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ABSTRACT

Efficient methods for solving the Fokker-Planck (FP) equation are crucial for studying stochastic systems. This paper proposes a transfer
learning method to solve the FP equation, enabling the training process to proceed without starting from the beginning. The equivalent
linearization is first applied to unify a class of stochastic differential equations into a single simplified form. Subsequently, a pre-trained neural
network framework, inspired by transfer learning, is designed based on the FP equation of the simple system. By leveraging the pre-trained
neural network, the solving process is accelerated by starting from a more advanced state. Finally, numerical experiments are conducted to
verify the proposed approach, including one- and two-dimensional stochastic systems as well as a system driven by both Gaussian and Lévy
noise. Results show that the contours of the FP equations can be learned by the network very expeditiously, greatly reducing training time
while maintaining accuracy. The proposed method not only improves computational efficiency but also demonstrates strong generalization

capabilities.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0260624

The Fokker-Planck (FP) equation describes the probability
density function of the system state evolving over time. It eluci-
dates the influence of random disturbances on system behaviors,
playing a vital role in nonlinear stochastic dynamics. As neu-
ral network technology continues to progress, the application of
these models to solve the FP equation has emerged as a research
hotspot. However, existing methods require a significant amount
of time for solving the FP equation, even when there are only
minor changes in the system. This leads to a waste of computa-
tional resources. To address the challenges of long training times
and effectively solving a class of FP equations, this paper pro-
poses a transfer learning method to solve the FP equation by the
equivalent linearization. Rather than training from scratch, the
method employs the equivalent linearization to simplify the com-
plex stochastic system, providing a well-suited initial value for the
solving process. Numerical examples are given to demonstrate the
effectiveness of the method. The results indicate that the proposed
algorithm can acceleratedly solve the FP equation.

I. INTRODUCTION

Understanding of the natural world and social phenomena has
evolved from simple causal relationships to complex dynamic sys-
tems. In these systems, nonlinearity and stochasticity have become
the two main elements describing their intrinsic laws. Nonlinear
stochastic dynamics is the study of how the state of a system evolves
in a stochastic manner under nonlinear effects. The Fokker-Planck
(FP) equation is a key topic of study in stochastic dynamics. It
describes the evolution of the probability density of a stochastic sys-
tem over time and transforms a stochastic problem into a determin-
istic one. It is the basis for our analyses of reliability, stability, etc.'™
and provides us with the possibility of revealing the mysteries of
stochastic systems. The FP equation provides a method for analyzing
and predicting the dynamic response of a system under stochas-
tic excitation, which holds significant importance for the study of
stochastic systems.”” In finance, the FP equation is used to model
the stochastic evolution of asset prices, providing a basis for option
pricing and risk management.® In aerospace, the FP equation is used
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to analyze the behaviors of aircraft in stochastic environments, espe-
cially the impacts of aerodynamic noise on flight performance.”*"
The existing methods for solving the FP equation are computation-
ally expensive and time-consuming. Therefore, developing efficient
and accurate methods for solving the FP equation is the focus of our
research.

In recent years, many new research results have emerged for
solving the FP equation. Typically, the FP equation can be derived
as analytical solutions only in special cases, such as one-dimensional
or linear systems, and the related results are discussed in detail
in the monographs.''~'* Traditional numerical methods, such as
the finite element,' finite difference,'® path integral,'” and Monte
Carlo (MC) simulations'® have been widely used. However, most
of these methods rely on meshing, which is very effective for low-
dimensional systems, but for high-dimensional systems, they con-
sume many computational resources and suffer from the curse of
dimensionality. With the rise of artificial intelligence, neural net-
works have been applied to the study of dynamical systems,”” due
to their mesh independence and their outstanding performance.
Tang et al.” investigated the KRnet method based on the flow-based
generative model. The flow-based solution method can solve high-
dimensional systems, but this model has strict conditions that the
network needs to satisfy as an invertible mapping. Moreover, the
method does not perform well for complex structures. Xu et al.”'=*
proposed a deep learning-based approach to solve the FP equation.
It improves the physics-informed neural network (PINN)* by intro-
ducing a normalization condition such that zero solution is avoided.
Deep KD-tree” and low-rank separation representation”’ have been
introduced to solve high-dimensional problems efficiently, and the
amount of required data was significantly reduced. Since any prob-
ability density function (PDF) can be well approximated by a set
of Gaussian functions,’®”” some scholars chose to use the Gaussian
mixture model to approximate the solution of the FP equation.”*"!
Chen and co-workers™ proposed the radial basis function neural
network (RBFNN), which used a series of Gaussian functions to
fit the solution of the FP equation. When the sum of the weights
of the Gaussian kernel functions equals one, the numerical solu-
tion must satisfy the normalization condition, which transforms
the normalization computational constraint into the sum of several
weights.

