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Abstract

Numerous studies have explored the complex behaviors of stochastic fractional-order multirhythmic
models and stochastic vibro-impact multirhythmic models. However, discussions about stochastic trirhyth-
mic systems that include both fractional derivative elements in acceleration and vibro-impact parameters
are relatively rare. This paper focuses on managing the trirhythmicity and stochastic bifurcation of a new
extended fractional biological vibro-impact system subjected to correlated noise. To start, we replace the
viscoelastic force with damping and stiffness forces. This change allows us to eliminate the original trirhyth-
mic system’s discontinuity through a non-smooth transformation, resulting in a stochastic trirhythmic sys-
tem with fractional derivatives. Subsequently we employ random averaging to obtain estimate analytical
solutions. We discovered that characteristics like correlation time, restitution coefficient, and fractional
derivative coefficient may contribute to stochastic bifurcation. Simply altering the fractional order or re-
striction variable causes the probability density function to move between unimodal, bimodal, and trimodal
distributions, revealing the presence of stochastic bifurcations inside the fractional multirhythmic setup.
Furthermore, our research highlights that controlling system parameters including fractional order, control
parameter, restitution coefficient, and correlation time can effectively govern bifurcation behaviors. The
strong alignment between the theoretical and numerical solutions obtained from the predictor-corrector al-
gorithm, as well as between the theoretical solutions and Monte Carlo simulations, confirms the accuracy
of our conclusions. Additionally, our findings suggest that the noise intensity level at which the maximum
Lyapunov exponent changes sign is affected by the fractional order and restitution coefficient in the system
parameters. We also demonstrate that as energy loss during impact increases, the likelihood of vibro-impact
systems exhibiting chaotic behavior significantly rises.
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I. INTRODUCTION

In a variety of nonlinear dynamical self sustained systems, multirhythmicity is a common and
important feature [1-5]. Fractional derivatives are common in real-life situations and have been
successfully applied in physics [5-9], mathematics [10], biology [11, 12], chemistry [13], eco-
nomics [14], climate [15] and mechanics [4, 16] systems. It appears that fractional exponents
grew from integer exponents. The fractional dynamics structure is a dynamic model governed
by fractional-order derivatives, unlike everyday structures modeled through integer-order calculus
[17, 18]. Regardless of the availability of fractional calculus equipment in many fields of science,
fractional differential equations research remains a niche area of study due to the fact that frac-
tional calculus, as an extension of classical calculus, can provide an effective tool to understand
the inherent complexity of manifold nonlinear phenomena [4, 5, 11]. The above references dis-
play that fractional-order systems are regularly more appropriate than the classical integer-order
models to explain the complex systems which have memory property etc. The dynamical behavior
analysis of fractional-order systems has attracted growing interest from researchers [6—10].

As a typical non-smooth multirhythmic model, a vibro-impact model is involved in several fields,
such as civil engineering [19] and machinery [20, 21], and has been closely related to daily life.
Random elements will continually appear in practical engineering, and including random elements
in this foundation will make its multirhythmic traits wealthy and complex [22-24]. Impact under
dynamic loads is a dynamic phenomena produced through the repeatedly contact among the me-
chanical elements with clearance or kinematical constraint [25-27]. Impacts in various forms in
nonlinear system have been used successfully for controlling high-amplitude vibration systems
in many practical applications, such as in cutting tools, turbine blades and tall flexible structures
like chimneys [27-29]. Impacts happen when the system’s vibration amplitudes surpass critical
thresholds. Researching vibro-impact issues in nonlinear dynamic systems is important for opti-
mizing machinery with gaps, as well as for analyzing reliability and suppressing noise [30-33].
Numerous researchers have examined non-smooth elements in dynamic nonlinear systems [2, 34],
leading to the emergence of the new field of study known as non-smooth system [19, 21, 25, 30].
As multirhythmic systems with impact dampers contain one or more impact pairs of components,

they exhibit highly complex and diverse dynamic behavior due to their strong nonlinearity and



discontinuity. Over the last few years, vibro-impact issues have emerged as a fresh topic in non-
linear self sustained systems. Recent studies have focused on Hopf-bifurcations [35, 36], transient
response [37, 38], stochastic responses [39—43], bifurcation analysis etc [41, 44—47]. The study of
the stochastic response of vibro-impact systems has gained a lot of interest due to the unavoidable
noise perturbation in practical phenomena, leading to the proposal of numerous effective methods.
The VDP oscillator is widely studied in nonlinear dynamics and is a model for systems showing
self-excited oscillations in physics [16], biology [12] and even economics [34]. This oscillator has
seen a lot of improvement because it moved from monorhythmic to birhythmic model [3] and fi-
nally to trirhythmic model [12]. For stochastic non-smooth systems, with the help of a non-smooth
variable transformation put forward by Zhuravlev [42], some researches [25, 30, 42, 43] developed
the stochastic averaging approach to study the dynamic characteristics of vibro-impact systems ex-
cited by random perturbations. Recent developments in the VDP model have explored the dynamic
vibro-impact analysis, incorporating different types of fractional derivatives and exposed to differ-
ent types of noise. In their study, Yanwen et al employed a stochastic VDP vibro-impact system
with fractional derivative damping and Gaussian white noise excitation to analyze the impact of
noise excitation, restitution condition, and fractional derivative damping on response stationary
probability density functions. Furthermore, YongGe et al analyzed a vibro-impact oscillator with
two types of fractional derivative components [3], Li et al explored the stationary probability den-
sity functions of a Duffing-Van der Pol vibro-impact system driven by correlated Gaussian white
noise [33], Li et al examined the stochastic behavior of a nonlinear vibro-impact system with vis-
coelastic term under wide-band noise [44], Xie et al studied the transient response of a nonlinear
vibro-impact system under Gaussian white noise excitation [37], Kumar et al studied the bifurca-
tion analysis of a vibro-impact Duffing-Van der Pol oscillator with rigid barriers [7] and Wang et
al Examined the viscoelasticity of the vibro-impact system under fractional derivative [6].

