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The quantification of disorder in data remains a fundamental challenge in science, as many phe-
nomena yield short length datasets with order-disorder behavior, significant (un)correlated fluctua-
tions, and indistinguishable characteristics even when arising from distinct natures, such as chaotic
or stochastic processes. In this letter, we propose a novel method to directly quantify disorder in
data through recurrence microstate analysis, showing that maximizing this measure is essential for
its optimal estimation. Our approach reveals that the disorder condition corresponds to the action of
the symmetric group on recurrence space, producing classes of equiprobable recurrence microstates.
By leveraging information entropy, we define a robust quantifier that reliably differentiates between
chaotic, correlated, and uncorrelated stochastic signals even using just small time series. Addition-
ally, it uncovers the characteristics of corrupting noise in dynamical systems. As an application, we
show that disorder minima over time often align with well-known stage transitions of the Cenozoic
era, indicating periods of dominant drivers in paleoclimatic data.

The most important source of information about phys-
ical phenomena is the available data from them. Fre-
quently, data comes from systems characterized by an
interplay between order and disorder [1], posing an es-
sential yet often overlooked question to understand the
dynamics [2]. This problem becomes more challenging
due to the finite size of the data and the presence of noise
from experimental sources. Furthermore, even the fluc-
tuations themselves may reveal physical properties [3, 4],
mainly in cases of time-correlated stochasticity. In this
sense, it is fundamentally important to acquire disorder-
related characteristics of data across deterministic and
stochastic contexts [5–8].

Complexity measures have been proposed to directly
address data from phenomena involving disordered be-
havior [9–14], particularly with the goal of distinguishing
between types of deterministic chaos and time-correlated
or uncorrelated stochastic signals. These methods are
often based on information entropy [15, 16] and serve as
tools for quantifying disordered data [14, 17–21]. They
typically involve encoding the time series into a set of
symbols or partitions, with a corresponding probability
distribution, to estimate complexity.

Unfortunately, these methods lack a general theoret-
ical framework capable of explaining and classifying all
the aforementioned contexts, which is even more prob-
lematic for higher-dimensional data and small size data
[12, 22, 23]. In addition, many disorder-related quanti-
fiers are sensitive to free-parameter choices tied to their
computational methods. Although criteria for selecting
parameters that yield appropriate partitions have been
proposed, they are mainly established on heuristic ideas

rather than formal, physically based reasoning [22, 24].
Also, such methods do not explicitly measure disorder,
being influenced by other properties associated to the
data complexity.
In this letter, we propose a recurrence-based method

to quantify disorder in any kind of numerical data and
show that the entropy maximization is a necessary strat-
egy to acquire the optimal prediction of this property,
eliminating free parameters. The method can thus dis-
tinguish between determinism, time-correlated and non-
time-correlated-stochasticity by the disorder level of the
data, and also identify the underlying characteristics of
noise corrupting a system. Finally, we demonstrate the
utility of the method in indicating transitions in Earth’s
paleoclimate dynamics via real-world data [25].
An ideal disorder condition implies classes of equiprob-

able matrices encoded from data, and the mean of the
information entropy of these classes defines a disorder
quantifier that increases as the condition is met. We
refer to this quantifier as the Disorder Index via Symme-
try in Recurrence Microstates (DISREM). To show this,
let D = (xi)

K
i=1 be a tuple, namely a sequential repre-

sentation of data elements. Inside D, there are smaller
sequences X(n) of N elements for 0 ≤ n ≤ K − N such

that X(n) = (xi)
n+N
i=n+1.

