relatively undisturbed slopes at many differ-
ent sites’) and 0.8 (humid-tropical environment in Puerto Rico®).
A comprehensive recent overview of data is provided in Fig. 7 of
Ref. 9. The present study suggests that it might be necessary to
describe these data by a crossover between two power laws. Fur-
ther work is needed to identify the appropriate nondimensionalized

pubs.aip.org/aip/cha

parameters. We expect that future data availability will enable better
assessments of the risks of slope instabilities, in particular, when the
frequency of extreme rainfall events increases with climate change
(cf. Fig. 6 of Ref. 34).

VI. CONCLUSION

In this article, we discussed the boundary separating safe and
unsafe overshoots when crossing a saddle-node bifurcation. For a
piecewise-constant evolution of the control parameter, we estab-
lished the asymptotic behavior of the stability boundary for small
and large overshoots, Eq. (6), and we derived an analytical solution
of the boundary [Eq. (9)] for a special case of the dynamics [Eq. (8)].
Based on a monotonicity condition [Eq. (11)], this result can be
used to obtain rigorous upper and lower bounds of the boundary
for different profiles of the control parameter. The conditions are
formulated in terms of the dimensionless strength, H, and dura-
tion, T, of the overshoot—or equivalently in terms of ¢ = T'+/H and
d=1/ +/H, which turns out to be more convenient for the calcula-
tions. They apply for general unimodal shapes of the overshoot, i.e.,
also asymmetric profiles and when the overshoot does not have a
quadratic maximum. Moreover, in Sec. V A, we explained why we
respect them to apply also for general dynamics.

For small H, Ritchie et al."> established that the region of safe
overshoots is bounded by a power law,

2
T<— for HS1.

vH

Here, we extended this result by the following findings:

Ritchie et al.” assume that the control parameter takes a
parabolic form beyond the threshold. We establish that, up to minor
changes of the prefactor, the power law applies for H < 1, irrespec-
tive of the functional form of the time dependence of the order
parameter. This is important since system changes might be driven
by random fluctuations or abrupt policy changes, and the bounds
established in the present paper provide bounds also for these cases.

Moreover, for H 2 1, there is a crossover to a different power
law with an exponent that depends on the asymptotic decay of the
control-parameter profile toward R,. For control-parameter profiles
with a finite support, we find that the safe region is bounded by a
power law that decays much more rapidly,

c 2
T< — =~ —¢ for H Z 1, finite support,

JH H

where ¢ is a constant that depends on the shape of the profile
[cf., Egs. (12), (14), (10), and Fig. 3]. It takes values slightly larger
than one.

For a Gaussian shape of the control parameter, the safe region
is bounded by [cf. Eq. (27)]

4./e/|Ind 1
T5%24@

s
Y

for H = 1, Gaussian,

as shown in Figs. | and 5.
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For a large-t asymptotics of r(f) — Ry ~ t7*, Egs. (10) and (33)

imply that

2
L dF
~ VH
as shown in Figs. 1, 6, and 7.

Finally, our approach is not limited to control-parameter pro-
files, r(t), that are symmetric with respect to the maximum. In
Sec. I1I B, we explain how the bounds are constructed for arbitrary
unimodal, i.e., also asymmetric, profiles (see also Fig. 3). Moreover,
the nondimensionalization, which is adopted in the mathematical
treatment of the equations, provides another remarkable insight into
the nature of the boundary: Its shape is determined to a large extent
by the dimensionless groups H = R;/R and the exceedance time
T = kR, t,.. For the dynamics, Eq. (8), the boundary is invariant
under changes in Ry, R, k, and ¢, that preserve H and T. The shape
of the tails matter for H 2 1, and a faster decay to the asymptotic
state induces a crossover to power laws with faster decay (ie., it
decreases the safe region; cf. Fig. 1). In Secs. IT and V A, we dis-
cussed how features of the dynamics far away from the threshold
affect this assessment. For a general dynamics, the asymptotic expo-
nents of the power laws will remain the same if the coefficients ky
and k. in Eq. (6) and ky, k4, and k_ in Eq. (34) are bounded away
from zero and infinity. Only the prefactors of the power laws and the
shape of the crossover will then be affected.