Although the above methods have significant advantages over
traditional methods in solving an FP equation, each training takes
much time. In particular, parameter variations or similar systems
still need to be trained. To accelerate the optimization process, an
idea is to use an optimized neural network as the initial value for
training, thereby improving the optimization speed when solving
new equations. To this end, we choose a basic equation to pre-train
the neural network and then use this foundation to accelerate the
solving of the FP equation. Transfer learning is a machine learn-
ing idea that aims to improve the learning task in the target domain
by utilizing knowledge from the source domain.”>* Its main goal is
to solve the problem of insufficient or incomplete data in the tar-
get domain and to improve the learning performance of the target
domain by exploiting the knowledge of the source domain. Chen
et al.”* used the method of transfer learning for solving partial differ-
ential equations (PDEs). They analyzed the transfer performance of
PDEs with different source terms and Reynolds numbers and proved
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that the transferability gap increases with the distance between the
basic and the target task. Goswami et al.”” used transfer learning with
DeepONet, a deep operator network, to solve PDEs. They proved
the advantage of this method in various transfer learning scenarios
under different conditions. Zhai et al.”* added the results of rough
MC numerical simulations as a priori knowledge so that the con-
straints of boundary conditions and normalization can be removed,
and the method also reduces the amount of data input. Transfer
learning is essentially pre-training a neural network to solve new
equations.

To apply the transfer learning to accelerate the solving of an FP
equation, a key question must be settled. Finding a suitable initial
system for pre-training is essential when solving an equation. There-
fore, inspired by the idea of transfer learning, this paper proposes a
method based on the equivalent linearization to find a suitable pre-
trained system to speed up the solving of the original systems. Before
we are solving a large number of FP equations, we can pre-train a
special neural network on a equivalently linearized system first. As
an equivalent linearization method provides an approximation for
the FP equation, we can continue the following learning from the
pre-trained neural network. A series of numerical experiments are
provided to demonstrate the effectiveness of the algorithm.

The rest of the paper is organized as follows. In Sec. I, a com-
prehensive description of the transfer learning idea for solving the
FP equation by equivalent linearization, as well as the algorithmic
framework of the equivalent linearization neural network (ELNN),
is presented. Section IIT illustrates the effectiveness of the algorithm
with one and two-dimensional systems under different noise exci-
tations. In Sec. IV, the generalization ability and the impact of the
penalty factor are discussed. In addition, we discuss the algorithm’s
capability for extension. Finally, conclusions are given in Sec. V.

Il. METHODOLOGY
A. The FP equation

Consider an n-dimensional stochastic differential equation of
the following form:

X=fXD)+gXDE®, (1)

where X = [x; (£), %, (1), ..., %, ()]T is an n-dimensional variable,
which represents the state of the system at time f. The vector func-
tion (X, ) = [fi,for - - - ,f,,]T is n-dimensional with respect to X, and
it is generally nonlinear. The function g(X,f) € R* is the dif-
fusion term. £ (f) = [£1,&,,...,&]" are stochastic excitations. For
simplicity of explanation, we take the stochastic system driven by
Gaussian noise as an example. In this case, £(f) represents a vec-
tor of a uncorrelated standard Gaussian white noise process. Under
Markov’s assumptions, we can obtain the following steady-state FP
equation:

n 0 n n 52 bjk(x) B
_ ; s [fir@] + ZZ v [ 5 p(x)j| =0, (2)

