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A B S T R A C T

We develop a theory of endogenous economic growth with explicit consideration of energy in the production
process. Following basic thermodynamic considerations, energy is modeled as a (perfect) complement to
machines. Long-run economic growth is driven by expanding product varieties. While energy flows on Earth are
currently abundant, extrapolation of past consumption trends suggests that energy supply might be a binding
constraint in a few centuries to millennia. We show that constant economic growth with bounded energy use
is possible if the energy intensity of newly developed products declines at a constant, positive, and arbitrarily
small rate. Hence, aggregate decoupling is possible even when no decoupling at the product level is possible.
Aggregate decoupling is, however, not possible if there exists a strictly positive lower bound for the energy
intensity of newly invented products. We further show that increasing energy prices decrease growth rates
by reducing the incentive to innovate. Our results suggest that the energy intensity of structural change is
decisive for future growth.
1. Introduction

Energy consumption and economic growth have been linked thro-
ughout history. Fig. 1 illustrates the rise in primary energy consumption
by energy source and global GDP since 1800. Despite the development
and exploration of new energy sources, the consumption of each indi-
vidual fuel type has increased for the past 200 years, indicating that,
at least historically, new energy sources are rather complements than
substitutes to existing energy sources. These megatrends (King, 2021)
raise questions about the dependence of economic growth on energy
consumption and the impact of limited available energy resources on
the economy.

In this paper, we build an endogenous growth model, which explic-
itly accounts for the role of energy in the production process, to study
economic growth within thermodynamic limits. Our setup extends the
expanding product variety model of Romer (1990) and Grossman and
Helpman (1991) by energy inputs in the intermediate goods produc-
tion. We highlight three key features, which are necessary to model
long-run economic growth in accordance with thermodynamic laws.

∗ Corresponding author at: Potsdam Institute for Climate Impact Research, P.O. Box 60 12 03, 14412 Potsdam, Germany.
E-mail address: tobias.bergmann@pik-potsdam.de (T. Bergmann).

First, energy is not a standard production factor that can be easily
substituted. It is essential in some form for any production process
or service provision. As Keen et al. (2019, p. 41) put it: ‘‘Labour
without energy is a corpse, while capital without energy is a sculpture’’.
Therefore, we model energy and machines as complements using a
Leontief production function.

Second, energy efficiency for a specific machine or product cannot
increase indefinitely. The conversion of energy into useful work is
constrained by thermodynamic laws. Once the upper limit of energy
efficiency for a specific product is reached, further gains can only
occur through the invention of new varieties that are less energy-
intensive than their predecessors. We explore this process using an
expanding variety model, where new varieties progressively become
less energy-intensive.

Third, we address the possibility of limited energy supply and
its implications for economic growth. Without absolute decoupling of
energy use from economic growth, energy demand grows exponen-
tially and will eventually encounter physical limits. As energy becomes
scarcer, rising energy prices reduce the growth rate of the economy.
vailable online 15 January 2025
921-8009/© 2025 The Authors. Published by Elsevier B.V. This is an open access a

https://doi.org/10.1016/j.ecolecon.2025.108519
Received 7 November 2023; Received in revised form 13 December 2024; Accepted
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

 2 January 2025

https://www.elsevier.com/locate/ecolecon
https://www.elsevier.com/locate/ecolecon
https://orcid.org/0000-0003-4203-0980
https://orcid.org/0000-0003-4797-6628
mailto:tobias.bergmann@pik-potsdam.de
https://doi.org/10.1016/j.ecolecon.2025.108519
https://doi.org/10.1016/j.ecolecon.2025.108519
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ecolecon.2025.108519&domain=pdf
http://creativecommons.org/licenses/by/4.0/


Ecological Economics 230 (2025) 108519T. Bergmann and M. Kalkuhl

g
g
d
e
i

w

u

t
T

e
e
i
a
d
o
p
a
t
i
n

g

Fig. 1. Global primary energy consumption by source and global GDP. Source: Our World in Data based on Smil (2017), bp (2022) and Bolt and van Zanden (2020) for GDP,
own representation.
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We establish conditions under which decoupling of energy use from
economic growth is possible, and when it fails.

Our results indicate that decoupling of energy use and economic
rowth depends crucially on the energy intensity of newly invented
oods and services. When the energy intensities of new products do not
ecline constantly, economic growth rates are sensitive to the level of
nergy prices. As energy supply in the very long-run is constrained by
nflowing solar radiation, energy prices increase due to scarcity pushing

down the profits of innovators. Without innovation economic growth
ill cease and constant GDP levels will prevail. When, however, the

energy intensity of new products declines at a constant rate, energy
se can be decoupled from economic growth counteracting the effect

of increasing energy prices.
On a product (or machine) basis, energy is always a perfect com-

plement, and increases in energy efficiency are impossible. However,
the invention of new products with (continuously) lower energy in-
ensities can provide a sustained basis for long-run economic growth.
his type of structural change is similar as in van Zon and Yetkiner

(2003) and Bretschger and Smulders (2012). Our work departs from
xisting studies by not allowing for (limited) substitutability between
nergy and capital. If new products become less energy and material
ntensive, e.g. because they depend more and more on ideas, design,
rt, or intellectual works, aggregate energy intensity of the economy
ecreases. If there exists no lower bound for the energy intensity
f new inventions, sustained economic growth is possible with any
ositive level of energy consumption. One of our key findings is that
ggregate decoupling can occur, even when decoupling is impossible at
he sectoral or product level. Yet, aggregate decoupling is not possible
f there exists a strictly positive lower bound for the energy intensity of
ewly invented products.

The rest of the paper is structured as follows. Section 2 reviews the
existing literature and discusses the importance of energy for economic
growth. Section 3, then, introduces the extended product variety model
with energy. Section 4 investigates the conditions under which long-run
rowth is possible and when it fails. Finally, Section 5 discusses the

possibility of discontinued products, while Section 6 concludes.

2. Literature review and the role of energy

The question of sustained economic growth and limited or ex-
haustible resources was intensively studied in the wake of the oil crisis
in the 1970s. Based on a quantitative Malthusian model of the global

Meadows et al., 1972) warned that the
2

economy, the Club of Rome ( g
depletion of natural resources and increasing environmental pollution
will lead to a collapse of the global economy. Using a neoclassical
growth model, Dasgupta and Heal (1974) showed that the role of
the elasticity of substitution between natural resources and capital
s decisive for positive long-term growth with exhaustible or limited
atural resources. When the elasticity of substitution exceeds unity,

finite resources can be substituted by reproducible capital, thereby
allowing economic growth to be decoupled from resource use. If the
elasticity of substitution is below one, long-term consumption will
converge to zero as natural resources are depleted. Stiglitz (1974)
and Solow (1974) studied the particular case of unit elasticity. They
howed that a constant consumption path can be maintained for a

sufficiently high rate of technological progress or a sufficiently low
income share of natural resources.

More recent work discussing the question of decoupling, focus
n the accumulation of knowledge and ideas as the main driver of
conomic growth (Smulders, 1995). Endogenous growth models are

fueled by either increases in quality or quantity through the imple-
mentation of a new idea. Bretschger (1998, 2005) discusses the role
of substitutability, growth, and resource use in endogenous growth
models. A key conclusion from the endogenous growth models includ-
ing natural resources is that structural change from resource-intensive
sectors to resource-efficient sectors can help decouple economic growth
from resource use (Bretschger and Smulders, 2012). However, most of
these models assume that knowledge or human capital is a substitute
for energy or resources. Aghion and Howitt (1998, Chapter 5) show
that growth with non-renewable resources is impossible in an AK-type
rowth model, but that introducing human capital as a substitute for
he non-renewable resource can under certain conditions allow for

decoupling.
While van Zon and Yetkiner (2003) develop a similar modification

of the Romer model, they consider an elasticity of substitution between
capital and energy of unity. Based on our thermodynamic argument

ade before, we explore the implications for growth when energy
annot be substituted by capital. For illustrative purposes, we model
nergy as a perfect complement to capital.

Casey (2024) studies the impact of climate change mitigation poli-
cies on energy use and builds a Schumpetarian growth model by
lso explicitly accounting for energy in the production function via
 Leontief structure. However, as usual in Schumpetarian endogenous
rowth models, his setup is concerned with quality increases for the
ggregated mass of products. We argue that these energy efficiency
ains are bounded on a product basis and can, ultimately, only be
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realized for new varieties. Hence, we model the growth process as
increasing the product variety allowing for declining energy intensities
in heterogeneous products.

Our model setup differs from previous models in the literature in
three ways: First, we explicitly account for energy as an essential input
n production with limited substitution possibilities using a Leontief
roduction function between energy and intermediates. Second, we
tress the importance of limited energy intensity gains on a product
asis. Thus, we use an expanding product variety setting, allowing for
eterogeneous intermediate goods with respect to the energy intensity.
hird, we are concerned with the possibility of limited energy supply

n the long-run.
Other papers incorporate similar features to our model setup but

ocus either on R&D policies to foster environmentally friendly prod-
ct lines (Ricci, 2007; Hart, 2004), the role of directed technical

change (André and Smulders, 2014), or the role of research subsidies
and emission pricing (Hart, 2019).

Hart (2004) and Ricci (2007) both develop models in which they
focus on the direction of R&D and how regulation and taxation might
incentivize socially optimal research activities. Hart (2004) builds a
vintage model with negative external effects of production. The inven-
ion of new, more productive, and cleaner vintages increases output and
ecreases damages from production, but might be below the socially
ptimal level because of market power and the fact that the social
enefit of lower damages is external to the producers. Ricci (2007) ex-
ends the Schumpetarian model of endogenous growth by considering
ollution from production. In his setup, pollution enters production in
 Cobb–Douglas style production function. Each innovation improves
he productivity of the intermediate good and decreases the pollution
ntensity. In contrast to Ricci (2007) we assume that energy and inter-

mediate goods are complements, whereas we then study improvements
in energy intensity in an expanding product variety model.

