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This supplementary material contains the following:

e Section A: Shows how to obtain the cumulative age distribution from Gaussian
layer increment models.

e Section B: Explains how Gaussian age distributions can be synchronized to tie-
points, assuming no unknown biases.

e Section C: Demonstrates how the layer increment and age discrepancy models can
be fitted simultaneously using an MCMC approach on simulated data.

A Joint age distribution of Gaussian models

Assume that the underlying layer-increment model is a Gaussian process defined by
some fixed effects 8 and some additional hyperparameters 8, and that there is no
reason to suspect a bias in the layer-counted data y. Then it is possible to define a
computationally efficient framework for incorporating tie-points to constrain the age
uncertainty expressed by the posterior predictive distribution

m(y" | Ay) =7(y* | B,0)7(B,0 | Ay). (1)

In order to achieve this we require an analytical expression for 7(y | 8,0). By defining
Ar =yo + Ele a(w; | B) the likelihood of y given (B3, 6) can be expressed as

y|B,0~Np,Q," (2)

with mean vector p, = (Ai, ..., A,)" and some precision matrix Q,.

The precision matrix @, can be derived analytically without inverting 3, by ex-
panding the joint age distribution w(y | 8,0) = 7(y1 | B,0) - 7(Yn | Y1, s Yn—1,5,0),
and taking advantage of any conditional independence to simplify the expression. We
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2 Synchronization of layer-counted paleoclimatic proxy archives

demonstrate this procedure for the case where € follows an AR(1) process. This yields
a sparse precision matrix with bandwidth b, = 2:
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If the precision matrix for the layer increments, Q 5, (0), is known, then the corre-

sponding Q, (@) can be computed for general Gaussian random fields as follows. For

clarity, we assume yo = 0, and simplify the notation pu := p(8) and Q := Q(0). The

partial sum y, = Zle Ay; can be expressed as the matrix product y = RAy, where
the lower triangular matrix R and its inverse S = R™! are given by

1 1
1 1 -1 1
R= and S =
1 1 1 -1 1

Finally, the change-of-variables formula implies

w(y | 8,6) = Nu (1, Q,) = No (Rpsa, S7Qn,S) )

which constitutes the desired analytical expression for the likelihood of the ages. We
can then sample from the posterior predictive distribution for the ages

r(y* | Ay) = / w(y* | B.0)7(8.6 | Ay)dBdo (5)

using a Monte Carlo sampling scheme.

It can be shown that the precision matrix Q, = STQAyS will be a band matrix
of bandwidth b, = bay + 1. Thus, if Ay can be described using a Gaussian Markov
random field (GMRF), where the precision matrix is a band matrix with bandwidth
bay < n, then the ages y will also follow a GMRF with a banded precision matrix with
equally b, < n. This ensures that the log-likelihood can be computed efficiently (Rue,
2001) and that simulations can be obtained in linear time.

B Naive constraining of Gaussian age uncertainties

Consider a proxy record together with the corresponding age—depth model of the form
of Equation (4). Assume that for a set of depths 2, = (23, , ..., 2,,) | the exact ages y, =

m
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(Yby» s Yb,,) | are known from some external source of information. We call the set of
tuples {(zp,,, Yb, ) } . tie-points. Assuming that tie-points can be considered as realizations
of the posterior predictive distribution, then the synchronous age uncertainties are given
by

Tr(ya | Yp) /67 0) (6)

This assumes a partitioning of the joint vector age variables into y' = (y,, be), where
y,, represents the subset of the m fixed age variables and y, = (Ya,, -, Ya,_,. ) Tep-
resents the remaining n — m free variables, with n > m. A similar partitioning is
consequentially imposed on the mean vector and the precision matrix

_ (1a(8) _ (90 Qul0)
Ky (B) = (Nb(ﬂ)) Q0= <Qab(9)T be(a)) ' "

Since the joint distribution of y is Gaussian, so is the conditional distribution

7(o | Y1 B.0) = N (1201(8.6),Q;3(6) ) (8)
The conditional mean vector is given by (Rue and Held, 2005)
Kaip(B,0) = 14(B) = Q. (0)Quy(0)(yy — (B)), 9)
and the conditional precision matrix is simply
Q.;p(0) = Q,(0). (10)

Sampling from 7 (y,, | y,, 3, @) can be performed in linear time provided @, (0) is sparse.

In any realistic application, tie-points will be associated with a non-negligible amount
of uncertainty. Let the joint uncertainty be described by some distribution 7 (y, | &),
where € denotes a vector of known parameters or conditions that affect the joint tie-
point distribution. A set of uncertain tie-points is then comprised of a vector of depths
and a (joint) probability distribution of associated ages (zp, 7(y, | £)).