=1 k=1

where by, j,k =1,2,...,n are the elements of the matrix g(x, t)gT
(x,£). p(x) denotes the transition PDF of the system (1).
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We define

"9 " 3 bp(x)
.,E/ﬂ - — —Ji /
P ; axif + ; kXZI: 0xj0x, 2

as the FP operator. To obtain the solution of Eq. (2), the following
conditions must be satisfied:

Zrpp(x) =0, (3a)
ligp(x) =0, (3b)
/ px)dx =1, (3¢)
RYI
p(x) = 0. (3d)

Equations (1) and (2) describe the motion of a particle from
different perspectives. The solution to Eq. (1) is the trajectory of a
particle, while Eq. (2) gives the statistical properties of stochastic
systems. The FP equation (2) transforms stochastic problems into
deterministic ones. This provides a macroscopic perspective and is a
central problem in nonlinear stochastic dynamics.

However, the solution of Egs. (1) and (2) is not in one-to-one
correspondence; i.e., two different stochastic systems may obtain the
same PDF. Consider the system (1) and the following system:

Y=f (1. +g (& (D), (4)

where each component represents the same meaning as the system
(1). If the systems (1) and (4) share the same PDF, i.e., the steady
and transient PDFs are identical, then we say that the systems are
stochastically equivalent in the strict sense.'” In this case, their cor-
responding FP equations also have the same solutions. If we begin
with the FP equation, two systems that are stochastically equivalent
in the strict sense need to satisfy two conditions as follows:

g/(Y> t) =g(X> £, (53)

(Y, =F(fiX,10). (5b)

The expressions for Egs. (5a) and (5b) can be derived based on the
detailed balance and the generalized stationary potential. Here, we
only provide the final result. A detailed derivation can be found in
Ref. 13. In stochastic analysis, if two systems are stochastically equiv-
alent in the strict sense, they share the same statistical solutions.
This property is crucial for the analysis of stochastic dynamical sys-
tems, as it allows one to obtain statistical information by studying a
simpler one.

B. The equivalent linearization

Next, we will introduce the equivalent linearization method.
This method was first introduced to different application areas by
Booton’ and Cauyhey,” respectively. Equivalent linearization is a
method of converting a nonlinear system into an equivalent lin-
ear system, which makes it easier to analyze and solve nonlinear
problems. It aims to create an equivalent linear system that is able

ARTICLE pubs.aip.org/aip/cha

to approximately represent the behaviors of the original nonlinear
system in some aspects (e.g., dynamic response).

The classical equivalent linearization method determines a lin-
ear system by minimizing the mean square error between systems,
which requires solving for the second-order moments of the stochas-
tic process. However, since the Lévy process lacks finite variance and
higher-order moments, the classical methods for determining equiv-
alent linear systems cannot be used. To enhance the algorithm’s
applicability, we adopt a modified approach for solving the lin-
ear system. Grigoriu extends the equivalent linearization method to
nonlinear systems driven by Lévy white noise,” introducing a new
error formulation based on the characteristic function to derive the
linearized system. Using this approach, the following linear system
is obtained:

X: IOX+g(X> t)%_(t)’ (6)

where p is a constant n x n matrix. This method can achieve
approximation accuracy similar to that of the classical equivalent
linearization method.

Then, the stochastic responses of the original system (1) can
be well approximated by solving the FP equation corresponding
to Eq. (6). The term “equivalent” refers to the equivalence of the
stochastic responses of the systems, which is yielded by approximat-
ing the nonlinear term with a linear one.

C. The ELNN algorithm

In this subsection, we will elaborate on the presented method
based on a transfer learning idea, called the ELNN algorithm, for
solving the FP equation (2).

A natural idea is that if we have solved the system (4) before
solving the probabilistic solution of the system (1), the PDF of the
system (1) can be obtained directly. However, finding this equiva-
lent equation requires additional computational effort, and solving
either the original FP equation or its equivalent form still requires
a full neural network optimization process. Therefore, studying the
equivalent equation does not speed up the process. To accelerate
the optimization process, we need to identify a single simplified
equation that performs well across FP equations with different
forms. By using the neural network solution of this simplified
equation as the initial value, the optimization algorithms for solving
FP equations could converge faster. Inspired by the idea of transfer
learning, we consider systems that are a little weaker than stochasti-
cally equivalent systems in the strict sense: only Eq. (5a) is satisfied,
and we call the systems “weakly” stochastically equivalent. In this
case, the PDFs of both systems are different, but the correspond-
ing FP equation necessarily contains some of the same information.
Then, when we use neural networks to solve the FP equation, there
will be similarities in neural network parameters.