These studies show that decoupling natural resource use from eco-
omic growth is possible if either reproducible or human capital is a
ubstitute for natural resources or resource efficiency grows sufficiently
arge. Both conditions, however, likely violate crucial thermodynamic

laws when applied to the use of energy as an input for specific goods
or services (Ockwell, 2008; Ayres, 1998).

We want to emphasize that energy is not an ordinary production
factor. At least in some form energy is essential for any production
process and for any provision of services, so that it cannot be sub-
stituted by human or man-made capital. We study decoupling within
thermodynamic laws when we cannot substitute away from an essential
and finite production factor, namely energy, for which efficiency gains
n a product basis are bounded.

Consider the case of electricity. According to the first law of thermo-
ynamics, the energy contained in electricity cannot exceed the energy
nput required for its generation, whether derived from fossil fuels,
uclear energy, or solar radiation. The ratio of the energy output in

the form of electricity to the energy input is referred to as conversion
efficiency. While technological advancements and capital-intensive pro-
cesses can improve this efficiency, such as by reducing the amount of
gasoline needed to drive 100 km by means of more efficient engines
that convert more energy into motion and less into heat, the first law
of thermodynamics dictates that conversion efficiency cannot surpass
unity. Consequently, the energy efficiency of an existing process cannot
be improved indefinitely.

A comprehensive meta-study on decoupling finds that primary
nergy consumption can only be decoupled from GDP to the ex-
ent that conversion efficiency from primary to useful energy is im-
roved (Haberl et al., 2020, p. 32). Hence, greater capital investment
nd technological progress alone cannot sustain unlimited increases in
he availability of useful energy.

This line of argumentation can be expanded to various machines and
ervices that create (physical) work. Cullen and Allwood (2010) pro-
ide an overview of the theoretical energy efficiency limits for various
3

c

Table 1
Average annual growth rates of energy and GDP in % p.a. up until 2018.
Source: Our World in Data based on Smil (2017) and bp (2022) for energy data
and MADDISON-2020 database (Bolt and van Zanden, 2020) for real GDP.

Time period Energy Energy per capita GDP per capita

Since 1820 1.69 0.67 1.33
Since 1900 2.28 0.90 1.65
Since 1970 2.01 0.47 1.97
Since 1990 1.74 0.41 2.22
Since 2010 1.54 0.35 1.81

devices like lighting devices, engines for creating motion, combustion
devices for heat, etc. While there exists a large potential for energy effi-
ciency increases of up to 90% of current global energy demand — these
increases are strictly bounded level effects and cannot help decouple
energy input from physical work. As the creation of consumption goods
and services is an entropy increasing process which requires physical
work, the limits to substitutability and energy efficiency increases
apply as well (Daly, 1987). If all energy were exhaustible, positive
consumption would therefore not be conceivable in the long-run.

While renewable energy could ensure a positive level of consump-
tion, it could not provide an alternative base for sustained economic
growth. Current global energy consumption of 635 EJ in 2021 is
oughly 0.016% of the total incoming solar energy (see Table 2),
ut even incoming solar energy is by no means infinite. Historical
rowth rates of energy use have decreased to 1.54% over the last
ecade (Table 1). But even when accounting for population growth

and assuming that the growth rate of aggregate energy use per person
will continue to decline, total energy demand would surpass incoming
olar energy fluxes within the next three to four millennia, assuming

a growth rate of 0.25%. The current estimated maximum of technical
easibility is several magnitudes lower. Although more than 1,000 years
ight seem substantial, this period is relatively short when compared

o major technological breakthroughs in human history, such as the
eolithic revolution (10,000 years ago), the invention of writing sys-

ems (5,400 years ago), paper (2,100 years ago), the printing press
570 years ago), or electricity (400 years ago). The historical perspec-
ive of current demand growth, along with future extrapolations, is
llustrated in Fig. 2.

Without absolute decoupling of energy use from economic growth,
energy demand grows exponentially and will at some stage hit physical
boundaries. This also applies to other types of energy besides solar:
fossil energy, geothermal energy or nuclear energy seem to be plen-
tiful with respect to current energy consumption — with exponential
growth, they are all scarce resources. Table 2 estimates the number
of years until energy demand reaches renewable energy supply and
until non-renewable resources are completely exhausted for various
assumptions on energy demand growth rates. The table depicts physical
availabilities of energy which provide a physical upper bound of energy
sources. The technical and economic potential is usually several orders
of magnitude lower (Moriarty and Honnery, 2012) but also subject
to large uncertainties. Nevertheless, the key message of focusing on
the maximum physical energy potential is marked: Without absolute
decoupling, long-term wealth will be constrained by the amount of
incoming solar energy.

3. The expanding variety model with energy

We extend the endogenous growth model with expanding product
variety (Romer, 1990; Grossman and Helpman, 1991) by explicitly
onsidering energy as an essential input.
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Fig. 2. Energy use and key innovations over large time scales. Source: Own illustration based on historic energy data from Fischer-Kowalski et al. (2014), bp (2022), Smil (2017)
and Table 2 with projections for 0.25% growth rates of energy use.
Table 2
Physical potential and duration of various energy sources.

Energy type Maximum
availability [EJ]

Consumption in 2021
[% max. availability]

Years until max. achieved/exhausted
with demand growth rate, p.a. [%]

2.00 1.50 1.00 0.50 0.25

Renewable energy
Max technical solar energy potential 49,837 1.27 220 293 438 888 1,747
Solar energy influx to Earth 3,900,000 0.016 440 586 877 1,749 3,493

Exhaustible energy
Fossil (reserves and resources) 528,100 0.12 144 174 223 328 449
All Carbon in Earth crust 168,000,000 0.0004 432 556 791 1,440 2,601
All Uranium in Earth crust 6.0E+12 1.1E−08 961 1,260 1,845 3,542 6,799
All Thorium in Earth crust 2.1E+13 3.0E−09 1,025 1,345 1,972 3,796 7,307
Geothermal potential 1.0E+13 6.4E−09 987 1,294 1,896 3,644 7,003

All exhaustible combined 3.7E+13 1.7E−09 1,054 1,382 2,028 3,909 7,531

Notes: For renewable energy: Duration until maximum availability of energy is reached assuming constant demand growth rate; for exhaustible energy: Duration
until energy resources are depleted assuming constant demand growth rate. Sources: Solar energy: (Moriarty and Honnery, 2012, p. 247) and UNDP (2000, p. 163);
Fossil energy refers to estimated reserves plus resources (BGR, 2021, p. 62); Geothermal energy refers to the total heat content of the Earth (Rybach, 2021,
p. 15); Energy from exhaustible resources (Carbon, Uranium, and Thorium) in Earth crust are estimated from density estimates in Lide (2012) and multiplied
with the specific energy densities. Other renewable energy sources (wind, ocean, hydro, and biomass) are several orders of magnitude lower than solar energy
(Moriarty and Honnery, 2012).
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3.1. Output sector

Output of the representative firm is given by

𝑌 (𝑡) = 𝐴𝐿1−𝛼
∫

𝑁(𝑡)

0
𝑧𝑗 (𝑡)𝛼 𝑑 𝑗 , (1)

with 𝐴 a parameter on the overall level of productivity, 𝐿 the (ex-
ogenous) labor input, 𝑧𝑗 (𝑡) the 𝑗th intermediate composite, 𝑁(𝑡) the
number of varieties and 𝛼 < 1. Contrary to conventional endogenous
growth theory, we consider 𝑧𝑗 (𝑡) to be a composite of the original
intermediate, 𝑥𝑗 (𝑡), and energy, 𝐸𝑗 (𝑡), that is necessary for the use or
employment of 𝑧𝑗 (𝑡). We assume for simplicity that all products are used
at their thermodynamic efficiency limit and that energy is a perfect
complement to 𝑥𝑗 (𝑡). Hence, using 𝑥𝑗 (𝑡) requires 𝜀𝑗𝑥𝑗 (𝑡) units of energy;
if less energy is used, 𝑧𝑗 (𝑡) decreases linearly in energy input.1 We can

1 This formulation permits, in principle, substitution between the interme-
iate goods composite and either labor supply 𝐿 or the productivity parameter
. However, as discussed in the previous section, unlimited improvements in
conflict with thermodynamic principles, as they would imply infinite energy

fficiency gains for existing products. Therefore, we treat 𝐴 as a constant
caling factor. Similarly, increases in labor input 𝐿 would require additional
4

nergy, which we do not explicitly model, and such increases would not b
therefore describe 𝑧𝑗 (𝑡) by the Leontief production function2

𝑧𝑗 (𝑡) = min
{𝐸𝑗 (𝑡)

𝜀𝑗
, 𝑥𝑗 (𝑡)

}

. (2)

Profits of the final good producer are given by

𝜋𝑌 (𝑡) = 𝑌 (𝑡) −𝑤(𝑡)𝐿 − ∫

𝑁(𝑡)

0

(

𝑃𝑗 (𝑡)𝑥𝑗 (𝑡) −𝑄(𝑡)𝐸𝑗 (𝑡)
)

𝑑 𝑗 , (3)

with 𝑤(𝑡) the wage and 𝑃𝑗 (𝑡) the price for the 𝑗th intermediate good
𝑥𝑗 (𝑡). Households own the energy resource, 𝐸(𝑡), and sell it at price
𝑄(𝑡) to the firm. With the Leontief production function, the optimal

achieve per-capita decoupling. Ultimately, our model set-up focuses on growth
that stems from the invention of new varieties.