It is emphasized that all the systems mentioned in previous references, which include the vibro-
impact effect and fractional derivative, as well as in other studies, exhibit both monorhythmic and
birhythmic patterns. To the authors’ knowledge, there have been no studies on stochastic frac-
tional trirhythmic biological vibro-impact systems with one kind of fractional derivative put on
acceleration and subjected to Gaussian correlated noise. Inspiredly, we are motivated to study
the bifurcation and trirhythmicity control in a fractional new modified trirhythmic vibro-impact
system in the presence of correlated noise. The study centers on an in-depth investigation of the

combined impact of fractional-order, correlation time, restitution coefficient, non-linear parame-



ters, correlated noise intensity and control parameters on the trirhythmic zone, energy barriers in
the trirhythmic system, Energy uptake, dissipipation, Hopf bifurcation, Lyapunov exponent and so
on in the trirhythmic vibro-impact model. The rest of this work covers the following four sections:
Section 2 discusses the system, presents a non-smooth transformation and the setup. In Section
3, the effect of system parameters on controlling trirhythmicity and energy barriers is studied. In
section 4, the analysis of stationary probability density function, Hopf-bifurcation and Lyapunov

exponent is presented and the conclusion of this work is given in Section 5.

II. SYSTEM DESCRIPTION, NON-SMOOTH TRANSFORMATION AND SETUP
A. Biological model and Equivalent vibro-impact system

Nonlinear systems can exhibit complex behavior, including chaos, bifurcation and so on [48,
49]. We handle a fractional self-sustaining trirhythmic biological vibro-impact system powered
by correlated noise and a fractional derivative. The movements of the system is modulated by the

following differential equation:

P (1= U2+ apU* — BoU® + 3U® — 85U 9L 4 W20 = o(t), U > 0.0,

. (D
U, = —rU_, U=0.0,

o, Bo, Y0, and g represent positive indices which quantify the biological system’s predispo-
sition to ferroelectric instability. i 1s a positive factor whose role is to modulate the nonlin-
earity of the model. Besides, 7o(¢) is a additive correlated noise, with < 7y(f) >= 0.0 and
{< no(t)mo(to) >} = Lexp (—@) , where D and 7 stand for the noise intensity and correla-
tion time, respectively. The term % = DU denotes the fractional derivative in which ) is
the fractional-order. It is worth noting that this is not merely a mathematical generalization, but
the incorporation of fractional-oder derivation in eq.(1) is of modeling interest in the sense that it
takes into account memory effects that are fundamental to almost every natural phenomenon. wy
is the typical frequency of the oscillator and 7 is the restitution coefficient. U+ and U_ denotes the
velocities of the system after and before the impact, respectively. The value of r shows the degree
of energy loss of the vibro-impact self sustained system, when collision occurs. In other words, the
energy loss is extremely small when r approaches to 1.0, but significant as r nears 0.0. From the

literature review, it appears that fractional vibro-impact van der Pol system can be used to model



and analyze the behavior of impact dampers, which are used to control vibrations in mechanical
systems, model and optimize vibration-based energy harvesting systems, which convert ambient
vibrations into electrical energy or to model and analyze the dynamics of human gait, including

the effects of nonlinearity and fractional order dynamics on gait stability and variability.

B. Expanding investigation of the fractional trirhythmical self-sustained model

Fractional calculus in mechanical systems extends integration and differentiation to a non-

integer-order integro-differential operator , D. What can be outlined as:

% if R(q) > 0.0,

pDy =4 1.0 if R(q) = 0.0, (2)

foy (dr)"* if R(q) < 0.0,
where the derivative order q can be a complex number, and }(q) represents the real component of
g- The numbers p and y represent the operator’s bounds. Currently, there are various definitions
for fractional derivatives, including the Grunwald — Letnikov, Caputo, Riemann — Liouville
and Atangana — Baleanu formulations. In this investigation, we will employ C'aputo’s concept,

which describes fractional-order derivatives as follows:

1 t U(Tl)
DAU(t) = dr;, 0.0<A<10 3
() F(l—A)/O (t—Tl)A 1, = 3 ( )
where ['(z) = 0+°° e 't*~1dt denotes the Gamma function satisfying the following expression:
['(z + 1) = 2I'(z). Additionally, the term % = D*U(t) accounts for the intrinsic damping

vibration to the studied dynamics. It was shown in Refs.[3, 4, 11, 14] that the expression associated
with fractional derivative can serve both as classical restoring and damping force. Hence, by
appropriately implementing the harmonic function method, the expression for D*U(t) can be

substituted by the expression:
A . A .
D'™U(t) = D (D U(t)) = wy ' sin (;) U(t) + w; cos (;) Ul(t), 4)
combining Eq.(4) with Eq.(1) yields the following comparable random expression:

TU — 11 (B — U? + aqU* = BoUS + 70U® — 66U )L + w2U = Bamo(t), U > 0.0,

. &)
U, =—rU_, U=0.0,

1—X A
Where U1 = :EOZ(;T)\)’ ﬂl =1 (:—g COS (W—A), Wl = sin<ﬂ)\>’ ﬂQ = sin(ﬂ)\)
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FIG. 1: Comparison of limit cycles plots and Recurrence plots between numerical solutions
and approximate solutions with ordinary derivatives of fractional trirhythmic self-sustained system
for a fixed value of the fractional-order parameter A = 0.997 and when (ag,50,70,%) =

(0.144,0.005, 5.862.107°,2.13.10~7), r = 1.0, wp = 0.9 and pp = 0.002.

C. Confirmation of the accuracy of analytical findings through the application of the predictor-

corrector technique when D = 0.0 and r = 1.0

This subsection compares the computational results of Egs. (1) and (5) when the noise intensity
and the restriction coefficient are 0.0 and 1.0, respectively. Recurrence analysis of time series [50]

is based on the examination of a matrix R whose members are defined as
1,7 =1.N (6)

where ®(z,y) is the state vector, N is the length of the time series, and 7 and j are related to
the line and column of the matrix, indicating equivalence up to an error €. The elements of the
matrix 2 are obtained by comparing the system’s state at time ¢ and j with a threshold precision

of € = 0.1. The matrix is defined as follows:

Rij = 0(e — ||P; — @5])), (7)



with ||(.)|| being the Euclidian norm and 6(e — ||®; — ®,||) = 1.0if € > ||®; — D[, O(e — ||P; —
®;||) = 0.0if e < ||®; — ;|| is the heaviside function.