When we solve an FP equation with an unknown solution,
we can construct “weakly” stochastically equivalent systems by the
method of equivalent linearization. It should be noted that the value
of p in Eq. (6) is a constant, and the specific values of these constants
will not significantly affect the training time or accuracy. Ideally, the
closer p is to the equivalent linearized system, the better the result,
as it more accurately reflects the system’s response. We want to find
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a simple initial system, which is not unique. To enhance the gener-
alization of the algorithm and simplify the process, we directly set
Eq. (6) in a simple form for the system (1), which is given in detail
in Sec. I11.

After the previous derivation, we get an approximation of the
system (1), corresponding to the FP equation,

L | Lo | X [0 o

where p;; are the elements of the matrix p.

Then, the framework of transfer learning has been completed.
In this framework, the PDFs described by Egs. (2) and (7) repre-
sent the target domain and the source domain, respectively. These
domains share similar information, allowing knowledge transfer
from the source domain to improve learning in the target domain.
The system (6) for the source domain is derived using the method
of equivalent linearization, which simplifies the complex dynamics
of the original system (1). Finally, Eq. (5a) ensures that the trans-
fer effect is positive, meaning that the knowledge transfer from the
source domain to the target domain leads to an improvement in the
target domain’s performance, rather than degrading it.

We choose the simple artificial neural network with L layers
and n; nodes in each hidden layer to represent the solution of the FP
equation. The tunable parameters of the neural network are denoted
as ©. The output p is the corresponding PDF. The training set and
the boundary set are Tp = {X? } T = {Xf3 o> where Ty repre-
sents the boundary of the training set Tp. Np and Nj indicate the
number of data in the training and boundary sets, respectively. In the
one-dimensional case, We assume that the computational domain is
[a, b], which is discretized uniformly with a step size of A,. Thus,
we obtain Np = (b — a)/A,. The activation functions of the layers
in the three examples given below are tanh function, which can be
adjusted appropriately according to the network effects. The non-
negativity of the solution, i.e., the condition (3d), is ensured by
the SoftPlus function in the output layer.”” The Adam algorithm is
performed to minimize the loss function.

When solving the steady-state FP equation (2), the four condi-
tions in Eq. (3) must be satisfied. The constraints in Egs. (3a)-(3¢)
correspond to the three parts on the right-hand side of Eq. (8), and
the loss function is as follows:

Np

1
LLoss = a1 - N Z (»%PP(XD +ay-

i=1

Z(PXB

, (8)

Dim
t

X0y —1

i=1

where a;(i = 1,2, 3) are penalty factors that help the loss function
converge faster, and Dim represents the dimension of the variable X.

The above network setup is applicable to both pre-train (step i)
and fine-tune (step ii) the network. The detailed flow of the pro-
posed ELNN algorithm is as follows

(i) The first step of transfer learning is to pre-train the neural net-
work. When we get the FP equation (2), we first need to see if we
have solved Eq. (7) before. If so, go directly to the second step.

pubs.aip.org/aip/cha

ALGORITHM 1. The proposed ELNN algorithm.

Pre-training: Solving the FP equation (7) after the equivalent
linearization
Input: The training set and the boundary set of Eq. (7).
Output: The network parameters ®.
1. Equivalent linearization: Perform a simple equivalent
linearization for the system (1).
2. Solve the simplified FP equation (7) with a neural network.
3. Save the network parameters ©®.

Applying: Solving the FP equation (2)
Input: The training set and the boundary set of Eq. (2), the network
parameters ©.
Output: The solution of the FP equation (2).
1. Transfer learning: Load the parameters © to initialize the
new neural network.
2. Input the training set of Eq. (2) and then fine-tune the new
neural network.
3. Return: results.