(i) A description of disorder : The idea of completely
disordered data means that it is dense and any event
X(n) must be entirely independent of all others [26]. To
formalize this, we define an element x̃i similar to xi as
x̃i ∈ {x ∈ D : ∥xi − x∥ < δ}, in which δ is an arbitrary
nonzero element. As δ → 0, the closer x̃i is to xi. Then,
the disorder density condition implies that there are other
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data elements xj corresponding to x̃i. Analogously, a

subsequence similar to X(n) is X̃(n) = (x̃i)
n+N
i=n+1. Since

the disorder condition implies independence of all ele-
ments of X(n), its probability of occurrence p(X̃(n)) is

p
(
X̃(n)

)
≡

n+N∏
i=n+1

p(x̃i). (1)

(ii) Disorder condition through permutations: Eq. 1
implies that any permutation of the subsequence X̃(n)

has the same probability. Let σ be a permutation and
SN be the set of all possible permutations of N elements,
so that σ ∈ SN . The set SN is the so-called symmetric
group. Then, a direct consequence of Eq. 1 is:

p
(
X̃(n)

)
= p

(
σ(X̃(n))

)
, ∀ σ ∈ SN . (2)

(iii) Definition and properties of recurrence mi-
crostates: To define similar events or subsequences,
avoiding the problem of selecting suitable partitions re-
stricted to low-dimensional data [12, 22, 23], we ana-
lyze the data by using recurrences defined as r(i,j) =
Θ(ε − ∥xi − xj∥), with Θ being the Heaviside function
and ε the recurrence threshold. This procedure generates
the matrix M ≡ R(X(n),X(m)), where

R(X(n),X(m))
def
=

r(n+1,m+1) · · · r(n+1,m+N)

...
. . .

...
r(n+N,m+1) · · · r(n+N,m+N)

 .

(3)
This square matrix for the case N ≪ K is called recur-
rence microstate of size N [17, 27] and consists of parts of
the well-known recurrence plot defined as R(D,D) [28].
This definition enables us to obtain self-relationships
among the data based on a parameter ε, by comparing
its elements directly and avoiding any reliance on parti-
tioning via arbitrary segmentation of phase space.

When the size of the data K is increased, the prob-
ability of finding xj progressively closer to another xi

increases as well. In these cases, the condition δ ≪ ε is
verified and for K → ∞ even δ → 0 will satisfy xi similar
to xj . So we have

R(X̃(n), X̃(m)) ≡ R(X(n),X(m)). (4)

The procedure for computing recurrence microstates
involves counting the matrix generated by using X̃(n)

and X̃(m) as inputs, but it also includes counting the
reverse configuration. This implies that the probability
of a microstate has the following property:

p
(
R

(
X̃(n), X̃(m)

))
= p

(
R

(
X̃(m), X̃(n)

))
. (5)

(iv) Consequence of disorder condition in recurrence
microstates: Let σi and σj be permutations, σi, σj ∈ SN .

Then, Eq. 2 implies:

p
(
R

(
X̃(n), X̃(m)

))
= p

(
R

(
σi(X̃(n)), σj(X̃(m))

))
,

∀ σi, σj ∈ SN .
(6)

(v) Consequences of permuting subsequences in recur-
rence microstates: To express the Eq. 6 in a matrix form,
let T be the transposition operator of a matrix and Lσ be
the operator that swaps rows as described by a given per-
mutation σ. E.g., for σ = 132, the operator L132 swaps
the third line by the second when applied to a matrix M
of order N = 3, keeping the first line unchanged. Due
to the definition 3 and Eq. 4, M ≡ R(X̃(n), X̃(m)), then

LσM = R(σ(X̃(n)), X̃(m)) and T M = R(X̃(m), X̃(n)).
It implies that:R

(
σi(X̃(n)), σj(X̃(m))

)
= T Lσj

T Lσi
M

R
(
σj(X̃(m)), σi(X̃(n))

)
= Lσj

T Lσi
M

. (7)

(vi) Disorder condition implies classes of equiprobable
microstates: Considering Eqs. 7 and 5, we rewrite Eq.
6 as p(M) = p(T Lσj

T Lσi
M) = p(Lσj

T Lσi
M), with

σi, σj ∈ SN . We now define the set of matrices generated
by transpositions and all possible row swaps M:

Ma(M) =
⋃

σi,σj∈SN

{Lσj
T Lσi

M, T Lσj
T Lσi

M}. (8)

We call Ma(M) the class of the microstate M gener-
ated by the disorder condition. Since the set of opera-
tions in Eq. 8 is induced by a group, any composition of
operations is included in this set, ensuring the complete-
ness of the disorder condition’s implications. Then Eq. 6
becomes:

p(M) = p(M′), ∀ M′ ∈ Ma(M). (9)

(vii) A direct measure of disorder condition: Due to
the finite data size and numerical errors in probability
estimation, the probabilities of matrices in a class Ma

will fluctuate around a constant value. This uniform dis-
tribution of microstate probabilities, as shown in Eq. 9,
can be evaluated via information entropy: the smaller
the fluctuations, the closer the probability distribution is
to uniform, and the greater the resulting entropy.
Therefore, the recurrence threshold ε must be opti-

mized to ensure a more accurate estimation of disorder.
In contrast, the size of the microstate, N , is a descriptive
parameter that allows us to compute disorder at a spec-
ified time scale. This means N is not a free parameter
subject to optimization, as it is chosen to reflect the time
scale of interest for measuring disorder.
We now define a function to quantify how much the

data satisfies the disorder condition of Eq. 1. We look
for a function Ξ, such that 0 ≤ Ξ ≤ 1, that increases
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monotonically with the level of disorder, so that the max-
imum value of Ξ matches with the total disorder when the
equiprobability predicted by Eq. 9 is perfectly satisfied.

If we compute the number of occurrences Ω(M) of
a microstate M ∈ Ma, the total number of ocur-
rences of the microstates belonging to the same class is∑
M′∈Ma

Ω(M′). Then, for each class Ma, the probability

of a microstate M is

p(M) ≡ Ω(M)∑
M′∈Ma

Ω(M′)
. (10)

Then, the information entropy ξa(ε) associated with
the probability distribution of microstates belonging to
the same class Ma is

ξa(ε)
def
= −

∑
M∈Ma

p(M) ln p(M). (11)

Letting ma be the number of matrices in the class of
equiprobable microstates Ma, then ξa(ε) → lnma. There
is a finite number A of contributing classes to a given or-
derN . Only two of these classes have just one microstate:
the class of the microstate full of 0’s and the class of the
microstate full of 1’s. It implies that the entropies of
these classes are identically zero and they do not con-
tribute to the number A. In this sense, ξ(ε) is the total
entropy of all classes computed summing up the entropy
of each class and normalizing by its maximum possible
amplitude A:

ξ(ε)
def
=

1

A

A∑
a=1

ξa(ε)

lnma
. (12)

Finally, the normalized information entropy ξ(ε) also
monotonically increases with the disorder condition. As
the disorder condition is increasingly satisfied, ξ(ε) → 1.
Theoretically, this occurs regardless of the parameter ε.
But to measure disorder with the minimum error asso-
ciated with the probability estimate, we must take the
DISREM to be

Ξ = max (ξ(ε)) , (13)

so that Ξ tends to 1 faster when the disorder condition
is satisfied. This maximization is performed by testing a
range of values ε at an adequate resolution. In this case,
the maximization of the entropy is a necessary strategy
to the optimal computation of disorder.

Models. We test the DISREM Ξ for six paradig-
matic models [29]: (i) the logistic map, a chaotic sys-
tem given by the equation xt+1 = 4xt(1 − xt); (ii)
white Gaussian noise (WGN), a normally distributed
non-correlated stochastic signal; (iii) pink Gaussian noise
(PGN) and (iv) red Gaussian noise (RGN), stochastic
signals with a power spectrum distribution P ∝ 1/f1

and P ∝ 1/f2, respectively, generated using the Julia
package SignalAnalysis.jl [29, 30]; (v) the autoregres-
sive model (AR) generated by ηt(ϕ) = ϕηt−1 + wt, with
0 ≤ ϕ < 1 and wt being white noise; (vi) noisy logis-
tic map yt(ϕ) = xt + ηt(ϕ), with a given variance ratio
σ2
η/σ

2
x, in which σ2

x and σ2
η are the variance of the logistic

map xt and AR-noise ηt(ϕ).