2 This assumption disregards any increases in energy efficiency for a specific
product or machine. Using a more general function like a constant elasticity of
substitution function would allow for a more flexible modeling of substitution
ossibilities. However, as the elasticity of substitution has to be below one,
here is only a limited increase in energy efficiency possible until an upper
ound has been reached. This more general modeling framework would
ncrease analytical complexity but has no implications for the growth dynamics
f the model because energy efficiency increases on a product basis are

ounded.
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use of energy per variety 𝐸𝑗 (𝑡) is directly related to 𝑥𝑗 (𝑡), such that
𝐸𝑗 (𝑡) = 𝜀𝑗𝑥𝑗 (𝑡) and aggregate energy use is given by

𝐸(𝑡) = ∫

𝑁(𝑡)

0
𝐸𝑗 (𝑡) 𝑑 𝑗 = ∫

𝑁(𝑡)

0
𝜀𝑗𝑥𝑗 (𝑡) 𝑑 𝑗 . (4)

Optimal labor input is determined by

𝑤(𝑡) = 𝜕 𝑌 (𝑡)
𝜕 𝐿 = (1 − 𝛼)𝑌 (𝑡)∕𝐿. (5)

Finally, the first-order condition for intermediates demand follows from
aximizing Eq. (3) with respect to 𝑥𝑗 (𝑡) and results in

𝑥𝑗 (𝑡) = 𝐿
(

𝐴𝛼
𝑃𝑗 (𝑡) + 𝜀𝑗𝑄(𝑡)

)
1

1−𝛼
. (6)

Since we are interested in the implications of limited energy supply, we
assume that aggregate energy demand might be bounded by �̄�, so that
t always holds that

𝐸(𝑡) ≤ �̄� . (7)

If energy demand is not bounded by the maximum available energy
supply �̄�, energy is abundant and the price of energy 𝑄(𝑡) is equal to
zero. Once the limit becomes binding, there exists a scarcity price for
energy greater than zero, so that 𝑄(𝑡) > 0. Thus, the following scarcity
equation has to hold at all times

𝑄(𝑡)(�̄� − 𝐸(𝑡)) = 0. (8)

3.2. Intermediate goods producers

Intermediate goods producers are monopolists of each invented
lueprint 𝑗 and set prices 𝑃𝑗 (𝑠) at time 𝑠 to maximize the net-present
alue of profits:

max
𝑃𝑗 (𝑡)

𝑉𝑗 (𝑡) = max
𝑃𝑗 (𝑡) ∫

∞

𝑡
𝜋𝑗 (𝑠)𝑒− ∫ 𝑠

𝑡 𝑟(𝑢)𝑑 𝑢𝑑 𝑠 (9)

subject to the demand functions Eq. (6), with operating profits 𝜋𝑗 (𝑠) =
𝑃𝑗 (𝑠) − 1)𝑥𝑗 (𝑠), (possible changing) interest rate 𝑟(𝑢) and by assuming
roduction costs that are normalized to one. The optimization problem
s a static one as there are no intertemporal constraints; we, therefore,

omit the time variable 𝑠 when explicitly stating it is not necessary. In-
termediate goods are made out of final output and rented out from the
household to the intermediate goods producers. Monopoly profits are
maximized if the intermediate goods producers price the intermediate
good at

𝑃𝑗 (𝑡) =
1 + (1 − 𝛼)𝜀𝑗𝑄(𝑡)

𝛼
. (10)

By substituting Eq. (10) into Eq. (6) we receive the resulting demand
or intermediates according to

𝑥𝑗 (𝑡) = 𝐿
(

𝐴𝛼2

𝜀𝑗𝑄(𝑡) + 1
)

1
1−𝛼

. (11)

Energy demand per variety is then given by

𝐸𝑗 (𝑡) = 𝜀𝑗𝑥𝑗 (𝑡) = 𝜀𝑗𝐿
(

𝐴𝛼2

𝜀𝑗𝑄(𝑡) + 1
)

1
1−𝛼

. (12)

It decreases with higher energy prices and is influenced by two counter-
acting effects for energy intensity improvements. First, energy use for
every new variety decreases due to improved energy efficiency; second,
there is a rebound effect, as higher production of 𝑥𝑗 (𝑡) increases energy
demand. The dominance of either effect depends on the condition
𝛼(1 + 𝑄(𝑡)𝜀𝑗 ) < 1. For example, in the case without a binding energy
limit, the energy price is zero, the condition 𝛼 < 1 holds, and energy
use for every new product decreases as energy intensity improves.

Aggregate intermediates are given by

𝑋(𝑡) =
𝑁(𝑡)

𝑥𝑗 (𝑡)𝑑 𝑗 =
𝑁(𝑡)

𝐿
(

𝐴𝛼2
)

1
1−𝛼

𝑑 𝑗 . (13)
5

∫0 ∫0 𝜀𝑗𝑄(𝑡) + 1 d
Operating profits in the intermediate sector are then

𝜋𝑗 (𝑡) = (1 − 𝛼)𝛼 𝐴𝐿
(

𝐴𝛼2

𝜀𝑗𝑄(𝑡) + 1
)

𝛼
1−𝛼

. (14)

One can see directly that higher energy prices, 𝑄(𝑡), reduce the profits
in the intermediate sector.

3.3. Households

Households maximize intertemporal utility over per-capita con-
sumption with the iso-elastic utility function

𝑢(𝑐(𝑡)) = 𝑐(𝑡)1−𝜎 − 1
1 − 𝜎

(15)

and a pure time preference rate 𝜌. The budget constraint of the house-
hold is given by

𝑐(𝑡) = 𝑤(𝑡)𝐿 + ∫

𝑁(𝑡)

0
𝑟𝑗 (𝑡)𝐾𝑗𝑑 𝑗 +𝑄(𝑡)𝐸(𝑡) − �̇�(𝑡) (16)

with 𝐾(𝑡) = ∫ 𝑁(𝑡)
0 𝐾𝑗𝑑 𝑗 denoting assets. Households own the energy

resource 𝐸(𝑡) and sell it at price 𝑄(𝑡) to the firm. They maximize utility
by choosing the consumption level 𝑐(𝑡) and the frontier capital stock
𝐾𝑁(𝑡) subject to the budget constraint Eq. (16). Hence, optimal saving
�̇�(𝑡) is determined by the Euler equation

𝑟𝑁(𝑡) = 𝜌 + 𝜎 𝑔𝑐 (𝑡), (17)

with 𝑔𝑐 (𝑡) = �̇�(𝑡)∕𝑐(𝑡). Note that the interest-rate is dependent on the
rontier technology 𝑁(𝑡) and by this also time dependent. The detailed
erivation can be found in the Appendix.

3.4. Research and development

We model R&D in a simple but adapted fashion according to Barro
and Sala-i-Martin (2004, Chapter 6).

Research firms are assumed to freely enter the market by paying
 product specific but time-invariant research and development cost
𝑗 . This assumption on the R&D process implies that a fraction of
inal output is used as an input to R&D. Specifically, R&D relies on
nputs from non-consumed output, denoted 𝑅(𝑡) = 𝜂𝑁(𝑡)�̇�(𝑡). Thus, the
conomy has to spent 𝜂𝑁(𝑡) for the invention of every new product �̇�(𝑡).
asic arbitrage then requires that the value of firm 𝑗, 𝑉𝑗 (𝑡), has to be
qual to the product specific R&D cost 𝜂𝑗 , so that it holds that

𝜂𝑗 = 𝑉𝑗 (𝑡) = 𝑉𝑗 . (18)

From this follows directly that the value of firm 𝑗 is constant over time,
ince 𝜕 𝑉𝑗

𝜕 𝑡 = �̇�𝑗 = 0.
Taking the time-derivative of Eq. (9), we receive an expression for

the possibly time-dependent interest-rate

𝑟𝑗 (𝑡) =
𝜋𝑗 (𝑡)
𝑉𝑗 (𝑡)

+
�̇�𝑗 (𝑡)
𝑉𝑗 (𝑡)

, (19)

which depends on variety 𝑗. Plugging in Eq. (14) and using that �̇�𝑗 = 0,
he product-specific interest-rate is given by

𝑟𝑗 (𝑡) =
𝜋𝑗 (𝑡)
𝜂𝑗

=
(1 − 𝛼)𝛼 𝐴𝐿

𝜂𝑗

(

𝐴𝛼2

𝜀𝑗𝑄(𝑡) + 1
)

𝛼
1−𝛼

. (20)

3.5. Equilibrium

By inserting Eq. (20) into Eq. (17) and plugging in 𝑗 = 𝑁(𝑡), we can
erive the consumption growth rate of the economy given by
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𝛾(𝑡) = 𝑔𝑐 (𝑡) = 1
𝜎

(

(1 − 𝛼)𝛼 𝐴𝐿
𝜂𝑁(𝑡)

(

𝐴𝛼2

𝜀𝑁(𝑡)𝑄(𝑡) + 1
)

𝛼
1−𝛼

− 𝜌

)

. (21)

The growth rate of consumption is higher for a greater willingness to
ave, expressed by lower preference parameters of the household, 𝜌 and
. The growth rate also raises with better technology 𝐴 or lower frontier
&D costs 𝜂𝑁(𝑡). For 𝜀𝑁(𝑡)𝑄(𝑡) = 0, the growth rate takes the usual form
s in the standard model of expanding product variety (Barro and Sala-

i-Martin, 2004, p. 296). We can now directly see the impact of energy
costs and energy intensity on the growth rate:

Lemma 1. The higher the energy price 𝑄(𝑡) or the higher the energy
intensity of the frontier product 𝜀𝑁(𝑡), the lower the growth rate of the
economy.

The basic intuition behind this result is that profits of innovative
firms in Eq. (14) are reduced if energy prices are high. This reduces
the incentive to innovate. The expansion of product variety which
drives economic growth will therefore be slower. Furthermore, we also
assume that 𝛾(𝑡) ≥ 0 at all times. 𝛾(𝑡) < 0 would imply that the profits
of the intermediate goods producers become negative leading to no
ncentive to innovate anymore. The number of varieties would stay
onstant, so that 𝛾(𝑡) = 0.