In Fig.1, the phase portraits and recurrence plots are presented and we compare the numerical
and approximative solutions for periodic oscillations when the fractional-order is 0.997. For the
recurrence plots, we set the beginning scenario around the attractor’s minimum amplitude. The
approximative solution seems to align closely with the results of the numerical predictor-corrector

simulations.

D. Non-smooth processing

The discontinuity in Eq.(1) can be eliminated by applying Zhuralev’s mirror image transfor-
mation of state variables, which involves introducing non-smooth transformations of the state

variables as follows:
U=U,=|Z|=Zsgn(Z), U=Uy=Zsgn(Z), U= Zsgn(Z), (8)
where sgn(Z) is the signum function of Z, such that

—1.0 for Z < 0.0,
sgn(Z) = 0.0 for Z = 0.0,
+1.0 for Z > 0.0.

Obviously, the transformation Eq.(8) maps the domain U > 0.0 of the original phase plane
(U, U ) onto the whole phase plane (Z, Z ), and makes the transformed velocity Z continuous when

r = 1.0. Substituting some equations, the equations of the new variable can be written as follows:

& —m (ﬁl — 72 + 00 Z* — PoZ8 + 0 Z° — 50210) @ Wiz = Basgn(Z)no(t), ¢ # b,

Zi=r7_, t=t,.
)
Here, the second relation of Eq.(9) is a constraint equation. Clearly, when ¢ = t,, there is a

discontinuity in the velocity due to the impact when r # 1.0. The change in the velocity when

Z(t.) = 0.0 (at impact) is given by

(Zy —Z)0(t —t,) = (1 —1)Z|Z|6(2), (10)
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In this circumstance, one must regard the function §(.) as a distribution function, which works
on a significantly smooth function ¢(t) to achieve [*°_¢(s)d(s — t)ds = ¢(¢~). In other words,
The function §(.) indicates that the velocity is estimated to be right before the effect of impact
occurs. Take into account that the usual understanding of 0(.) as a Dirac-delta function requires
that §(.) can thus be used to deal with the vibro-impact constraint as an impulse damping of the
governing model at each vibro-impact moment. This could lead to issues because there ought to
be a discontinuous element Z | Z | at Z = 0. The conversion in Equation (10) results in representing

the impact’s effect as a dissipation term described by the approximation
(1—=r)Z6(t—t) ~ (1 —1r)Z|Z|6(2), (11)

if |Z.| < |Z| < |Z_|. Then the original impact oscillator of model (1) can be reduced to the
following system without the impact term:

RV
W_Ml

dz L
<51—Z2+aoZ4—5OZG+%Z8—5ZIO> E+<1_T)Z|Z|5(Z)+W%Z = Pasgn(Z)no(t)

(12)

E. Stochastic calculating technique

If po, o, Bo, Y0, 00, (1 — 1), and D are all tiny elements, then the solution of Eq. (12) has a
periodic form. Consequently, for the slow varying amplitude Ay (¢) and phase 6y(t), we establish

the following expanded trial technique [5]:
Yo = Z(t) = Ao(t) cos do(t),
Yo =v=2Z(t) = —Ag(t)ws sin go(t),
Go(t) = wit + 0o(1), (13)

in which Ay, ¢ and 6, being random processes. Taking the derivative of the above with respect to

time results in
Ag cos ¢y — Apby sin ¢g = 0. (14)

Based on this, one can get the equations for the amplitude A, and the phase angle 6, from Eq.(12)

as
dA
d_to = —wil(f(zjv) + sgn(Z)Bano(t))sindo,
db
T = (20 + sn(D) () eosin, 1s)



where f(Z,v) = A\gv, with

1 .
Ao = 1 (51 — 2%+ agZ* = BoZ° + 0 Z® — 602" — —(1 — 7”)|Z|5(Z)) . (16)
H1
centered on the random averaging concept [9], (Ao, 0y) can be considered as a two-dimensional
stochastic diffusion process. This allows for an estimation of the drift factor and the diffusion

factor of the Fokker Planck formula through stochastic averaging and averaging over an oscillation

period of (27 /w1 ):
- 51 2 )
Ay = f(Ao) — 5 10(t) sin(6o) dbo,
w1 Jo
6, = —_D / 7 ol cos(60) o a7)
2rwi A J, ’

the expression f(Ay) is defined in the following manner:

A
f(Ay) = ’1‘822 [51251 — 128 A7 + 64ag Ay — 408y AY + 289 A — 215, Ap”

_ (1 — r)wle
—7'(' .

(18)

If  we  consider [,ul(ﬁl — 22 4 apZt — BoZ5 + 4028 — 8,210 + 7“;—11|Z|5(Z)|)Z}
in Eq.(12) as an external force, in the context of energy, we obtain £ =
[ul <51 — 7%+ g Z* — By 28 4 0 28 — 60210 + 7"/:—11|Z](5(Z)|) ZQ], over the  period
0.0 <t <T(T =~ ), we write AF as

AE = E(T) — E(0)

T
= / |:,U,1 <61 —Z2+OZQZ4—6026+70Z8—50210+
0

r —

1|Z‘|5(Z)|) 2‘2_ dt. (19)

21

Using the foregoing analysis of Eq. (12), we get the following term:

P _
AE = 1A % [51251 — 128A2 + 64ap AL — 4060 AS + 2870 A5 — 215, AL
(1 — r)wlAO

: (20)

™

The classic origin of correlated noise is a Gauss-Markov process characterized by exponential

correlation is given as follows:

L VD)

1o + ;770 =
<n(t)n(e1) > = St — ¢), (2D

10
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FIG. 2: Two variables bifurcation illustration of modified vdP oscillator in the variable plane (ayp, o) when
(70, d0) = (0.0, 0.0) (fig (i)) and (70, do) when (a, Bo) = (0.144, 0.005). The selected parameters are:
D =0.0,r =1.0 pp = 0.01, wp = 1.0.

where S(p) = S(—p) = 5 + 20 = is believed to represent the power spectrum.