Otherwise, we first linearize the corresponding stochastic differ-
ential equation equivalently. Refer to Sec. IT A for the detailed
steps. Then, we use the DL-FP algorithm to solve Eq. (7). Save
the parameters of the neural network when the pre-training is
finished. The neural network trained in this step contains the
information of the system (1) when Eq. (5a) is satisfied.

The second step is to fine-tune the neural network for solving
new FP equations. Compared to the DL-FP, the most impor-
tant feature of the ELNN algorithm is the setting of the initial
parameters of the neural network. In the DL-FP algorithm, it is
randomly initialized, but the ELNN algorithm makes full use of
a priori knowledge.

(i

=

If we solve only a single FP equation, the overall training time is
not necessarily reduced. However, when we need to solve many FP
equations, the training time can be greatly reduced by the transfer
learning method.

. EXAMPLES
A. Example 1

Consider a one-dimensional nonlinear stochastic system as
follows:

x=yx—Bx’ +/2D;W(), (y > 0,8 > 0), 9)

where W(?) is a standard Gaussian white noise, and D; represents
the noise intensity. The corresponding steady-state FP equation is

a 92
— 55 [rx = ) p)] + Dy o p() = 0. (10)

The analytical solution of Eq. (10) is
1
p(x) = C; - exp |:4—D1 (2)/.962 — ﬂx‘*)] R

where C; is a normalization constant.
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Next, we apply the ELNN algorithm given in Sec. II to solve
Eq. (10). We set D; = 0.125. As outlined before, the exact determi-
nation of p is not essential for the linearization. Rather, selecting
suitably simple values that ensure the pre-trained system achieves
steady-state behavior is considered sufficient. To illustrate this, we
consider the following simplified system:

X = —x++/2D,W(t). (11)

We directly present the simplified system (11) in its simplest form,
avoiding complex derivations. The FP equation corresponding to
system (11) is

9 3
= [xp ()] + Dy Tab @ =0 (12)

First, a neural network is used to solve Eq. (12). The computa-
tional domain is [—2.5,2.5], and the step size is A, = 0.01. In the
neural network, L = 4, n; = 20. Here, we choose to iterate 50 000
times. We set the penalty factors to a; = 1,a, =1,and a; = 1. It
is important to note that pre-training is primarily aimed at finding
a neural network that is closer to the system to be solved. There-
fore, we do not have to pursue the accuracy of the solution too much
when training the neural network. Then, save the parameters of the
trained network.

Next, we load the trained neural network parameters as the
initial values and then solve Eq. (10) for 100 FP equations with
different system parameters. We choose y = [0.1,0.2,...,1.0] and
B =1[0.1,0.2,...,1.0] to verify the advantages of the proposed
ELNN method in solving the FP equation (10). Figure 1(a) repre-
sents the difference of the loss function of the DL-FP and the ELNN
methods. We denote the iteration number at which the loss func-
tion first reaches 10~ using the DL-FP method as #, and that for

Ait'er
40000
13.9k 11.4k 9.6k 24.1k 6.4k 7.3k 4.6k 4.6k
9.9k 10.0k 6.0k 4.4k 0.9k 12.7k
r20000
21.5k 11.7k 8.9k 12.2k.10.0k 11.2k
0-6’14.5k 11.0k 11.9k 9.9k 11.4k 9.8k 10.3k 10.3k 9.4k 13.8k
xQ ro

0.5110.2k 10.6k 7.9k 10.7k.12.3k 11.1k 5.9k 12.2k 13.3k

0.49101k 96k 7.7k 9.4k 8.7k 9.8k 9.2k 9A7k. 9.8k

r—20000
0.37 7.0k 12.5k 11.2k 8.4k 10.3k 12.1k 13.1k 11.2k 10.6k 9.6k

0.2 9.7k 12.1k 12.0k 9.8k 2.6k 10.7k 15.4k 9.8k 11.6k 9.7k

—40000
0.11 g.ak 11.6k 12.8k

0.1 02 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0
Y

10.9k 12.4k 5.1k 4.3k 2.5k

(a)
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the ELNN method as t,. Figure 1(a) represents the difference of
Ajter = 1 — t,. The numbers in the grid cells represent the values of
Ater - If Ajrer > 0, it represents a faster decrease of the loss function
when using the ELNN algorithm. As shown in the figure, the ELNN
algorithm decreases much faster than the DL-FP. Sometimes, rely-
ing only on the loss function does not indicate that the solution is
accurate. Therefore, we give the following accuracy formula:

b-p
R—1_ P=Pl
1Pl

where P represents the exact solution and P represents the numer-
ical solution. We denote Rg;nn, Rpr—rp as the accuracy when using
the ELNN algorithm and the DL-FP algorithm, respectively, with
the same iterations. Figure 1(b) gives a comparison of the accuracy
of the two algorithms under different y and B. We can see from
Fig. 1 that the ELNN algorithm outperforms the DL-FP algorithm
in a statistical sense.

With a specific parameter selected y = 0.3, 8 = 0.5, Fig. 2 visu-
alizes the characteristics of transfer learning in more detail. We see
that the ELNN method learns the contours of the solution faster
than the DL-FP method. To clearly illustrate the decline of the loss
function, a minimum value filter was applied to smooth the curve. It
can be seen that the ELNN method always outperforms the DL-FP
method in most cases (Fig. 3).

B. Example 2

Consider a second-order nonlinear stochastic system as fol-
lows:

X4 nk 4+ ix +kx’ = /2D, W(D), (13)

Rewvn < RpL-fp
B Revv > Rpr—rp

(b)

FIG. 1. Comparisons between the ELNN and DL-FP algorithms under different y/, 8 for the system (9). (a) The difference of iterations for which the loss function first reaches

10-2. (b) The accuracy of the two algorithms with the 50 000 iterations.
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0.8 Iteration = 1000 Iteration = 6000 Iteration = 20000 Iteration = 50000
) 0.7 ---- /Exact solution
0.7 —/a .
06 0.4 0.4 ELNN solution
0.6 :
0.5 05 03 03
5 0.41 5 04 5 5
* 03l & 03 %02 )
| 0.2
0.2 0.1 0.1
0.1 0.1
0.0 0.0 0.0 0.0
-2 -1 o0 1 2 2 -1 o0 1 2 -2 -1 o0 1 2 2 -1 o0 1 2
X X X X
(@)
Iteration = 1000 Iteration = 6000 0.8 Iteration = 20000 Iteration = 50000
’ ---- Exact solution
0.7 iy ;
0.4 04 / DL-FP solution
0.6
0.3 0.5 0.3
é é 0.4 é
0.2 03 0.2
0.1 0.2 0.1
0.1
0.0 0.0 0.0
-2 -1 0 1 2 2 -1 o0 1 2
X X
(b)
FIG. 2. Comparisons of the ELNN and DL-FP algorithms under different iterations for the system (9). (a) Solutions using the ELNN algorithm. (b) Solutions using the DL-FP
algorithm.
102 4 where W(f) is a standard Gaussian white noise. n > 0is the damping
= LOSSpL - Fp . . . .
— Lossem coefficient. A and « > 0 represent the linear and nonlinear stiffness

coefficients, respectively. The noise intensity is D,. Equation (13)
can be rewritten as

x=y,
y=—ny—Ax — kx> + /2D, W(®).

The corresponding steady-state FP equation for the system (14) is

(14)

9 9
~ g PEII - o [(=ny = Ax — iex’) p(x, )]

2

]
+D28—y2p(x,y) =0. (15)

The exact solution to Eq. (15) is

0 10000 20000 30000 40000 50000

) K
Iterations p(y) = Cs - exp _n ()’2 AP+ —x4) :
2D, 2
FIG. 3. Comparison of the loss function with iterations under different algorithms . L Lo
for the system (9). where C, is a normalization constant. In a similar manner, we focus
on a stochastic system that is capable of reaching a steady state and
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Retvn <RoL-rp
B Rewv > RpL—fp

01 02 03 04 05 06 07 08 09 1.0
A

(b)

FIG. 4. Comparisons between the ELNN and DL-FP algorithms under different A, « for the system (13). (a) The difference of iterations for which the loss function first

reaches 102, (b) The accuracy of the two algorithms with the 50 000 iterations.

adopt its simplest admissible form,

X=—x—x+ 2D, W(). (16)

Then, we have

x=y,
y=—y—x+ 2D, W(}).