In a closed economy it has to hold that the market value of firms
equals the households assets, so that

𝐾(𝑡) = ∫

𝑁(𝑡)

0
𝑉𝑗𝑑 𝑗 = ∫

𝑁(𝑡)

0
𝜂𝑗𝑑 𝑗 . (22)

From the budget constraint of the household Eq. (16) we can then de-
rive the aggregate macroeconomic balance of the economy. Household
expenditures have to be equal to households income

𝑐(𝑡) + 𝜂𝑁(𝑡)�̇�(𝑡) = 𝑤(𝑡)𝐿 +𝑄(𝑡)𝐸(𝑡) + ∫

𝑁(𝑡)

0
𝑟𝑗 (𝑡)𝐾𝑗𝑑 𝑗 , (23)

where 𝜂𝑁(𝑡)�̇�(𝑡) are the expenditures for R&D, which are equal to the

change in assets of the economy �̇�(𝑡) = 𝜕 ∫ 𝑁(𝑡)
0 𝐾𝑗𝑑 𝑗

𝜕 𝑡 =
𝜕 ∫ 𝑁(𝑡)

0 𝜂𝑗𝑑 𝑗
𝜕 𝑡 =

𝑁(𝑡)�̇�(𝑡). We can rewrite the integral in Eq. (23) by using the product
specific interest-rate Eq. (20) and the fact that 𝐾𝑗 = 𝜂𝑗 to receive

∫

𝑁(𝑡)

0
𝑟𝑗 (𝑡)𝐾𝑗𝑑 𝑗 = ∫

𝑁(𝑡)

0
(1 − 𝛼)𝛼 𝐴𝐿

(

𝐴𝛼2

𝜀𝑗𝑄(𝑡) + 1
)

𝛼
1−𝛼

𝑑 𝑗 = (1 − 𝛼)𝛼 𝑌 (𝑡).

(24)

For the last equality insert the demand for intermediate goods from
q. (11) into the final good production function Eq. (1).

Finally, inserting Eq. (5) in Eq. (23) and using the constant returns
f scale property of the production function so that 𝛼2𝑌 (𝑡) −𝑄(𝑡)𝐸(𝑡) =
(𝑡), we can derive the macroeconomic balance of the economy given

y

𝑌 (𝑡) = 𝑋(𝑡) + 𝑐(𝑡) + 𝜂𝑁(𝑡)�̇�(𝑡). (25)

At all times final output has to be divided between intermediates good
roduction, 𝑋(𝑡), consumption, 𝑐(𝑡), and the creation of �̇�(𝑡) new goods.

Eq. (25) is a differential equation in the amount of varieties and can be
ewritten by inserting the demand for intermediate goods from Eq. (11),

so that

�̇�(𝑡)
𝑁(𝑡)

= 1
𝑁(𝑡)𝜂𝑁(𝑡)

(

∫

𝑁(𝑡)

0
𝐿
(

𝐴𝛼2

𝜀𝑗𝑄(𝑡) + 1
)

1
1−𝛼

(

1 − 𝛼2 + 𝜀𝑗𝑄(𝑡)
𝛼2

)

𝑑 𝑗 − 𝑐(𝑡)

)

.

(26)

Together with the energy demand of the economy Eq. (4), the scarcity
onstraint Eq. (8) and the consumption growth rate Eq. (21), the
odel is fully characterized by four equations in four unknowns:
(𝑡), 𝑄(𝑡), 𝑐(𝑡), and 𝑁(𝑡). The full model is presented in Table 3.
6

4. Growth

This section discusses the growth process for four different cases.
irst, we discuss the case of abundant energy, in which the energy limit
s not binding and show that the economy grows as in the standard
xpanding variety model. Second, we study the case of a binding

limit on energy supply. Without improvements in energy intensity,
decoupling is not possible and the economy converges to a steady-state
with constant consumption, output and number of varieties. Third, if
the energy intensity of newly invented products decreases, we show
that decoupling is possible and that consumption, output and the
number of varieties can grow unbounded even if the energy limit
is binding. Finally, we study an economy in which improvements in
energy intensity are possible, but approach a lower bound at some
oint. Again, decoupling is not possible and the economy converges to a

steady-state with constant consumption, output and number of varieties
nce the lower bound of energy intensity is reached.

4.1. Growth with abundant energy

As long as the energy demand of the economy is not constrained
by the maximum supply of energy, energy is abundant and the price of
energy in our model economy is equal to zero. For 𝑄(𝑡) = 0, the demand
for intermediate goods, the profit of intermediates and the entry costs
f R&D become independent of 𝑗. The full model characterization from

Table 3 reduces to

𝐸(𝑡) = ∫

𝑁(𝑡)

0
𝜀𝑗𝐿

(

𝐴𝛼2
)

1
1−𝛼 𝑑 𝑗 , (27)

�̇�(𝑡)
𝑁(𝑡)

= 1
𝜂

(

(𝐴𝛼2)
1

1−𝛼 𝐿
(

1 − 𝛼2

𝛼2

)

−
𝑐(𝑡)
𝑁(𝑡)

)

, (28)

�̇�(𝑡)
𝑐(𝑡)

= 1
𝜎

(

(1 − 𝛼)𝐿
𝛼 𝜂

(

𝐴𝛼2
)

1
1−𝛼 − 𝜌

)

. (29)

Proposition 1. If energy is abundant, so that it holds that 𝐸(𝑡) < �̄� and
hus, the energy price 𝑄(𝑡) is equal to zero, 𝑔𝑐 = 𝑔𝑁 > 0 is a balanced
rowth path of the economy.

Proof. The growth rate of consumption Eq. (29) is constant such that

e can solve for 𝑐(𝑡) = 𝑐0𝑒
1
𝜎

(

(1−𝛼)𝐿
𝛼 𝜂

(

𝐴𝛼2
)

1
1−𝛼 −𝜌

)

𝑡
. Using this expression

in Eq. (28) and solving the differential equation we receive 𝑁(𝑡) =
𝜎 𝑐(𝑡)

𝜂 𝜌+(1−𝛼)𝐿(𝐴𝛼2) 1
1−𝛼 (𝛼(𝜎−1)+𝜎)

. Taking the log and the derivative with respect

to time, we see that the number of varieties grows with consumption
per capita, so that 𝑔𝑐 = 𝑔𝑁 . □

4.2. Growth with limited energy

As we have argued in Section 2, solar, fossil, geothermal and nuclear
nergy seem to be plentiful with respect to current energy consumption,

however, with exponential growth, they are all scarce resources in the
long-run. We now study our economy when energy is scarce, such that
energy demand reaches maximum available energy supply, 𝐸(𝑡) = �̄�.
This also means that according to Eq. (8) the energy price is now
reater than zero, 𝑄(𝑡) > 0.

To highlight the role of the energy intensity once the energy limit
becomes binding, we first analyze the economy for a constant energy
intensity 𝜀𝑗 = 𝜀 ∀𝑗 and show that in this case decoupling of energy
use and economic growth is not possible. Second, we study the case of
decreasing energy intensities and show that if there is no lower bound
for the energy intensity, energy demand is bounded and economic
growth can be decoupled from energy use. Finally, if there is a small but
positive lower bound for the energy intensity of new goods, decoupling
is not possible.
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Table 3
General Equilibrium.

Energy Demand 𝐸(𝑡) = ∫ 𝑁(𝑡)
0 𝜀𝑗𝐿

(

𝐴𝛼2

𝜀𝑗𝑄(𝑡)+1

)
1

1−𝛼 𝑑 𝑗
Consumption Growth �̇�(𝑡)

𝑐(𝑡)
= 1

𝜎

(

(1−𝛼)𝛼 𝐴𝐿
𝜂𝑁(𝑡)

(

𝐴𝛼2

𝜀𝑁(𝑡)𝑄(𝑡)+1

)
𝛼

1−𝛼 − 𝜌
)

Macroeconomic Balance �̇�(𝑡)
𝑁(𝑡)

= 1
𝑁(𝑡)𝜂𝑁(𝑡)

(

∫ 𝑁(𝑡)
0 𝐿

(

𝐴𝛼2

𝜀𝑗𝑄(𝑡)+1

)
1

1−𝛼
(

1−𝛼2+𝜀𝑗𝑄(𝑡)
𝛼2

)

𝑑 𝑗 − 𝑐(𝑡)
)

Scarcity Constraint 0 = (�̄� − 𝐸(𝑡))𝑄(𝑡)
t
r

r
t

g
o

−

i

4.2.1. Constant energy intensity
If energy is scarce, 𝐸(𝑡) = �̄�, and the energy intensity of interme-

diates is constant, 𝜀𝑗 = 𝜀, the model equations from Table 3 reduce
o

�̄� = 𝜀𝑁(𝑡)𝐿
(

𝐴𝛼2

𝜀𝑄(𝑡) + 1
)

1
1−𝛼

, (30)

�̇�(𝑡)
𝑁(𝑡)

= 1
𝜂

⎛

⎜

⎜

⎝

𝐿
(

𝐴𝛼2

𝜀𝑄(𝑡) + 1
)

1
1−𝛼

(

𝜀𝑄(𝑡) + 1 − 𝛼2

𝛼2

)

−
𝑐(𝑡)
𝑁(𝑡)

⎞

⎟

⎟

⎠

, (31)

�̇�(𝑡)
𝑐(𝑡)

= 1
𝜎

(

(1 − 𝛼)𝛼 𝐴𝐿
𝜂

(

𝐴𝛼2

𝜀𝑄(𝑡) + 1
)

𝛼
1−𝛼

− 𝜌

)

. (32)

Proposition 2. If the energy intensity of the economy is constant, 𝜀𝑗 = 𝜀,
and energy is scarce, 𝐸(𝑡) = �̄�, the economy converges to a steady-state
ith zero-growth, 𝑔𝑄 = 𝑔𝑐 = 𝑔𝑁 = 0.