1 2w

o [ () sin(@u)dsy = 2i[n0<t) coswo)]gui / "o (1) cos(6) b,

T 201+ 72 V17 2le
1 2
_% 0 770@) COS(GO)dQO = \/ 1+7 2W1627 (22)

Wie1(t) and Wieo(t) are separate normalized Wiener processes, and D = A% denotes the dimen-
sionless noise amplitude. The equations (17) clarify why attractors transition to escape states,
based on the effective force f(Ap), which is a gradient of an expression, implying the presence of

a pseudo-potential. The expression for the effective pseudo-potential U, ;r(Ay) is as follows:

32 14 7
~Ue(Ag) = 16‘;4 [25651A2 3245 + gaoAg — 560 A5 + 3%1430 — 150‘4‘1)2
. (]_ - r)wlA(Q) /BQD ID(AO) (23)
27 2w (1 +72)

Equation (23) demonstrates that the potential U f¢(A) relies on the restitution coefficient r, the
fractional-order A, and the nonlinear parameter 1. Stationary oscillating entities are formed when
OU.s¢/0Ap = 0. The corresponding amplitude equation fits the formula:

1 oo 5 7 2(1 — r)w
. iy Sy S 7 A8y s g0 2 m 1)
Pt 340 = 5 Ao 5o = gm0 e 5o 00 o
B2D
. — 0. 24
pa (1 + 72)w? A3 G4

11



In Fig.2, we initial indicate in Fig.2(i) the area of (v, o) when 75 = dy = 0.0 of system (1) where
the system admits three constructive solutions. Then, in Fig.2(ii), for («y, 5y) collected in the
birhythmic area of Fig.2(i), we represent in parameter plane (7, dp) the domain where system (1)
in absence of noise has five constructive solutions. The saddle-node bifurcations correspond to L1,
Lo, and L3 in Figs.2 (i) and (ii) that enclose the birhythmic and trithythmic areas. The bifurcation
line on the left (L) indicates the saddle-node bifurcation of the outer limit cycle, which is the high
amplitude attractor, while the right line (L3) signifies the saddle-node bifurcation of the inner limit

cycle, which is the low amplitude attractor.

III. MANAGING TRIRHYTHMICITY AND ASSESSING ENERGY BARRIERS
A. Managing trirhythmicity by restriction coefficient and nonlinear term

The key characteristic of the nonlinear self-excited vibro-impact oscillator discussed in Eq.(1)
is having multiple stable limit cycle solutions above two, displaying trithythmicity depicted in
Fig.2(ii) according to equation (25) in a noise-free scenario. By using the analytical estimate pro-
vided in equation (25), we can determine the number of positive roots that determine the existence
of limit cycles. In Fig.3, the impact of the restitution factor in the trirhythmic zone of system
(1), when (v, p) is taken in the birhythmic area of Fig.2(i), is presented. We find that a modest
change of restitution coefficient 7 results in a significant shift in the trirhythmic zone. Alterna-
tively, a decreasing value of r reduces the trirhythmic zone, and if this coefficient reaches a certain
value, the system evolves into birhythmic. Fig.4 depicts the zones of dissipation (f(Ag) > 0.0)
and energy uptake (f(Ag) < 0.0). It is clear that a limit cycle periodic response f(Ag) should be
zero, and the total number of solutions indicates either the existence or the absence of the num-
ber of limit cycles (periodic attractors) of this fractional vibro-impact system. Additionally, in
this fractional multirhythmic system, the stability of the limit cycles can be tested by evaluating

the derivative of the amplitude equation with respect to the amplitude and the stability implies

[df(Ao) ]
dAo Limit—cycle

and Ags are present, and separated by the unstable attractors Ay, and A, as presented in Fig.4(a).

< 0.0. In the region of trirhythmicity, three stable periodic attractors Agy, Ags
It is clear that vibro-impact, as an external force on the fractional multirhythmic system, can ef-

fectively control the behavior of limit cycle oscillations. To study the effects of the restitution

coefficient on the rhythmic properties of the oscillator, the plots of f(Ag) versus amplitude for

12
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FIG. 3: Bifurcation determination of the trirhythmic vibro-impact system within (7o, dg) space showing
the areas of birhythmicity and trirhythmicity for four values of vibro-impact coefficient when (g, o) =

(0.144, 0.005). The specified parameters are: D = 0.0, 9 = 0.01, A = 0.999 wp = 1.0.

different values of r and for different control parameters «y, 5y, Yo, 9 are shown in Figs.4(b)-(d).
Starting out, when the energy loss during the impact is extremely small, we detect five roots, indi-
cating trithythmicity in Fig.4. With a decrease in r to » = 0.98 (Fig.4(b)), the curve is gradually
pushed downward and the roots are still five. As the value of r continues decreasing (r = 0.96),
the curve is gradually pushed upward so that it crosses the zero line only once, exhibiting a three
roots indicating two stable limit cycles or birhythmic behavior. As r further decreases, the curve is
gradually pushed downward and the oscillation is recovered with the monorhythmic behavior and
after a certain value of r (r = 0.90), the number of roots is zero, i.e. there are non-oscillations.
This observation differs according to the control parameters (ayg, B9, Y0, 00)-

In Fig.5, we draw reliable bifurcation diagrams illustrating the amplitude A, dependency on r
for various settings of the nonlinear parameter 1. Undoubtedly, the system has progressed from
trirhythmic to birhythmic and, subsequently, to monorhythmic with decreasing r. The interval of
r in which the system is trirhythmic depends strongly on the nonlinear parameter. In Fig.5(¢e), we
observe that for py = 0.7, the system is solely trirhythmic for all values of  and regardless the

degree of energy lost after the impact.
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and energy uptake for different value of vibro-impact coefficient when (ag, 5o, 70, 00) =
(0.144, 0.005, 5.7.1075, 2.1077) (a, b), (a0, Bo, Y0, d0) = (0.144, 0.005, 5.862.1077, 2.13.107)(c) and
(a0, Bo, Y0, 60) = (0.144, 0.005, 4.3.1075, 1.10~7)(d). The set parameters are D = 0.0, ug = 0.01,
wo = 1.0, A = 0.998.