Validation. We perform all tests computing recurrence
microstates of size N = 4 because this allows quantify-
ing disorder on a sufficient time scale, avoiding higher
computational costs of using N > 4. In the case of time
series, there are 47, 416 possible recurrence microstates
grouped into 147 classes, obtained by applying Eq. 8.
Consequently, the number of possible classes contribut-
ing to the entropy is A = 145. Similarly, for N = 3 we
have A = 23 and for N = 2, A = 4. The length K of the
time series ranges from 10 ≤ K ≤ 10, 000.

We estimate Ξ for the noises WGN , PGN and RGN ,
as well as for the logistic map, by varying the time se-
ries length K (Fig. 1(a)). The WGN is the only signal
that tends toward the maximum value, since it is a com-
pletely uncorrelated noise. Because RGN has stronger
temporal correlation than PGN , its corresponding dis-
order value is lower. Furthermore, all stochastic signals
display distinct disorder values compared to the chaotic
deterministic behavior of the logistic map.
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Figure 1. (a) The mean of the DISREM ⟨Ξ⟩, Eq. 13, as a
function of the length of the time seriesK for the logistic map,
WGN, PGN and RGN [29]. Since WGN is the only random
uncorrelated process, the more data we have, the better the
disorder tends to the maximum Ξ = 1. The correlated signals
PGN and RGN do not satisfy the disorder condition, but they
still reach values greater than the chaotic logistic map. We
compute the quantifier over 30 time series for each model, at a
timescale N = 4. (b) The p-values [31] of Welch’s t-test [p, q]
comparing the mean of disorder for the model p and model
q as a function of the time series length. For K > 40, all
p-values are less than 0.05, indicating that the mean value of
each curve in (a) is distinguishable.

The differences in the disorder values for the models
are statistically significant, as tested with a Welch’s t-
test [31] (testing that the disorder values for models p
and q come from distributions with equal means). For
K > 40, all p-values are below 0.05, indicating that it is
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possible to distinguish the mean disorder values for the
WGN , PGN , RGN and logistic map with more than
95% confidence when K > 40 (Fig. 1(b)).

For the autoregressive model, increasing the parameter
ϕ enhances the dependence on past values of the process.
Then, the disorder decreases as ϕ increases (Fig. 2).

0.00 0.25 0.50 0.75 0.95
φ

0.93
0.96
0.99

〈Ξ
〉

Figure 2. The mean of the DISREM ⟨Ξ⟩, Eq. 13, for the au-
toregressive model. The disorder decreases as the parameter
ϕ increases, since ϕ defines the past dependence of the noise.
DISREM computed over 30 time series of length 3, 000, at a
timescale N = 4.

We compute the DISREM to the noisy logistic map
using AR-noise with ϕ = 0.00, ϕ = 0.25, ϕ = 0.50,
ϕ = 0.75 and ϕ = 0.90. Varying the variance ratio σ2

η/σ
2
x,

the data transitions from a purely deterministic signal
(σ2

η/σ
2
x = 0) to a stochastic process (σ2

η/σ
2
x = 1). The

DISREM increases as the noise variance σ2
η → σ2

x, but
the rate of increase differs gradually depending on the
value of the correlation parameter ϕ (Fig. 3(a)). Sim-
ilarly, we find p-values lower than 0.05 to any variance
ratio σ2

η/σ
2
x > 0 (Fig. 3(b)). These results imply that

each curve in figure 3(a) is distinguishable from the clos-
est other curve.
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Figure 3. (a) The mean of the DISREM ⟨Ξ⟩, Eq. 13, for the
noisy logistic model yt(ϕ) = xt + ηt(ϕ) as a function of the
ratio σ2

η/σ
2
x between the variance σ2

η of the noise ηt(ϕ) and
the variance σ2

x of the logistic map xt. The disorder increases
as noise variance increases, but grows more slowly as the past
dependence parameter ϕ of the noise increases. We compute
the disorder over 30 time series of length 3000, at a timescale
N = 4. (b) The p-values [31] of Welch’s t-test [p, q] comparing
the mean of disorder for the model p and model q as a function
of the variance ratio σ2

η/σ
2
x. Each p-value is less than 0.05,

indicating a statistically significant ability to distinguish the
degree of correlation in the noise influencing a system.