Proof. Rearrange Eq. (30) to receive 𝑁(𝑡) = �̄�
𝜀𝐿

(

𝐴𝛼2

𝜀𝑄(𝑡)+1

)
1

𝛼−1 . Taking
he log and the derivative with respect to time, we see that the growth
ate of 𝑁(𝑡) is directly linked to the growth rate of the energy price
𝑄(𝑡) via 𝑔𝑁 = 1

(1−𝛼)(1+ 1
𝜀𝑄(𝑡) )

𝑔𝑄. Ultimately, higher energy prices reduce

growth as in Proposition 1 and lead to negative growth of varieties
and consumption since lim𝑄(𝑡)→∞

�̇�(𝑡)
𝑁(𝑡) = − 𝑐(𝑡)

𝜂 𝑁(𝑡) and lim𝑄(𝑡)→∞
�̇�(𝑡)
𝑐(𝑡) = − 𝜌

𝜎 .
Thus, 𝑔𝑁 > 0 and by this 𝑔𝑄 > 0 decreases the growth rate up until
the point of 𝑔𝑄 = 𝑔𝑐 = 𝑔𝑁 = 0. From then on the steady-state with
zero-growth is reached. □

Proposition 2 directly implies that if energy is limited and the
energy intensity is constant, long-run economic growth is not possible.
Economic growth leads to increasing energy prices, which in turn
reduces the profit of the intermediate goods producer via Eq. (14)
nd by this the incentive to innovate. Profits eventually decrease to

zero and the economy reaches it is steady-state with constant output,
consumption and energy prices.

Lemma 2. (i) The elasticities of energy and output to energy prices are
𝜁𝐸 ,𝑄 = − 1

1 − 𝛼
𝜔
𝛼2

, 𝜁𝑌 ,𝑄 = − 𝛼
1 − 𝛼

𝜔
𝛼2

= − 1
1 − 𝛼

𝜔
𝛼

(33)

with 𝜔 ∶= 𝑄𝐸∕𝑌 the energy expenditure share of the economy and 𝜔𝛼−2 <
. (ii) The elasticity with respect to the energy intensity 𝜀 equals the elasticity
ith respect to energy prices. (iii) The elasticity of total output to 𝐴 is

𝜁𝑌 ,𝐴 = 1
1 − 𝛼

. (34)

Proof. For a constant energy intensity output and energy are given by
Eq. (30) and 𝑌 (𝑡) = 𝐴𝐿𝑁(𝑡)

(

𝐴𝛼2

𝜀𝑄(𝑡)+1

)
𝛼

1−𝛼 . (i) Take the log of Eq. (30)

nd 𝑌 (𝑡). The elasticities are 𝜁�̄� ,𝑄 ∶= 𝜕 ln(�̄�)
𝜕 𝑄(𝑡) 𝑄(𝑡) = − 1

1−𝛼
𝜀𝑄(𝑡)

1+𝜀𝑄(𝑡) and
𝜁𝑌 ,𝑄 = − 𝛼

1−𝛼
𝜀𝑄(𝑡)

1+𝜀𝑄(𝑡) . With 𝜔 ∶= 𝑄(𝑡)𝐸∕𝑌 (𝑡), we can rearrange Eq. (30)
nd obtain 𝜀 = 𝐸

(𝛼2−𝜔)𝑌 with 𝛼2 > 𝜔, which we can substitute to get the
inal results. (ii) Follows from (i) as 𝑌 and 𝐸 are functions of 𝜀𝑄(𝑡). (iii)
ollows from 𝑌 (𝑡). □
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A direct implication of Lemma 2 is that output responds stronger
o relative changes in energy prices 𝑄(𝑡) (and, thus, also 𝜀) than to
elative changes in TFP, 𝐴, if and only if the energy expenditure share
𝜔 exceeds the capital income share 𝛼. For 𝛼 < 1∕2, follows further
that 0 < −𝜁𝑌 ,𝑄 < 1, and, thus, output is inelastic in energy prices.
Energy demand is inelastic if 𝑄(𝑡) is very small and elastic if 𝑄(𝑡) is very
high. While higher energy prices do not affect the energy intensity of
intermediate goods because of the Leontief production function, they
educe energy intensity per final output 𝛩 ∶= 𝑌 ∕𝐸 = 𝛼2𝜀

1+𝜀𝑄(𝑡) . We now
urn to investigate the effect on growth rates.

Lemma 3. (i) A proportional change in 𝐴, 𝑄(𝑡) and 𝜀 affects growth rates
as follows:
𝜕 𝑔𝑐
𝜕 𝐴 𝐴 = 𝛤 , 𝜕 𝑔𝑐

𝜕 𝑄(𝑡)
𝑄(𝑡) = 𝜕 𝑔𝑐

𝜕 𝜀 𝜀 = −𝜔
𝛼
𝛤 (35)

with 𝛤 ∶= 𝛼 𝐴𝐿
𝜂 𝜎

(

𝐴𝛼2

𝜀𝑄(𝑡)+1

)
𝛼

1−𝛼 > 0 (ii) A proportional change in 𝐴 affects
rowth rates higher than a proportional change in energy prices 𝑄(𝑡) if and
nly if 𝛼 > 𝜔.

Proof. Using (32) we get 𝜕 𝑔𝑐
𝜕 𝐴 𝐴 = 𝛼 𝐴𝐿

𝜂 𝜎
(

𝛼2𝐴
𝑄(𝑡)𝜀+1

)
𝛼

1−𝛼 and 𝜕 𝑔𝑐
𝜕 𝑄(𝑡)𝑄(𝑡) =

𝐿𝑄(𝑡)𝜀
𝜂 𝜎

(

𝛼2𝐴
𝑄(𝑡)𝜀+1

)
1

1−𝛼 . The response to 𝜀 is equivalent to the case for
𝑄(𝑡) due to (32). With 𝜀 = 𝐸

(𝛼2−𝜔)𝑌 = 𝜔
𝑄(𝑡)(𝛼2−𝜔) (the latter equality uses

𝜔 = 𝐸 𝑄∕𝑌 ), we get the final result. □

Lemmas 2 and 3 suggest that the relative sensitivity of level and
growth effects to changes in energy prices and total factor productivity
is similar. Level and growth effects respond stronger to changes in
energy prices (than TFP) when the energy expenditure share exceeds
the capital income share. This result can explain the economic take-off
during the coal-fired industrial revolution: Expenditure shares on en-
ergy (including energy contained in food and fodder) were higher than
60% before 1700, declining to approximately 10% in the early 20th
century (Fizaine and Court, 2016). Thus, access to cheap energy could
have fueled economic growth much stronger during the early days of
the industrialization than in recent decades when energy expenditure
shares were very low. With low energy expenditure shares, however,
changes in TFP through improved institutions or health become more
decisive for creating wealth. Stern and Kander (2012) come to the same
conclusion for the Swedish economy. They build an augmented Solow
growth model with exogenous technological progress and energy as
nput factor and find that when energy services are scarce they strongly

constrain output growth. We show that their result is a special case in
a more elaborate model when there is no horizontal innovation with
endogenous growth.

We can now solve for the steady-state values of the model. For
𝑔𝑐 = 0 we can rearrange Eq. (32) for the steady-state constant energy
price

�̄� =
𝛼 𝜂 𝜌

(1 − 𝛼)𝐿𝜀

(

(1 − 𝛼)𝛼 𝐴𝐿
𝜂 𝜌

)
1
𝛼
− 1

𝜀
. (36)

Plugging Eq. (36) into Eq. (30) we can solve for the steady-state
constant amount of varieties

�̄� = �̄�
(

(1 − 𝛼)𝛼 𝐴𝐿)
1
𝛼
. (37)
𝜀𝐿 𝜂 𝜌
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Subsequently, we can solve for the constant steady-state consumption
level by inserting Eqs. (36) and (37) into Eq. (31) for 𝑔𝑁 = 0

̄ = �̄�
⎛

⎜

⎜

⎝

𝜂 𝜌
(1 − 𝛼)𝛼 𝜀𝐿

(

(1 − 𝛼)𝛼 𝐴𝐿
𝜂 𝜌

)
1
𝛼
− 1

𝜀

⎞

⎟

⎟

⎠

, (38)

and for the steady-state output level by inserting Eqs. (11), (36) and
(37) into Eq. (1)

𝑌 = 𝐴�̄�
𝜀

(

(1 − 𝛼)𝛼 𝐴𝐿
𝜂 𝜌

)
𝛼

1+𝛼
. (39)

One can directly see that the steady-state levels of consumption and
utput are proportional to the maximum available supply of energy

�̄�. The more energy the economy has at its disposal, the higher the
long-run levels of output and consumption. However, for constant
energy intensities decoupling of economic growth and energy use is not
possible — human wealth is determined by the influx of solar energy.

4.2.2. Decreasing energy intensity
Until now we assumed a constant energy intensity, tying economic

rowth and energy consumption together. However, empirically we
observe a drastic decline in energy intensity over the last two hundred
years. Fig. 3 displays the world energy intensity in MJ/$ for this time
eriod. Whereas the world needed 20 MJ in 1820 to produce one
ollar of GDP, it only took five MJ in 2018. Additionally, advanced
conomies experienced substantial structural changes from (energy
ntensive) manufacturing to less energy intensive service sectors. To
apture this development, we now move to the case where the energy
ntensity 𝜀𝑗 is heterogeneous and decreases exogenously with new
roduct inventions. This describes structural change towards more
nowledge-based and service-based products that require less energy
er $ of output.