B. Managing trirhythmicity by fractional-order derivative

Based on Eq.(25), Fig.6 shows the bifurcation graph in the (7o, dy) parameter plane by altering
the fractional-order parameter A\ at » = 0.998. This picture illustrates how A\ affects the multi-
rhythmic zone, exhibiting blue, green, and black patches representing monorhythmic, birhythmic,
and trirhythmic regions, respectively. We found that all of these areas alter with a slight shift
in A. Specifically, the monorhythmic zone expands when A drops, whereas the birhythmic and

trirhythmic zones reduce.

C. Investigation of Energy Barriers throughout the Trirhythmic System

The benefit of using the quasi-potential in a multi-rhythmic system lies in its ability to en-

capsulate stability properties in a straightforward energy barrier, allowing for the extrapolation of
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(0.144, 0.005, 5.862.1075, 2.13.10~7), D = 0.0, wp = 1.0, A = 1.0.

results from short escape times to rare events using Eq.(1), where correlated noise can provide
the necessary energy to surpass a trapping potential. Hence, it is impossible to trap the system
permanently within a well: Once fluctuations become large enough to surpass the barrier, the sys-
tem exits the attractor’s basin of attraction. Similarly, in oscillatory systems with three coexisting
attractors, noise causes the attractors to become meta-stable and allows the system to randomly
transition between them. When the three attractors are periodic cycles with varying durations, the
system transforms into trirhythmic. The pseudo-potential is applicable in describing various phys-
ical characteristics of a specific system. When the fractional multirhythmic system is subjected to

random fluctuations like correlated noise, in the case of five attractors (three stables and two unsta-
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FIG. 6: The trirhythmic vibro-impact model’s bifurcation in (g, dp) space shows zones of monorhythmicity
(blue), birhythmicity (green), and trirhythmicity (black) for four fractional-order parameter A values when

(a0, Bo) = (0.144, 0.005). The selected parameters are D = 0.0, uo = 0.01, 7 = 0.998 wp = 1.0.

bles), a transition between the three stable attractors can happen, and a new kind of bifurcation is
observed. In Fig.7, the effects of restitution coefficient and fractional-order on pseudo-potential of
the fractional vibro-impact system are presented. According to eq.(23), the sketch of the effective
pseudo-potential profile depending on A and for self-sustained oscillator with multi-limit-cycles is
given in Fig.7 for different value of r Fig.7(a) and A\ Fig.7(b). We remark that when r decreases, the
potential well in Ay tends to disappear and however, that one in A5 increases in depth rather and
the quasi-same phenomena is observed with the variation of A (see Fig.7(b)). It is also important to
mention that the amplitudes Ay, A3 and Agy; change very slightly when r or \ increases. Figure
8 depicts the energy barriers resulting from local stability via correlated noise-assisted hopping.
Indeed, correlated noise can provide sufficient energy to surpass a trapping potential AU;, mak-
ing it unfeasible to indefinitely confine the system in a well: Once fluctuations surpass the barrier,
the system will exit the attractor’s basin of attraction. Nevertheless, there are occasions when
rhythmic processes may exhibit a more intricate behavior. One type of complicated oscillatory
pattern is when three stable oscillatory patterns exist at the same time in the same external cir-

cumstances. Eq.(23) describes the behavior of effective energy barriers. We evaluated the energy
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FIG. 8: Schematic illustration of the Energy barriers in an asymmetric meta-stable effective poten-

tial. AU, are the corresponding activation energies. The selected parameters are (o, So,70,00) =

(0.144,0.005, 5.862.107°,2.13.1077), pp = 0.01, D = 0.24, A = 0.999, r = 0.999.

barriers using simulations in Fig.9, plotting the energy versus correlation time and fractional-order
for two distinct restitution coefficient numbers. In this figure, AU;, AU,, AUz and AU, represent
respectively the variation of energy that a particle needs to escape from the potential wells in Agq,
Ags-to the left wells, Agz-to the right wells and Ags. It should be mentioned that according to the
results found, excluding AUs, the energy is lowered when r falls and for the increasing value of A,
AUy, AU, AU, are increasing while AU, is decreasing. This is found for all values of correlation

time taken between [0, 5].

Our findings suggest that using effective trapping energy in a fractional vibro-impact system
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might enhance the global stability of trirhythmic attractors, even with correlated noise, vibro-

impact value, and fractional derivatives.

IV. EXAMINATION OF STATIONARY PDFS, HOPF BIFURCATION AND LYAPUNOV EXPO-
NENT

A. Stochastic Bifurcations in this fractional trirhythmic vibro-impact model
1. Stochastic reactions

In the limit of low noise intensity, ) << 1, one can introduce the transformation equations
Eqgs.(13) to calculate the stationary Probability Distribution Function (PDF) of the amplitude of

system (1). Moreover, the Fokker-Planck-Kolmogorov formula for the amplitude produces:

0P,(Ap,t) 0 1 0

— 7 [mi(Ag) Pr (Ao, t)] + 3942 [

ot 0A 01(Ao) Py (Ao, t)], (25)
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with

A
mi(Ag) = ’1‘ 822 5128, — 12842 + 6dag AL — 408, A5 + 287, A3 — 216,420
_ (1 — r)w1A0 ﬂgD
7r 2A0w3 (1 + 72)’
B2D
o1(Ag) = 21+ ) (26)

Solving Eq.(25), the stationary PDF for the amplitude is given by the equation:

. NO ox Ao 2m1(w) -
PT(AO) - Ul(AO) p [A O'I(YD) d

_ NW%Aﬁo?%%- 72) ox [Mlbgiélﬂz—DTZ) (25651A2 _ 304t ¢ %Ag 5B AR + %Aéo
_7750,452> - % , @7)

where N is the normalization unvarying, adheres to:
N, — [/OOO w%A(ng—i— 72) ox ultgi(zlﬁjDTQ) (25651148 a4t %AS 58S+ %Aéo
_%%Ag)?) - % e (8)

Then the stationary PDF of the total energy is given as follows H = Q(A;) = swiAj can be
retrieved so that

dAy
dH

PT’(AO)

W%AO

: (29)
Ao :Q71 (H)

PT(‘H) = P’I‘(AO)

The fundamental estimation for the joint probability density of displacement and velocity can be

obtained as follows:

P Y(),YO (Z7 Z) -

. . 2
2 2 2 2 Z?
_ M) [ng g {25651 <22 " Z—2> - 32 <22 + E)
2 wi 1

N N L\
32 Ve Z* 14 Z*
ool 22+ L) —sp| 22+ L) | 22+ 2
+3040< —l—w%) ﬁo( —l—w%) +5’Yo( —|—w%
N .
7 zZ? (1—r)wi(l+72 zZ?
SN 7 . 1 7t 2
40< +w%> } 7D +wf
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in which 7,.(H) = i—’lr The joint stationary PDF of the original displacement U; and velocity U,
ought to be calculated by doing the following:

r

Pr(Ul,UQ) = 2PYO,Y0<U17U2)7 and U1 > 0. (31)

The stationary PDFs of displacement U; and velocity U, can be used to detect stochastic P,.-
bifurcation by analyzing the variations in the number of extreme points in the PDF. Based to the
singularity hypothesis [9, 12], the modification of the extreme value of the PDF must satisfy two

conditions:

OP,(Ap) 0?P.(Ap)
0A A2
To achieve this goal, we may revise the PDF of amplitude as

=0, and =0. (32)

PT<A0) = NULO(A07O[0a60770a507r7 MO)D77—a )\) X eXp(S(A07a07B()7,707507Ta Mo, DaTa A))a (33)

in which

w2Ag(l+ 72
Ly(Ay, oo, Bo, Y0, 00, T, ho, D, T, A) = M

BoaD

W1+ 73| 320y
S(A 5 D) = “L—— 2| | 2564, 43 — 32A5 + ——AS — 58, A5
( 0:040,50,70, 0,75 Ko, ) /BQD 512 ﬁl 0 0+ 3 0 BO 0

14’}/0 10 750 12 (1 - T)wlAg
—A, ——A - . 34
t——Ag — A - (34)
The Both relations Egs. (32) and (34 provide the following two constraints:

My = {Ly+ LoS" = 0.0, Lj + 2LyS" + LoS” + LoS™ = 0.0}, (35)

where M, represents the state of change in the peak heights of the PDF shape. By substituting
equations (34) with equations (35), we can determine the necessary parameters for a random P-

bifurcation, including A, r, i, and the correlated noise parameters D and 7.

wi(l+712) 1 1 5 7 21
D = 1T [25% — ﬁlAg + ZA% — gaoAg + 6—450143 — ES"}/()A%)O -+ 55014(1)2
2(1 — A2
L2 = rendy ;)wl 0, (36)

where the amplitude A, guarantees:

201 —
101 (— 1288 A2 + 960 AL — 808y AS + T079AS — 6350 AL) + 256 (m - (—T)“l> — 0.037)
T
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FIG. 10: Bifurcation diagram in parameter plane (A, 7) for four different values of correlated noise intensity:
(a), (b), (c) and (d) correspond respectively to D = 0.05, D = 0.3, D = 0.7, D = 1.2. The selected
parameters are (o, 50,70, d0) = (0.144,0.005,5.862.107°,2.13.10~7), pp = 0.01, wg = 0.9.

2.  Regulating bifurcation with fractional order derivatives and correlated noise

In this subsection, the fractional-order is used as the bifurcation parameter to investigate the
impact of colored noise on the random response in the fractional-order trirhythmic vibro-impact
system. Moreover, the impact of fractional-order term on vibration properties of the fractional
vibro-impact system is demonstrated. In the variable plane of 7 and A, Fig.10 depicts the bi-
furcation schematic from the study of equations (36) and (37). In this figure, the effect of the
correlated noise intensity on the domain (A, 7), where the fractional vibro-impact system present a
multirhythmic behavior, is shown. The stationary amplitude pattern is trimodal in the black area,
bimodal in the green area, and unimodal in the blue area. The trirhythmic region in the parameters
(A, 7)-plane decreases with increasing correlated noise

Figure 11 compares the predictor-corrector algorithm to the analytical answer Fig.11(a) and
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FIG. 11: (a): Analytical and predictor corrector simulation of Amplitude versus fractional-order. (b): Ana-
lytical and M onteCarlo investigation of stationary density function for different values of A. The selected

parameters are: (avo, 80,70, 60) = (0.144,0.005,5.862.1075,2.13.10~7) D = 0.1, 7 = 0.5.

Monte-Carlo predictions to the analytical approach Fig.11(b). In Fig.11(a), we display the fluctu-
ation of the amplitude of the limit cycles in function of fractional-order employing the predictor-
corrector approach (dotted lines) and analytical solution (solid line), and we discover that the
number of limit cycles alters with the shift of A. Figure 11(b) shows the change of the PDF vs am-
plitude for four different values of A employing numerical Monte Carlo calculations (dotted line)
and analytical calculation (solid line). The PDF of the previous fractional vibro-impact system (1)
for amplitude may have one, two, or three peak levels, demonstrating the shift between one peak

and three peaks with modifying A, contributing to a stochastic P-bifurcation.

3. Regulating bifurcation using restitution parameter

From equations (36) and (37) we find for established values of (ag, 89,70, 00) taken in the
tristable surface the areas of the parameter plane (7, 1), (A, r), where the fractional vibro-impact
system is trirhythmic or birhythmic. To estimate the implications of such correlated noise, 7, A,
from formulas (36) and (37), for selected values of (ayg, Bo, 70d0) collected in the tristable surface,
we present in Fig.12 the bifurcation graphic for a given parameter plane (1, 7) (Fig.12(a) and
(b)) and (A, r) (Fig.12(c) and (d)) and the study examines how i, wy, 7, and A affect trithythmic,
birhyhmic, and monorhythmic action. Specifically, as anticipated by the evaluation of Eq.(25), we
determine that decreasing wy decreases the trithythmic section in the variable plane (1, 7) and
increases the trirhythmic portion in the parameter plane (\, r). regardless of whether the values of

the parameters (v, 5o, Y0, o) are picked within the trirhythmic range, modifying various variables
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FIG. 12: Bifurcation investigation of the trirhythmic vibro-impact model in parameter plane (ug, r) (figures
a and b) for A = 0.995 and in parameter plane (\,r) (figures ¢ and d) when oy = 0.01 depicting the
areas of monorhythmicity (blue surface), birhythmicity (green surface) and trirhythmicity (black surface)
for two values of natural frequency wgy (wp = 0.9 (figures a and ¢) and wy = 0.9 (figures b and d)) when