Applications on real-world data. Finally, we investigate
the temporal evolution of disorder in the palaeoclimate
via the Cenozoic Global Reference benthic foraminifer
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Figure 4. The DISREM Ξ, Eq. 13, for benthic foraminifer
carbon isotope δ13C data as a function of age in million years
ago (Ma) [25]. Each value was calculated using a sliding win-
dow of length K = 200 ≡ 2Ma and N = 4 ≡ 0.04 Ma. The
background shows the mean disorder values for WGN , PGN ,
and RGN , computed with K = 200. A linear fit illustrates
the overall increase in disorder over time. Vertical dotted lines
indicate stage divisions, corresponding to minimum points in
the disorder measure linked to the driving triggers of tran-
sitions. Dan, Danian; Sel, Selandian; Tha, Thanetian; Ypr,
Ypresian; Lut, Lutetian; Bar, Bartonian; Pri, Priabonian;
Rup, Rupelian; Cha, Chattian; Aqu, Aquitanian; Bur, Bur-
digalian; Lan, Langhian; Ser, Serravallian; Tor, Tortonian;
Zan, Zanclean.

carbon and oxygen isotope dataset (CENOGRID) [25].
These records archive long-term changes in Earth’s car-
bon cycle, deep-sea temperature, and seawater composi-
tion, serving as a stratigraphic reference for global cli-
mate evolution over the past 66 million years, the Ceno-
zoic era. Previous studies have indicated a decrease in
its predictability over time. The DISREM supports this
conclusion, showing a clear increase in disorder (Fig. 4).
By comparing the mean disorder values from stochastic
models, we observe that CENOGRID transitions from a
disorder level similar to RGN to one resembling WGN.

The stage transitions (Fig. 4) are associated with driv-
ing triggers like astronomical forcing and tectonic activity
[32]. If a factor amplifies its influence while diminishing
the impact of others, it can lead to a shift of stages. In
terms of disorder, this dominance resembles the situation
depicted in Fig. 3 where the variance of a primary trigger
σ2
x increases relative to other factors (considered as noise

with a variance σ2
η), overall decreasing disorder. This is

why disorder minima often align with stage transitions
(Fig. 4), indicating periods of relative regularity of the
carbon isotope δ13C data under a dominant forcing. Sig-
nificant events also reflect on disorder along stages, e.g.
in the Eocene-Oligocene Transition in 34 million years
ago (Ma), the decline of atmospheric carbon dioxide lev-
els had a central role to the development of the Antarctic
ice sheet [33] and corresponds to an average decrease in
disorder during earlier stages.

Overall, we have applied the disorder condition, inter-
preted as full independence of past states, in the defini-
tion of recurrence microstates. This leads to an action
of the symmetric group on the recurrence space and cre-
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ates classes of equiprobable microstates. We propose a
quantifier, DISREM, defined by the mean of information
entropies of all classes, which increases as the disorder
condition is met. We have demonstrated that maximizing
this entropy-based quantifier is necessary for its optimal
estimation, resulting in a parameter-free, direct measure
of disorder in data, given a timescale. Statistical tests
of the DISREM on deterministic and stochastic models
demonstrate its ability to distinguish between chaotic,
correlated, and uncorrelated signals using relatively short
time series. The method can characterize the correla-
tion level of corrupting noises in dynamical systems and
outperforms other measures due to its sensitivity, inter-
pretability, dimension-free computation, and self-tuning
capability (see End Matter). Additionally, its application
to experimental data from the Cenozoic era reflects the
major climate transitions in Earth’s system dynamics.
Thus, the proposed quantifier is a useful tool for under-
standing the underlying nature of complex phenomena.
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END MATTER