We assume that new products arrive, on average, at a declining
energy intensity rate, according to 𝜀𝑗 = 𝜀0𝑒−𝛽 𝑗 with 𝜀0 the energy
intensity of the first product. Thus, the energy intensity of new prod-
ucts decreases, in relative terms, by 𝛽. We now have two growth
effects at work, a horizontal via increasing product variety 𝑁(𝑡) and
 vertical via decreasing energy intensity 𝜀𝑗 . Thus, our model com-

bines horizontal growth effects as in the models of Romer (1990)
nd Grossman and Helpman (1991) as well as vertical growth effects
s in the Schumpetarian growth model of improving quality (Aghion
8

and Howitt, 1992).
While Howitt (1999) and Peretto and Connolly (2007) develop

ndogenous growth models with horizontal and vertical innovation in
hich long-run growth is determined by the vertical channel alone,

ong-run growth in our model is determined by the horizontal growth
ffect.

We can calculate the long-run aggregate energy demand of the
conomy by inserting Eq. (11) and 𝜀𝑗 = 𝜀0𝑒−𝛽 𝑗 into Eq. (4) to receive

𝐸(𝑡) = ∫

𝑁(𝑡)

0
𝜀𝑗𝑥𝑗 (𝑡) 𝑑 𝑗

= ∫

𝑁(𝑡)

0
𝐿𝜀0𝑒

−𝛽 𝑗
(

𝐴𝛼2

𝑄(𝑡)𝜀0𝑒−𝛽 𝑗 + 1
)

1
1−𝛼 𝑑 𝑗 . (40)

The integral (40) can be solved for the aggregate energy demand of the
conomy to receive

𝐸(𝑡) =
(1 − 𝛼)𝛼

1+𝛼
1−𝛼 𝐿𝐴

1
1−𝛼

(

(

𝜀0𝑄(𝑡)𝑒−𝛽 𝑁(𝑡) + 1)
𝛼

𝛼−1 − (𝜀0𝑄(𝑡) + 1) 𝛼
𝛼−1

)

𝛽 𝑄(𝑡)
.

(41)

Proposition 3. If the energy intensity of new products decreases by
he rate 𝛽 > 0, (i) total energy demand is continuously growing with the
ntroduction of new varieties and (ii) converges to the maximum available
upply of energy 0 < �̄� < ∞.

Proof. For (i), take 𝜕 𝐸(𝑡)
𝜕 𝑁(𝑡) which is strictly positive for any 𝑁(𝑡) ≥ 0 but

onverges to zero for 𝑡 → ∞. (ii) lim𝑁(𝑡)→∞ 𝐸(𝑡) =
(1−𝛼)𝛼

1+𝛼
1−𝛼 𝐿𝐴

1
1−𝛼

(

1−(𝑄(𝑡)𝜀0+1)
𝛼

𝛼−1
)

𝛽 𝑄(𝑡) = 𝐸∗. Clearly, 0 < 𝐸∗ < ∞ if 𝑄(𝑡)𝜀0 > 0,
hich only holds if 𝐸∗ = �̄� due to Eq. (8). □

From this proposition we can directly see that in the market equi-
librium, the long-run energy price has to be constant, such that energy
demand is equalized with the maximum available supply of energy. We
can also study how aggregate energy demand develops if the energy
price is altered, e.g. through a tax or subsidy:
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Corollary 1. (i) If the energy price 𝑄(𝑡) converges to infinity, long-run
energy demand 𝐸∗ becomes zero. (ii) If the energy price 𝑄(𝑡) converges
to zero, long-run energy demand is 𝐸∗∗ < ∞ and bounded. (iii) Long-run
energy demand falls monotonically in energy prices. (iv) The long-run energy
rice is constant.

Proof. (i) Take lim𝑄(𝑡)→∞ 𝐸∗ with 𝐸∗ from the proof of Proposition 3
which gives zero. (ii) lim𝑄(𝑡)→0 𝐸∗ = 𝐿𝜀0

(

𝐴𝛼2
)

1
1−𝛼

𝛽 = 𝐸∗∗. (iii) As

𝜕 𝐸𝑗
𝜕 𝑄(𝑡) = −

𝐿𝜀20𝑒
−𝛽 𝑗( 𝛼2𝐴

𝑄(𝑡)𝜀0𝑒−𝛽 𝑗+1
) 1

1−𝛼

(1−𝛼)(𝑒𝛽 𝑗+𝑄(𝑡)𝜀0)
< 0, total derivative of total en-

rgy 𝑑 𝐸(𝑡)∕𝑑 𝑄(𝑡) as the integral over all varieties is negative and
 𝐸∗∕𝑑 𝑄(𝑡) < 0 as well. (iv) For large enough 𝑡 and limited energy

supply, we know that 𝐸(𝑡) = 𝐸∗ = �̄�, with 𝐸∗ from Proposition 3.
Taking the log and the derivative with respect to time of 𝐸∗ = �̄� we
receive �̇�(𝑡) = 0. □

The long-run maximum available level of energy supply, �̄�, then
determines the long-run constant energy price, �̃�, via

̄ =
(1 − 𝛼)𝛼

1+𝛼
1−𝛼 𝐿𝐴

1
1−𝛼

(

1 − (

�̃�𝜀0 + 1) 𝛼
𝛼−1

)

𝛽�̃�
. (42)

A remarkable outcome is that by the specific choice of �̃�, e.g. via a tax
on energy use, any energy demand greater than zero can be achieved
— no matter how small �̄� > 0 might be. Fig. 4 depicts the relationship
etween long-run energy demand and the energy price.

For 𝑡 → ∞ the energy intensity for the frontier product, 𝜀𝑁(𝑡),
converges to zero and, thus, long-run growth is only determined by
increasing product variety. The same is true for product specific R&D
costs, 𝜂𝑗 . Since the profit of the frontier firm is independent of 𝑗 for
large enough 𝑡, also the product specific R&D costs become independent
of 𝑗 and converge according to lim𝑡→∞ 𝜂𝑁(𝑡) = �̃�. In the long-run the
economic environment from Table 3 can be represented by Eq. (42)
nd

�̇�(𝑡)
𝑁(𝑡)

= 1
𝑁(𝑡)�̃�

⎛

⎜

⎜

⎝

∫

𝑁(𝑡)

0
𝐿

(

𝐴𝛼2

𝜀𝑗�̃� + 1

)
1

1−𝛼
(

1 − 𝛼2 + 𝜀𝑗�̃�

𝛼2

)

𝑑 𝑗 − 𝑐(𝑡)
⎞

⎟

⎟

⎠

,

9

(43)
�̇�(𝑡)
𝑐(𝑡)

= 1
𝜎

(

(1 − 𝛼)𝛼 𝐴𝐿
�̃�

(

𝐴𝛼2
)

𝛼
1−𝛼 − 𝜌

)

. (44)

Proposition 4. If the energy intensity of new products decreases by the rate
𝛽 > 0, 𝑔𝑐 = 𝑔𝑁 > 0 is a balanced growth path of the economy, eventhough
he maximum available energy supply is limited by �̄�.

Proof. If the economy is on a balanced growth path we know that
̇𝑁 = 0 and that in the long-run it also holds that 𝜀𝑁(𝑡) ≈ 0, so that
we can take the derivative with respect to time of Eq. (43) to receive

∫ 𝑁(𝑡)
0 𝐿

(

𝐴𝛼2

𝜀𝑗 �̃�+1

)
1

1−𝛼
(

1−𝛼2+𝜀𝑗 �̃�
𝛼2

)

𝑑 𝑗−𝑐(𝑡) = 1−𝛼2
𝛼2

𝑁(𝑡)𝐿
(

𝐴𝛼2
)

1
1−𝛼 − �̇�(𝑡)𝑁(𝑡)

�̇�(𝑡) .
e know from Eq. (43) that the LHS of this expression is equal to

̃�̇�(𝑡), so that �̃� �̇�(𝑡)
𝑁(𝑡) =

1−𝛼2
𝛼2

𝐿
(

𝐴𝛼2
)

1
1−𝛼 − �̇�(𝑡)

�̇�(𝑡) . Rearranging brings 𝑐(𝑡)
𝑁(𝑡) =

𝑔𝑁
𝑔𝑐

1−𝛼2
𝛼2

𝐿
(

𝐴𝛼2
)

1
1−𝛼 − �̃�

𝑔2𝑁
𝑔𝑐

. If we are on a balanced growth path, the RHS
is a constant since �̇�𝑁 = �̇�𝑐 = 0. Hence, 𝑐(𝑡) and 𝑁(𝑡) must grow at the
ame constant rate, 𝑔𝑐 = 𝑔𝑁 given by Eq. (44). □

The key insight from this proposition is that sustained economic
rowth with finite energy supply is possible. While energy efficiency
f existing products cannot be increased due to the assumed thermo-
ynamic constraints, decoupling is possible if the economy invents
ew products that require less and less energy input. Interestingly,
ecoupling is possible for any 𝛽 > 0 – even if the decrease in energy
ntensity for new products is extremely small. This also means that the
nergy share of the economy converges to zero for large enough 𝑡.

Hart (2018) also studies an expanding variety model with empha-
size on the rebound effect and directed technical change. In his setup,
improvements in energy intensity of high energy intensity products
are subject to a rebound effect increasing total energy consumption
rather than reducing it. We observe the same effect. In our setup
improvements in energy intensity of new products are the source of eco-
nomic growth enabling the economy to increase output. The Leontief
production structure ties together intermediate production and energy
onsumption. However, through improving the energy intensity of new

products the economy can create a new intermediate with higher value
for less additional energy input. Total energy consumption increases
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but less and less so as new varieties demand less energy input, so that
aggregate energy demand converges to a finite number.

4.2.3. Limits to energy intensity improvements
The equation for aggregate energy demand (40) further allows to

dentify necessary and sufficient conditions that make a decoupling of
conomic growth and absolute energy use impossible:

Corollary 2. If there exists an arbitrarily small but strictly positive lower
bound 𝜀 > 0 for the energy intensity of new goods, which will be reached in
finite time, such that 𝜀𝑗 ≥ 𝜀 for all 𝑗 and 𝜀𝑖 > 𝜀𝑗 for 𝑖 < 𝑗, energy use will
ot be bounded by above and decoupling of energy and economic growth is
ot possible.