(ag, Bo, Y0, 90) = (0.144,0.005, 5.862.107°,2.13.10~7). The selected parameters are D = 0.1, 7 = 0.5.

such as A, r, ug, etc. leads the model to revert back to the monorhythmic situation. In overall,
singularity hypothesis suggests that the topological designs of stationary probability trajectories at
different places (r, ) change with modest modifications in frequency and nonlinear component.
Considering the restitution coefficient serving as a bifurcation parameter, this part concentrates
on the regulation of stochastic bifurcations by r using theoretical answers (33) and (34). Fur-
thermore, the predictor — corrector algorithm performs Monte Carlo numerical simulations of
the fundamental fractional-order multirhythmic model (1), resulting in the stationary PDFE. As
demonstrated in Fig.13, the stationary PDF was applied to address the bifurcation regulation using
multiple restitution coefficients and two different nonlinear parameters. P, (A) exhibits three peaks
atr = 0.99 and pp = 0.005. With a subsequent decrease of r, for example when r» = 0.97 or 0.96,
we notice two peaks that have distinct behavior, and when » = 0.84, both other peaks disappear,
leaving only one peak. On the other hand, when 1y = 0.2, we change r between 0.7 and 0.999 and

we note that the three peaks endure but have a different behavior and the shift between trimodal
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FIG. 13: Analytical and MonteCarlo investigation of stationary density function for different val-
ues of restitution coefficient and for two different values of nonlinear parameter ((a) corresponds to
1o = 0.005 and (b) corresponds to pg = 0.2). The selected parameters are: (g, Bo,70,00) =
(0.144,0.005, 5.862.107°,2.13.10~7) D = 0.1, 7 = 0.5.

to unimodal distribution is not observed in this case. Choosing a point (7, i) or (r, A) in each
region results in a complete set of different stationary PDF graphs. The existence of r can shift
the stationary probability density function from a unimodal to a trimodal distribution, indicating a
stochastic P-bifurcation. This regulates the onset of bifurcation mechanisms. The consistency be-
tween analytical approaches and Monte Carlo simulation findings validates the theoretical analysis
in this newly developed system. Figure 14 shows how r affects the joint PDF of U displacement
and Z velocity. A near-doubling of r causes significant changes in the joint PDF, with a gradual
shift in A resulting in an enhancement from a vast crater (with » = 0.92) to four separate peaks
(with r = 0.999). In the biological scenario, projecting joint PDFs reveals that a greater restitu-
tion coefficient causes the distribution to move to a lower Z value for a given number of enzyme
molecules U. As a result, the rate of the chemical process slows down. Furthermore, when com-
paring the graphs 13 and 14, it is readily apparent that in this fractional vibro-impact setup, the
joint probability density functions reveal an extremely intricate pattern, with the trimodal form of
amplitude distribution probably corresponding to the respective three-peak or four-peak joint PDF.

The parametric surface where the PDF exhibits trimodality is enclosed by an approximately tri-
angular area, as depicted in Fig.12. Taking the parameter in consideration: i) the PDFs for P, (Ay)
and P, (U, Z) exhibit a stable limit cycle in the blue area, as depicted in Figs. 13 and 14, with the
system’s steady-state response characterized mainly by high-amplitude vibrations; ii) in the black
region, the PDFs for P.(A) and P.(U, Z) display three stable limit cycles, reflecting equilibrium

in the fractional system, thereby indicating three more probable motions in the system’s response,

24



(b)
a

P(U,Z)

- ER] & e 4 - e 4
4 A0 40 v 4040 v A0 40 u

& . -
", n 4 4

FIG. 14: 3D images of the generating joint transition spectral probability density function P.(U,Z) of
displacement U and velocity Z for four distinct restitution coefficient numbers: (a) — r = 0.999,
(b) = r =0.96, (¢c) = r =0.92, (d) — r = 0.86. The others selected parameters are: py = 0.05,
(a0, Bo, Y0, 90) = (0.144,0.005,5.82 x 107°,2.13 x 10~7), D = 0.25, 7 = 0.5.

and a qualitatively different shape in the stationary PDF compared to variations in the restitution
coefficient. In the trirhythmic model featuring a fractional derivative, the results illustrate that the
assumed Fokker-Planck equation reveals an effective potential topology that separates the several
attractors with variable frequencies. This describes the considerable stability disparities between
coexisting attractors causing trirhythmicity. Besides, the restitution coefficient might randomly

prevent the bifurcation, resulting in trirhythmicity.

B. Implications of restitution coefficient and fractional-order on Hopf bifurcation

In the fractional vibro-impact system, a Hopf bifurcation is a type of local bifurcation where a
stable fixed point of the system transitions into an unstable state, giving rise to a small-amplitude
limit cycle originating from the fixed point. In the fractional new modified vibro-impact system,
a supercritical Hopf bifurcation is defined by a stable limit cycle emerging from zero amplitude
and increasing in magnitude. This part investigates the Hopf bifurcation in a fractional-order
trirhythmic vibro-impact device using numerical predictor-corrector estimations. The critical or-

der of fractional-order derivatives occurs when the model suffers a Hopf bifurcation and the limit
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FIG. 15: numerical examination of Nonlinear parameter versus fractional-order A and restriction co-
efficient r showing the non-oscillation domain for different value of natural frequency wo: (a) +—
wo = 0.9, (b) = wyp = 0.5, (¢) = wo = 0.3. The selected parameters are: (o, 5o,70,00) =

(0.144,0.005, 5.862.107°,2.13.10~7) D = 0.0.

cycle has zero amplitude. In Figure.15, we use the predictor-corrector approach with zero cor-
related noise intensity to represent the demarcation line between oscillation and no oscillation
for the fractional new adjusted trirhythmic vibo-impact self-sustaining system. With decreasing
wy, the separation between oscillation and no oscillation changes significantly. Consequently, we
delineate the demarcation between oscillatory and non-oscillatory zones for the fractional-order
extended vibro-impact van der Pol oscillator (1).