The objective of this section is to provide further exam-
ples and to compare the proposed approach with similar
methods. We present tests for five additional models, all

of which exhibit DISREM results comparable to those of
the Logistic map and the types of noise discussed. For
each model, we set the control parameter to p2 to induce



6

a well-known increase in disorder compared to its value
at p1. For each case, we computed 50 datasets of length
K = 3000. To further test the method’s robustness, con-
tinuous systems were undersampled at a timestep of 0.5,
disregarding a transient time of 1000.0. The initial con-
ditions for discrete systems were selected in the chaotic
sea, while for the others, they were set randomly. Since
multivariate data enables 65, 536 recurrence microstates
of size N = 4, applying Eq. 8 to all these matrices results
in A = 190 contributing classes, compared to A = 145
for (univariate) time series. Consequently, the normal-
ization factor A is automatically adjusted according to
the dimensionality.

Models. (vii) Double-gyre system [26] de-
fined as ẋ = p1,2π sin

[
π(ux2 + x− u)

]
sinπy, ẏ =

p1,2π cos
[
π(ux2 + x− u)

]
cosπy, u̇ = v, v̇ = −(π5 )

2u,
with parameter values p1 = 0.25 and p2 = 0.10. (viii)
Lorenz system [29], ẋ = 10(y−x), ẏ = x(p1,2−z)−y, ż =
xy − 8

3z, with p1 = 24 and p2 = 32. (ix) Standard map
[29], θn+1 = (θn+ρn+1) mod 2π, ρn+1 = ρn+p1,2 sin θn
mod 2π, with p1 = 1.0 and p2 = 2.0. (x) The previously
defined noisy logistic model, but with σ2

η/σ
2
x = 0.3,

ϕ = p1 = 0.50 and ϕ = p2 = 0.25, hereafter refered
to as GNL (Gaussian-noisy logistic). (xi) Langevin
equation [34], dv

dt = −p1,2v + wt, with p1 = 0.1
and p2 = 1.0. Remember, wt is white Gaussian
noise. (xii) Time series [26] st of the logistic map
yt+1 = 3.99 yt(1−yt) with uniform white noise added ut,
such that st = (1− p1,2)yt + p1,2ut, where p1 = 0.45 and
p2 = 0.55, referred to as UNL (uniform-noisy logistic).

DISREM, Ξ, consistently increases as the control pa-
rameter changes from p1 to p2 (Fig. 5). Furthermore, all
disorder values for these paradigmatic stochastic cases
exceed Ξ = 0.94, while the dynamical systems analyzed
exhibit disorder values below Ξ = 0.8, despite data un-
dersampling. These results confirm a significant differ-
ence between the disorder values of typical stochastic
processes and deterministic systems and reinforce the ro-
bustness of Ξ in quantifying order-disorder phenomena.
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Figure 5. Boxplots with violin plots showing the values of
the proposed quantifier, DISREM Ξ, for each model and its
parameter values p1 and p2.

We conduct analyses on the same generated datasets,
comparing DISREM with six well-known methods: per-
mutation entropy (PE) [35], multivariate permutation

entropy (MvPE) [36], statistical complexity (SC) [11, 37],
determinism by recurrence quantification (DET) [? ],
structurality (∆) [26] and dynamical complexity (DC)
[26]. All methods were implemented using the Ju-
lia language packages ComplexityMeasures.jl [38] and
RecurrenceAnalysis.jl [39], except for ∆ and DC, im-
plemented directly.