The synchronized dating uncertainty can then be expressed using the law of total
probability

w(y, | €8,6) = / (e | Yo, B, 0)(y, | €)dy,, (11)

where we have assumed conditional independence 7 (y, | y,, 3,6, €) = 7(y, | v, 3, 0).
The integral in Eq. (11) is often impossible to solve analytically. But given expression (8)
for m(y, | yp, B, 0), sampling from 7 (y, | &, B, 60) is simple and can be achieved using a
two-step Monte Carlo sampling procedure. First, sampling from vy, | £ yields predictive
posterior distributions according to the fixed tie-point synchronization for each sam-
pled set of tie-points. Second, from each fixed tie-point synchronization chronologies
can be sampled. This two-stage sampling procedure suitably reflects all remaining un-
certainty. A diagram illustrating our methodology, from model specification and fitting
to synchronization and sampling, is provided in Fig. 1.
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If the joint tie-point uncertainty is expressed by a Gaussian distribution,

Yy | &~ N(pe, Qg ) (12)

then Eq. (11) can be computed analytically. We then find for synchronized ages y,

Yo | €~ N (10 Qot) (13)
where
Haje = @it (ba = Quu(Qe + QLQ: ' Qu) ') . (14)
and »
Que=Q,—Qu (Qg + Qt—zert;lQab) Q. (15)
with
bo = Qutty + Quptby,  bo = Qepre + Q. Quptty- (16)

This implies that the resulting synchronous joint dating uncertainty is Gaussian and
retains the Markov property.

This approach assumes that tie-points can be considered to be realizations of the
posterior predictive distribution of y. It does not perform Bayesian updating on any
model parameters, nor does it take into account any potential biases in the counting
process that could cause a discrepancy between the layer-counted chronology and the
real time scale represented by the tie-points. This approach is therefore only useful in
incorporating tie-points that can be assumed to follow the same distribution as the layer-
counted data, to constrain dating uncertainties expressed by the posterior predictive
distribution. It should not be used if there is suspicion of a non-negligible bias in the
layer-counted data.

C Joint fitting with Markov chain Monte Carlo
simulations

To demonstrate how the layer-increment model and the age-discrepancy model can be
fitted simultaneously in a single step, we will present a simulated example. While this
approach is more computationally demanding and may require additional strategies to
ensure numerical stability, it provides a more realistic demonstration of joint inference.

In this example, we assume that the tie-points are fixed, meaning they have no inher-
ent uncertainty to account for. We first simulate n = 100 layer increments, Ay,, using
piecewise defined trends between pre-determined change-points. Synthetic proxy mea-
surements are sampled from an AR(1) process and combined linearly using coefficients
B. Additional variability is added by sampling from an AR(1) model with parameters
6. Next, tie-points are constructed by taking the cumulative sums of the synthetic layer
increments, y,;, and adding a component following a sine wave, representing the sys-
tematic bias ¥ = y, — y;. Tie-points are then extracted at locations 1,25, 50,75 and
90, while the remaining values are left unobserved, yielding ¥5 = (Ybs Ymissing)-
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1) Fit model for layer increments
Ay;=a(wl|B)+e(z180)
= N(uay Qay)

2) Sample parameters from posterior
distribution
(B°,0") ~m(B,6 | Ay1)

3a) For each sample, 3b)F h |
compute precision matrix oreach sample, 2b) Provide tie-points. If
e . compute mean vector )
Qy, =57Q,y(09S = Rug, (") uncertain, sample from a
_(Qa Qub) Hy = Bllay given distribution

“(of, o = () ¥i~ 1219

4) For each sample and set of tie-points,
compute synchronized mean vector
Haip = Mo = Q3" Qup (Y — Hp)

5) Sample from synchronized
posterior predictive distribution

Yai ~ N (Haip, Qa)

Figure 1: Diagram describing the process of fitting the age increment model to observed
layer increments and, subsequently, simulate chronologies that have been constrained
using tie-points, under the assumption of a Gaussian layer-increment model and no
bias in the layer-counting process. Steps 3—6 are repeated for every chronology in the
ensemble, while steps 1 and 2 are performed only once.

The objective is to fit the layer-increment model to Ay, and simultaneously fit
an appropriate model to the age discrepancies v, and then infer the unknown ages
Ymissing- 10 complement our examples in the main text, we demonstrate here an alter-
native age-discrepancy model: the ARIMA(1,1,0) process. The model is fitted using a
no U-turn sampler (NUTS) MCMC approach using a Stan implementation (Carpen-
ter et al., 2017; Stan Development Team, 2024). The results are presented in Fig. 2,
which depicts the synthetic layer increments, tie-points, and their respective model fits.
The figure illustrates that the fitted ARIMA(1,1,0) model is able to mimic the underly-
ing true sine function, despite only having 5 out of 100 observations. When the model
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Figure 2: An AR(1) model is fitted to simulated layer increments (panel (a)) and an
ARIMA(1,1,0) model representing potential structural biases is fitted to the discrepancy
between the cumulative sum of the layer increments and five fixed tie-points (panel (b)).
The models are combined and fitted to the extended dataset simultaneously. The black
points represent the observed data, the blue lines represent the true layer-increment
trend term (panel (a)) and the true bias from which the tie-points are taken (panel
(b)). The black lines represent the posterior marginal means and the red shaded area
represent the 95% credible intervals. The gray shaded area in panel (b) shows the 95%
credible intervals of the unsynchronized age, obtained by taking the cumulative sums
of the layer increments without incorporating tie-points.

accounts for an additional age-discrepancy component, the inferred uncertainties in-
crease. This contrasts with the unsynchronized chronologies, where no such component
is incorporated.
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