Proof. With (40) follows 𝐸(𝑡) ≥ ∫ 𝑁(𝑡)
0 𝜀𝑥0𝑑 𝑗 = 𝜀𝑥0𝑁(𝑡) with 𝑥0 the

emand for the first intermediate (i.e. the intermediate with the highest
nergy intensity 𝜀0 which is given from (11)). For sustained economic

growth, 𝑁(𝑡) grows to infinity, implying that energy demand will also
grow without bound. □

The aggregate energy demand of the economy will always be greater
r equal to the case in which even the first variety has the lowest
ossible energy intensity 𝜀. If there exists a maximum available amount

of energy supply, �̄�, the inequality cannot hold for growing 𝑁(𝑡) and,
thus, economic growth will cease.

A simple example of a function with a positive minimum energy
intensity is 𝜀𝑗 = max

{

𝜀, 𝜀0𝑒−𝛽 𝑗
}

. In this case, even strongly declining
energy intensity due to a high 𝛽 will still imply unbounded energy use
if 𝜀 > 0. Thus, we would again end up in a zero-growth economy as in
ection 4.2.1.

This specification is similar to the argument made in Meran (2023).
He argues that there is a minimal material base to further economic
rowth resulting in a lower bound to the material intensity (Meran,

2023, p. 2). He then shows that perpetual growth, e.g. through the
accumulation of knowledge, cannot be guaranteed given this lower
bound. Corollary 2 shows that his result is a special case in our model
once assuming a lower bound for the energy intensity of new products.

Assuming that 𝜀𝑗 = max
{

𝜀, 𝜀0𝑒−𝛽 𝑗
}

we can again solve for the long-
un steady-state of the economy. By inserting Eq. (11) into Eq. (4) we
eceive the aggregate energy demand of the economy

𝐸(𝑡) = ∫

𝑁(𝑡)

0
(max

{

𝜀, 𝜀0𝑒−𝛽 𝑗
}

)𝐿

(

𝐴𝛼2

(max
{

𝜀, 𝜀0𝑒−𝛽 𝑗
}

)𝑄(𝑡) + 1

)
1

1−𝛼

𝑑 𝑗 .

(45)

If we define 𝜔 to be the variety at which 𝜀𝜔 = 𝜀0𝑒−𝛽 𝜔 = 𝜀, we can split
the integral to receive

𝐸(𝑡) = ∫

𝜔

0
𝜀0𝑒

−𝛽 𝑗𝐿
(

𝐴𝛼2

𝜀0𝑒−𝛽 𝑗𝑄(𝑡) + 1
)

1
1−𝛼

𝑑 𝑗

+ ∫

𝑁(𝑡)

𝜔
𝜀𝐿

(

𝐴𝛼2

𝜀𝑄(𝑡) + 1
)

1
1−𝛼

𝑑 𝑗 .

The first term is the energy demand of all varieties prior to variety 𝜔
and can be rewritten to

𝛺(𝑡) =∫

𝜔

0
𝜀0𝑒

−𝛽 𝑗𝐿
(

𝐴𝛼2

𝜀0𝑒−𝛽 𝑗𝑄(𝑡) + 1
)

1
1−𝛼

𝑑 𝑗

=
(1 − 𝛼)𝛼

1+𝛼
1−𝛼 𝐿𝐴

1
1−𝛼

(

(

𝜀0𝑄(𝑡)𝑒−𝛽 𝜔 + 1)
𝛼

𝛼−1 − (𝜀0𝑄(𝑡) + 1) 𝛼
𝛼−1

)

𝛽 𝑄(𝑡)
. (46)

The second term simplifies because we know that all varieties invented
fter 𝜔 lead to 𝜀𝑗 = 𝜀, so that aggregate energy demand is given by

𝐸(𝑡) = 𝛺(𝑡) + (𝑁(𝑡) − 𝜔)𝜀𝐿
(

𝐴𝛼2
)

1
1−𝛼

. (47)
10

𝜀𝑄(𝑡) + 1
In the long-run the economic environment from Table 3 can be repre-
sented by Eq. (47) and

�̇�(𝑡)
𝑁(𝑡)

= 1
𝑁(𝑡)�̃�

⎛

⎜

⎜

⎝

∫

𝑁(𝑡)

0
𝐿
(

𝐴𝛼2

𝜀𝑗𝑄(𝑡) + 1
)

1
1−𝛼

(

1 − 𝛼2 + 𝜀𝑗𝑄(𝑡)

𝛼2

)

𝑑 𝑗 − 𝑐(𝑡)
⎞

⎟

⎟

⎠

,

(48)

�̇�(𝑡)
𝑐(𝑡)

= 1
𝜎

(

(1 − 𝛼)𝛼 𝐴𝐿
�̃�

(

𝐴𝛼2

𝜀𝑄(𝑡) + 1
)

𝛼
1−𝛼

− 𝜌

)

. (49)

With a binding energy limit, such that 𝐸(𝑡) = �̄�, we can rearrange
q. (47) to receive

𝑁(𝑡) = �̄� −𝛺(𝑡)
𝜀𝐿

(

𝐴𝛼2

𝜀𝑄(𝑡) + 1
)

1
𝛼−1

+ 𝜔. (50)

One can see directly that an increase in the energy price, 𝑄(𝑡), also
ncreases the number of varieties, 𝑁(𝑡), since 𝜕 𝛺(𝑡)

𝜕 𝑄(𝑡) < 0. Hence, the
growth rate of the energy price, 𝑔𝑄, is positively linked to the growth
rate of varieties, 𝑔𝑁 . Analogous to the proof of Proposition 2, economic
rowth via 𝑔𝑁 > 0 automatically leads to increasing energy prices 𝑔𝑄 >

0. Increasing energy prices, then, decrease the consumption growth rate
via Eq. (49) until 𝑔𝑐 = 0. Once the rising energy price pushed down the
growth rate to zero, the zero growth era begins and we can solve for
the steady-state equilibrium of the economy. Rearranging Eq. (49) for
𝑐 = 0 gives us the steady-state constant energy price of the economy

𝑄 =
𝛼 𝜂 𝜌

(1 − 𝛼)𝐿𝜀

(

(1 − 𝛼)𝛼 𝐴𝐿
�̃� 𝜌

)
1
𝛼
− 1

𝜀
. (51)

For a constant energy price it also holds that 𝛺(𝑄) = 𝛺 ∀𝑡. Inserting
Eq. (51) into Eq. (50), we can derive the steady-state constant amount
of varieties in the economy

𝑁 =
�̄� −𝛺
𝜀𝐿

(

(1 − 𝛼)𝛼 𝐴𝐿
�̃� 𝜌

)
1
𝛼
+ 𝜔. (52)

Note here, that the number of varieties increases with the maximum
available amount of energy supply. Furthermore, the amount of va-
rieties increases with 𝜔. The more varieties are introduced until the
variety from which no more improvements in energy intensity are
possible is invented, the higher the overall amount of varieties that can
be sustained in the economy. Nevertheless, if there exists a lower bound
for the energy intensity, long-term wealth will be constrained by the
mount of incoming solar energy.

5. Vanishing intermediate goods

This section discusses an extension of the model by allowing for
vanishing intermediate products. Until now we assumed that every
newly invented variety lives forever and is used in the production
process together with its energy intensity. However, we now allow for
a portion of varieties to be discontinued every period. We model this
process by assuming that products vanish at a constant, exogenous rate.
This accounts for the fact that outdated technologies such as steam
engines and wired telephones are decommissioned and no longer in use.
We find that the general results stay untouched. Vanishing products can
help to decouple even stronger and decrease total energy demand to
zero in the long-run. However, if the energy intensity is homogeneous,
or has a lower bound, decoupling is not possible.

The total number of active varieties used in the production process
s no longer equal to the total number of invented varieties 𝑁(𝑡)
ut is now the number of invented varieties minus the number of

discontinued products 𝑁(𝑡) −𝜅(𝑡). We assume that 𝜅(𝑡) evolves according
o 𝜅(𝑡) = 𝑒𝛿 𝑡 − 1, such that products vanish at the rate 𝛿. In 𝑡 = 0
he number of active varieties in the economy is equal to the num-
er of invented varieties 𝑁0 because no product has vanished so far

(𝜅 = 𝑒𝛿⋅0 − 1 = 0).
0
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Table 4
Implications for long-run growth for different assumptions on energy intensity and energy supply.
Energy Supply Energy intensity: 𝜀𝑗 Implication for long-run growth

Abundant: 𝐸(𝑡) < �̄�
Constant: 𝜀𝑗 = 𝜀 Growth
Decreasing: 𝜀𝑗 = 𝜀0𝑒−𝛽 𝑗 Growth
Lower Bound: 𝜀𝑗 = max{𝜀, 𝜀0𝑒−𝛽 𝑗} Growth

Limited: 𝐸(𝑡) = �̄�
Constant: 𝜀𝑗 = 𝜀 No Growth
Decreasing: 𝜀𝑗 = 𝜀0𝑒−𝛽 𝑗 Growth
Lower Bound: 𝜀𝑗 = max{𝜀, 𝜀0𝑒−𝛽 𝑗} No Growth
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The rest of the model stays untouched. New varieties have lower
energy intensities, while early invented products with a high energy
intensity are discontinued after some time.3 The long-run growth rate
of the economy is still given by Eq. (44) and we assume that it is always
arger than the rate at which products vanish, i.e. �̃� ≥ 𝛿. Otherwise, the

amount of varieties declines to zero and the economy collapses. For
decreasing energy intensities according to 𝜀𝑗 = 𝜀0𝑒−𝛽 𝑗 , we can solve for
he aggregate energy demand of the economy, which is now given by

𝐸𝑉 (𝑡) = ∫

𝑁(𝑡)

𝜅(𝑡)
𝜀𝑗𝑥𝑗𝑑 𝑗 . (53)

For 𝜅(𝑡) = 𝑒𝛿 𝑡 − 1 and 𝑁(𝑡) > 𝜅(𝑡) we can solve the integral and receive

𝐸𝑉 (𝑡) =
(1 − 𝛼)𝛼

1+𝛼
1−𝛼 𝐿𝐴

1
1−𝛼

(

(

𝑄𝜀0𝑒−𝛽 𝑁(𝑡) + 1)
𝛼

𝛼−1 −
(

𝑄𝜀0𝑒𝛽(1−𝑒
𝛿 𝑡) + 1

)
𝛼

𝛼−1

)

𝛽 𝑄 ,

which is equal to Eq. (41) for 𝛿 = 0.