The DET quantifier is expected to increase toward 1
for more deterministic systems. For parameter selection,
we set the recurrence threshold using the Julia function
GlobalRecurrenceRate(0.10), fixing a 10% recurrence
rate [25]. In critical cases (Fig. 6), the Standard de-
terministic map exhibits high DET values (> 0.5), with
the disorder-inducing parameter value p2 reducing DET
compared to p1, as expected. However, the Lorenz model
exhibits lower DET values for p2, contradicting the ex-
pected behavior. Additionally, the Lorenz model yields
DET values similar to those of correlated noises from the
Langevin equation, blurring the distinction between sig-
nals of deterministic and stochastic nature.
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Figure 6. Boxplots with violin plots showing the values of the
Determinism (DET) for critical cases.

Permutation entropy (PE) and multivariate permuta-
tion entropy (MvPE) are natural measures of complexity,
increasing with system complexity. For PE, we set the
ordinal pattern length tom = 6 and the embedding delay
τ = 1 [11], and for MvPE, m matches the data dimen-
sion. In critical cases (Fig. 7), the double-gyre system
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Figure 7. Boxplots with violin plots showing the values of
the permutation entropy (PE) and multivariate permutation
entropy (MvPE) for critical cases.

and the GNL show overlapping PE values for parame-
ter values p1 and p2, making it difficult to detect the
expected increase in disorder. Additionally, the deter-
ministic Lorenz system shows PE values comparable to
those of the stochastic Langevin equation. The MvPE
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Quality DISREM DET PE MvPE SC ∆ DC

Correct and statistically significant distinction of disorder-inducing parameter
values (p1 and p2) for all tested models

Yes No No No No No No

Correct distinction of deterministic and stochastic typical cases Yes No No No Yes* No No

Independence of dimensionality Yes Yes No Yes No Yes Yes

Optimal and inherent selection of its parameters Yes No No Yes Yes Yes Yes

Direct interpretation via a single measure Yes Yes Yes Yes No* Yes No

*: if used together with PE.

Table I. Summary of the comparison between the proposed DISREM and similar traditional methods.

value, in turn, unexpectedly reaches its maximum possi-
ble value for the standard map.

The statistical complexity (SC) typically decreases for
white noise and increases for chaos, complementing per-
mutation entropy (PE). Since SC depends on PE for its
computation, its values are presented in the boxplots for
critical cases, with the multivariate version referred to
as MvSC. The results (Fig. 8) align with those from
PE, though combining SC and PE in a plane could en-
hance the analysis. However, this approach makes data
interpretation more indirect, complicating direct tempo-
ral analysis of disorder.
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Figure 8. Boxplots with violin plots showing the values of the
statistical complexity (SC) for critical cases.

The structurality (∆) [26] is the fraction of visited
boxes from a pixelation of the Poincaré section, such that
a lack of describability in the structure of the dynamics
manifests as a large ∆, while ∆ ≈ 0 for well-ordered
dynamics. Although it performs well in some scenar-
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Figure 9. Boxplots with violin plots showing the values of the
(a)-(d) structurality ∆ and (e) dynamical complexity (DC)
for critical cases.

ios (Fig.9(a)–(b)), showing agreement with the proposed
quantifier (Fig.5(a),(c)), it yields overlapping values for
the UNL and GNL (Fig.9(c)–(d)). The dynamical com-
plexity (DC), a sum of ∆ and PE, also succeeds with
the standard map and yields overlapping values for the
GNL (Fig. 9(e)). Both ∆ and DC produce values for the
GNL in the range of the standard map, indicating similar
outcomes for deterministic and stochastic models.

In contrast, the DISREM Ξ outperforms other mea-
sures by remaining distinguishable across the tested pa-
rameter regimes and yielding higher values for typical
stochastic cases than for deterministic dynamics (Fig.
5). The discussions are summarized in the table I, high-
lighting some advantages of the DISREM compared to
each measure across the benchmark models. These re-
sults support the claim that the proposed quantifier is
an optimal method for directly measuring the degree of
disorder in any type of multivariate data, demonstrating
robustness even when applied to short datasets with low
temporal resolution while maintaining consistent perfor-
mance, interpretability, and statistical significance.