We conclude that overshoots are less safe than previously
thought. In particular, high and fast overshoots are more likely to
trigger a tipping event (see Fig. 1). This emendation of the ear-
lier literature is of pivotal importance when examining tipping
risks in applications of nonlinear dynamics in finance, ecology,
or climate.” For instance, in the field of climate tipping elements,
assessing whether certain global warming overshoot trajectories can
be considered safe or unsafe and which tipping risks are associated
with them is key for avoiding potentially dangerous climate change
pathways™ (cf. Sec. V C). The present results provide the founda-
tion to establish rigorous boundaries for the risks in different model
scenarios.

T —H Y% for H Z 1, power law,
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APPENDIX: IMPROVED LOWER BOUND FOR
OVERSHOOTS WITH POWER-LAW TAILS

Equation (31) provides a lower bound to the stability bor-
der, c(d), which is a linear function of d, while the numerical data
indicate that it scales like d*~%*. We will demonstrate here how
the bound can be improved by introducing another step in the
piecewise-constant function adopted to derive the bound [see the
green line in Fig. 7(a) as opposed to the one in Fig. 4].

In this case, the following expression still holds for —A < ¢
< —¢:

. X0 _ R e_/E_ o) el
5 . —\/;dtan[ﬁ (t—|— 2) atan R]—«/ﬁtan[T«/FI (te+2> atanﬁ].

We use the resulting value of x(—§t,/2) as initial condition for further integration. This provides

Xc

where py = p(8) and p; = —p(A).

£/ 1 A—34
Xt te/2) _ VH tan (5 T~/H (t + §) + arctan [«/ﬁu tan (T ovH — - arctan\/g]) for -8 <t <3,
Pu
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FIG. 7. Lower bound based on a two-step approximation for unimodal overshoots. (a) Notations adopted to parameterize the piecewise-constant function evaluated to derive
the improved lower bound. (b) Analogous plot to Fig. 6(b), but now with the lower bounds provided by Eq. (A2). For large «, the bound approaches 2d, as we also observed

earlier.

The stability boundary is provided by the trajectory that will
approach the unstable fixed point for T — oco. By time-reversal
symmetry, this trajectory proceeds through the origin such that
x(0) = 0. Hence, we obtain

§ TvVH AR
tan = —./py tan (T puH — arctan /&) .
Pu

2

Introducing ¢ = TVHandd =1 / JVH provides the lower bound ¢;,
as the smallest value of ¢ that is a solution of the implicit equation

cd A—3§ [ )
tan 7 = —/pu tan (c N pu — arctan P .
PU

2

Here, the minimization is performed by looking for the optimal
choice of § and A. The corresponding result for a single step was
Eq. (16).

We will now evaluate this implicit equation for small values of
c and p(7) provided in Eq. (28). By definition, we have 0 < § <1
such that the argument of the tangent of the left-hand side of
the equation is small, ¢§/2 < 1. To evaluate the right-hand side,
we observe that tan(a — b) = (tana — tan b)/(1 + tana tan b) and
that also ¢ \/py(A — 8) « 2 will be small. This provides

[on A=$
cd v CVPU T3

VU1 8y AP

Pu 1 4L
0=7<¢ NI _
= ¢ pL+2c pL<8+A—8) 5(A—9)
2J/—p(A
= # (Al)

ax .
85 54+ p(8) (A—9)

The maximum will be taken for the value of § that minimizes
the denominator,

ad A
0=%[54-/0(3)@—3)]=1—p(5)+(3—1) 8 p'(8).

We insert Eq. (28b), observe that A >> §, and keep only leading-
order terms in d,

8
S =Akd®> and py=p@) = —.
Ak
Next, we evaluate the A-derivative of Eq. (A1),

_ 02V ®
AA S+ p(8) (A —9)
=2p(A) py=p"(A) 61— pv)+Apy).

In view of d?> < 1 < A, this entails

Kk Ap(A) 2A py
A =17 p(A) §(1L—py) +Apy
_ 2 - 2
K+1—2%  k+1
such that
A =1 + M
2
and
A —1 Kk (1+«)
pp=d’ =d’ .
A¥ 24+ (14+«)
Inserting these expressions into ¢, provides
<~ 2./pL
FTs+Apy
_1__1
I A oA
1+« 2

(A2)

In Fig. 7(b), these bounds are compared to the numerical results.
The present two-step approach improves the lower bound from a
linear function for all values of k [Eq. (31)] to become a power-law
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in d with an exponent 1 — 2/(1 + «). This exponent is much closer
to 1 —2/k, as observed in the numerical data and the upper bound
[Eq. (33)] and—in principle—it can further be improved by intro-
ducing still another step in the piecewise-constant function adopted
to calculate the bound.
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