A Hopf bifurcation happens as A and r change. In Figure.16, we depicted the nonlinear parame-
ter as a function of \ with a fixed wy, showing the surface (1, ) where there is no oscillation. The
blue area on these figures represents the critical surface, showing the parameter zone for the non-
oscillatory regime, while the white area indicates oscillation. This emphasizes the impact of A and

r on these domains, excluding any influence from the selected control parameters (g, 5o, Yo, 0o)-
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FIG. 16: (a),(c): Oscillation and non-oscillation areas for system (1) in (u9, A) — plane (When r = 0.99),
and (po,7) (when A = 0.999) respectively. (b), (d): Effect of restitution parameter and fractional-order
respectively on the oscillation and non-oscillation regions in (po, A)-plane and (uo, r)-plane respectively.

The selected parameters are: (g, 80,70, 90) = (0.144,0.005, 5.862.107°,2.13.10~7) D = 0.0.
1. Investigation regarding the Lyapunov exponent using the fractional trirhythmic vibro-impact model.

The study now examines the stability of the vibro-impact model with fractional derivative and
trimodal behavior in the presence of additive correlated noise, which is connected to the sudden
sign change of the Lyapunov exponent. Lyapunov exponents describe how a model behaves close
to its attractor. An approximation must be available for certain quantities in the trirhythmic vibro-
impact model under fractional derivative. Lyapunov exponents characterize the mean exponential
expansion or convergence along paths with slightly different starting circumstances and can be
used to noisy systems. Our study emphasizes upon the way the correlated noise intensity D,
fractional order, and restitution coefficient affect the vibro-impact system with fractional derivative
acceleration, in order to discover sudden swings in the maximum Lyapunov exponent. Indeed, in
Figs.17 and 18, we present the variation of the largest Lyapunov exponent versus noise intensity
when (v, Bo, 70, %) = (0.144,0.005, 5.862.107°,2.13.10~7) for various values of 1o (Fig.17(a)),
7 (Fig.17(b)), A (Fig.18(a)) and r (Fig.18(b)) of the fractional vibro-impact model. These statistics
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nonlinear parameter ;o when 7 = 0.06. (b): Variation of the average Lyapunov exponent versus correlated
noise intensity for four values of correlation time 7 when 119 = 0.001. the set parameters are: («, [3,7,0) =

(0.144,0.005,5.862.107°,2.13.10~7) A = 0.995, r = 0.998, wy = 0.9.
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FIG. 18: (a): Evaluation of the average Lyapunov exponent versus D for four values of fractional-order A

when » = 0.998. (b): Evaluation of the average Lyapunov exponent versus correlated noise intensity for

four values of restitution coefficient » when A = 0.998. the selected parameters are: (v, o, Y0, (5)) =

(0.144,0.005, 5.862.107°,2.13.10~7) 1o = 0.001, 7 = 0.025.

indicate that once the correlated noise reaches a certain value, the system transitions into chaos.
The extremely important value of D, represents the highest intensity of correlated noise that allows
for a stable cycle. Past this threshold, disorder disrupts the system, leading to unpredictability not
just in the amplitude but also the period of the oscillation. When the noise level reaches the
critical value D., the maximum Lyapunov exponent turns positive and the system transitions to
chaos. Fig.19 illustrates the variation in critical value of correlated noise intensity with respect to
o (Fig.19(a)), 7 (Fig.19(b)), A (Fig.19(¢c)), and r (Fig.19(d)). It is observed that the critical value

decreases with higher nonlinear parameter and increases with rising correlation time, fractional-
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FIG. 19: (a): Critical correlated noise boundary versus nonlinear parameter ;o when A = 0.998, r» = 9.998,
7 = 0.5. (b):Critical correlated noise boundary versus correlation time 7 when A = 0.998, » = 9.998,
o = 0.01. (c): Critical correlated noise boundary versus fractional-order A when pg = 0.01, r = 9.998,
7 = 0.5. (d):Critical correlated noise boundary versus restitution coefficient » when A = 0.998, 1o = 0.01,

7 = 0.5. The selected parameters are: (g, 89,70, 90) = (0.144,0.005, 5.862.107°,2.13.1077)

order, and restitution coefficient.
As correlated noise intensity increases, it is evident that the model experiences a progressive
increases in disorder, as correlated noise is believed to be detrimental to organized physical sys-

tems.

V. CONCLUSION

This article explores the behavior of a novel adapted vibro-impact self-sustained extended bio-
logical model with fractional derivative, exposed to correlated noise and with multiple limit cycles
in the determinism scenario. Initially, we acquired rough estimates using a non-smooth transfor-
mation and stochastic averaging technique. Numerical results confirm the efficacy of the proposed
method.We thoroughly examined bifurcation graphs in the parameters plane, and it is evident that

the respective fractional-order and the restitution coefficient can be regarded as bifurcation pa-
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rameters. Nonlinear terms, noise intensity, correlation time, restitution coefficient, and fractional
order all have a major effect on trirhythmic features. Employing the predictor — corrector al-
gorithm and Monte Carlo calculations in numerical simulations of the distinctive system, it is
discovered that the fractional-order, correlated noise parameters, and restitution parameter cause
a stochastic P-bifurcation in the fractional self-sustained vibro-impact model. The development
of the bifurcation point in the joint PDF follows a more developed trend than the stationary PDF
for the amplitude regulated by the restitution coefficient. The PDFs can have one, two, or three
peaks, demonstrating stochastic bifurcation. By exploring the joint probability density function
for the aforementioned bifurcation parameters, we realized that the restitution coefficient has an
enormous effect on the bifurcation dynamics of the fractional-order vibro-impact system, whereas
adjustments in the restitution parameter affect other parameters. On the other hand, the bifurca-
tions induced by fractional-order in the vibro-impact system driven by the trirhythmic behavior are
more varied. Our discovery on the modified van der Pol oscillator could be useful for engineers in
controlling physical motion. As a result, we anticipate that the findings of this investigation will
be useful in oscillator control along with design. It has been established that there exists a critical
amount of correlated noise D)., contributing to the system to shift into chaos, which is greatly

influenced by system characteristics such as g, 7, r, and \.
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