Proposition 5. If the energy intensity of new products decreases with the
rate 𝛽 > 0, new varieties come into existence at rate �̃� > 0 and old varieties
vanish at rate 𝛿 > 0, (i) total energy demand converges in the long-run to
zero, (ii) while the economy grows with the constant rate �̃�.

Proof. (i) Take lim𝑡→∞ 𝐸𝑉 (𝑡) = 0. (ii) The economy grows with
the number of active varieties 𝑁(𝑡) − 𝜅(𝑡). The growth rate thus is
𝜕(𝑁(𝑡)−𝜅(𝑡))

𝜕 𝑡
(𝑁(𝑡)−𝜅(𝑡)) =

�̃� 𝑁0𝑒�̃� 𝑡−𝛿 𝑒𝛿 𝑡
−𝑒𝛿 𝑡+𝑁0𝑒�̃� 𝑡+1 . And lim𝑡→∞

�̃� 𝑁0𝑒�̃� 𝑡−𝛿 𝑒𝛿 𝑡
−𝑒𝛿 𝑡+𝑁0𝑒�̃� 𝑡+1 = �̃� for �̃� > 𝛿. □

The key insight from this proposition is that vanishing varieties
and decreasing energy intensity enable the economy to decouple even
stronger than in the case without vanishing varieties. Since the most
energy intensive products vanish over time, only varieties with energy
intensities close to zero are active in the long-run and total energy
demand becomes zero. Furthermore, the economy grows constantly
because the number of active varieties increases at a constant rate.
However, Corollary 2 still holds. Once a lower bound for the energy
ntensity is reached, the same varieties with the same energy intensity
re invented and decommissioned each period not affecting the average
nergy intensity of the economy. For sustained economic growth the
umber of varieties must grow, and with that also the energy demand
rows without bound. Thus, for a limited amount of energy, decou-

pling is not possible and the economy ends up in zero-growth as in
ection 4.2.1.

6. Conclusion

This paper combined insights from thermodynamics on energy con-
version rates and available energy flows with an expanding product-
variety endogenous growth model to assess the role of energy for
economic growth. In particular, we set up a simple and transpar-
ent endogenous growth model that respects crucial thermodynamic
laws to highlight the key mechanism of decoupling economic growth

3 For the case of constant, homogeneous energy intensities, energy demand
of the economy does not change, because products with the same energy
ntensity are discontinued and created each period. Hence, the average energy
ntensity of the economy does not change.
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from energy use: decreasing energy intensity. Our insights provide
arious contributions to ongoing debates on possibilities to decou-
le economic growth from energy use and on the thermodynamic
easibility of sustained economic growth.

Thermodynamic laws suggest that the substitutability between en-
ergy and capital is limited for a specific machine or product. Hence,
sustained increases in energy efficiency are only possible through the
development of new products or varieties that are less energy inten-
sive than previous ones. Whether there exists a thermodynamically-
constrained minimum amount of energy for a new product is an open
question: while products have some material or energy-related base,
it is not clear whether there exists a lower bound. On the one hand,
mmaterial products, ideas, art, and knowledge are examples where
nergy requirements relative to the value of the output could possibly
e arbitrarily small. On the other hand, Smil (2017) and Parrique

et al. (2019) argue that absolute decoupling of energy use and eco-
nomic growth does not seem plausible in the future, since also the
ervice sector consumes energy and is rather a complement to the
aterial economy than a substitute. Bogmans et al. (2020) find that

nergy demand will not saturate anytime soon but estimate an en-
ergy Kuznets-Curve indicating that energy saturation might come at
very high-income levels. Hart (2018) shows a shift towards energy-
ntensive consumption has occurred over the industrial period and is
ven continuing in the most advanced economies.

The implications of the existence of a lower bound of energy content
are tremendous: if energy intensity can converge to zero, decoupling of
economic growth and energy use is possible. In that case, energy use
can be maintained at any constant level without affecting asymptotic
growth rates. If, however, the energy intensity of new products faces
a non-zero lower bound, decoupling is not possible: The wealth of
humanity converges to a constant level and will be determined by the
influx of solar energy.

Our results further emphasize why the price of energy affects
growth rates and innovation in the short-run. High energy prices reduce
monopoly profits from newly invented products and are therefore an in-
entive to innovate less. This growth effect, however, is only temporary
nd diminishes over time: Either energy intensities converge to zero
and the price of energy becomes irrelevant), or if energy intensities
o not converge to zero, the economy will eventually stagnate when
nergy demand hits physical supply and the energy price converges
o a constant. Thus, our results stress the need to shift towards less
nergy intensive value creation and highlight the role of innovation
nd structural change. The possibility of vanishing products with high
nergy intensities to free up energy allows even stronger decoupling,
owever, if there again exists a lower bound to the energy intensities
f new varieties, decoupling is not possible. Our main findings are
ummarized in Table 4.

Our approach could be extended by endogenizing the choice of
the energy intensity 𝜀 or its decline rate 𝛽. This could be done by
ssuming that the energy improvement of a new product depends
n research effort — or that energy intensities are an outcome of a

probability distribution where only products with a sufficiently low
energy intensity survive. However, we think that this would not change
the main findings of our model. Endogenizing the choice of the energy
intensity does not allow an analytically traceable solution anymore,
while only providing few additional insides. The key mechanism of
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constantly declining energy intensities for new products remains intact,
s well as the possibility of a lower bound preventing to decouple
conomic growth from energy use.

Additional empirical research could, on the one hand, provide
insights on the energy intensity of new developed products. One could
investigate vertical vs. horizontal improvements in energy efficiency,
to see to what extent the energy intensity of new products behaves
differently than energy improvements of existing products. This might
help to understand if it is reasonable to assume ever declining energy
intensities or if a lower bound exists. On the other hand, it could shed
light on potential limits to energy use and how they differ between
sectors. Demand for lighting, heating or cooling could be saturated once
optimal per-capita levels are obtained for human well-being. In partic-
ular, unbounded income growth would not lead to unbounded demand
growth for these energy-intensive services. Also, the transportation
sector – at least for human travel – faces an upper bound which is given
by the total amount of time a person could allocate to traveling and the
most energy intensive way of traveling per unit of time. Whether there
xists a reasonable upper bound for transporting goods, however, is less
lear. Globalization, specialization and differentiation of value chains
ould link energy demand to economic growth.

Finally, a major driver for energy consumption could also be trig-
gered by ongoing digitization and automatization of the economy:
energy demand of communication networks, personal computers, and
ata centers grows substantially stronger than the energy demand
f the aggregate economy (Van Heddeghem et al., 2014). A recent
tudy by Lange et al. (2020) found that instead of saving energy,

digitalization has brought additional energy consumption. If economic
alue creation consists more and more on computation-intensive digital
ervices, energy demand could increase without bound. Similarly, if
conomic production is performed by robots that require energy or arti-
icial intelligence even automates the production of new ideas (Aghion
t al., 2017), energy demand could as well increase without bound.

Thus, while human needs with respect to lighting, heating, cooling
and travel could be met with a bounded energy per capita supply,
digitization and automatization could turn out to be a major driving
orce for coupling economic growth to energy use.
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Appendix. Households

Households maximize utility given the budget constraint

max
𝑐(𝑡),𝐾𝑁(𝑡)}∫

∞

0
𝑒−𝜌𝑡

𝑐(𝑡)1−𝜎 − 1
1 − 𝜎

𝑑 𝑡 (54)

𝑠.𝑡. 𝑐(𝑡) = 𝑤(𝑡)𝐿 + ∫

𝑁(𝑡)

0
𝑟𝑗 (𝑡)𝐾𝑗𝑑 𝑗 +𝑄(𝑡)𝐸(𝑡) − �̇� . (55)

Households choose consumption 𝑐(𝑡) and the frontier capital stock 𝐾𝑁(𝑡)
t time 𝑡. The current value hamiltonian and the first order conditions
12
are

 =
𝑐(𝑡)1−𝜎 − 1

1 − 𝜎
+ 𝜇(𝑡)

(

𝑤(𝑡)𝐿 + ∫

𝑁(𝑡)

0
𝑟𝑗 (𝑡)𝐾𝑗𝑑 𝑗 +𝑄(𝑡)𝐸(𝑡) − 𝑐(𝑡)

)

,

(56)
𝜕
𝜕 𝑐(𝑡) = 𝑐(𝑡)−𝜎 − 𝜇(𝑡)

!
= 0 ⇒ 𝜇(𝑡) = 𝑐(𝑡)−𝜎 , (57)

𝜕
𝜕 𝐾𝑁(𝑡)

= 𝜇(𝑡)𝑟𝑁(𝑡)
!
= 𝜌𝜇(𝑡) − �̇�(𝑡) ⇒ 𝑟𝑁(𝑡) = 𝜎

�̇�(𝑡)
𝑐(𝑡)

+ 𝜌. (58)

Rearranging and using 𝑔𝑐 (𝑡) = �̇�(𝑡)
𝑐(𝑡) , we receive Eq. (17) from the main

ext

𝑔𝑐 (𝑡) = 1
𝜎
(𝑟𝑁(𝑡) − 𝜌). (59)
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