The steady-state FP equation for the system (16) is

a a 02

—aD’P(X’)’)] - (’Ty [(—)’ - x) p(x,y)] + D, BT}ZP(X,)’) =0. (17)

The system parameters are set to 7 = 0.2 and D, = 0.05. First,
the DL-FP algorithm is used to solve Eq. (17). The computational
domain is [—2.0,2.0] x [—2.0,2.0], and the time step A, = 0.01.
The network is parameterized by L = 5,n; = 20, and the num-
ber of iterations is 50 000. The penalty factors in the network are
a; = 400,a;, = 1, and a3 = 0.01. Then, save the parameters of the
network and perform transfer learning. For different A and «,
new networks are created to solve Eq. (15) without the need for
pre-training for A =[0.1,0.2,...,1.0] and « =[0.1,0.2,...,1.0].
Figure 4 has the same meaning as Fig. 1. The “Nan” in Fig. 4(a)
refers to the fact that the loss function does not reach 10~ with nei-
ther of the two algorithms. However, the solution accuracy is always
above 75% when using the ELNN algorithm; when using the DL-FP
algorithm, the solution accuracy is mostly below 30%. Furthermore,
Fig. 4(b) offers a more precise illustration of the distinctions between
the two algorithms. With the above parameter settings, the training
of the solution of system (13) takes much time for the DL-FP method
when compared to the ELNN method. The training time for the two-
dimensional system (13) is roughly ten times longer compared to

the one-dimensional system (9) on the same equipment. We have
also solved other systems and found that the training time increases
with the increase in dimensions. This shows that the advantage of
the ELNN algorithm becomes more obvious as the dimensionality
increases.

Let 1 = 1.0 and « = 0.2, the two algorithms are used to solve
Eq. (15). Figure 5 demonstrates the error plots at different iterations.
The ELNN algorithm is on the left and the DL-FP algorithm is on
the right. It is clear that the ELNN algorithm has a smaller error for
the same number of iterations; i.e., the network learns the shape of
the solution faster than the DL-FP. Figure 6 gives the decrease of the
loss function under different algorithms. It can be seen that the loss
function of the ELNN algorithm decreases faster than the DL-FP.

C. Example 3

The proposed method also works well for solving the FP
equation corresponding to a system under more complex noise exci-
tations. In this subsection, the ELNN algorithm will be used to solve
a one-dimensional FP equation for the joint excitation of Gaussian
and Lévy noise. Consider a nonlinear stochastic system as follows:"’

i= =% + 2D WD) + E.(D), (18)

where W(?) is a standard Gaussian white noise, with the noise inten-
sity D;. In addition, &,(f) is a symmetric a-stable Lévy noise,"
characterized by the noise intensity D, and the stability index .. The
steady-state FP equation for the system (18) is

2 o

2 [¥p®)]+D a—p (x) + D, a—p(x) =0 (19)
ax Y ax? x| ’
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FIG. 5. Comparisons of the ELNN and DL-FP algorithm for the system (13). (a), (c), and (e) Error plots of the system against the exact solution when using the ELNN

algorithm for 6000, 20 000, and 50 000 iterations, respectively. (b), (d), and (f) Error plots using the DL-FP algorithm for the same iterations.
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FIG. 6. Comparison of the loss function with iterations under different algorithms
for the system (13).
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3&
I
adopt the following simplified linear stochastic system:

k= —x+ 2D W(t) + £.(D). (20)
The steady-state FP equation for the system (20) is

where p(x) is the Riesz fractional derivative. To proceed, we

9 0? 9

P [xp ()] + Ds ﬁp (x) + Dy WP(X) =0.
The FP equation for stochastic systems under Lévy noise excitation
is fractional, which cannot be solved using automatic differentiation
techniques. We employ a “fractional central derivative” approach
with second-order accuracy to approximate the Riesz fractional
derivative.”

First, the DL-FP algorithm is used to solve Eq. (20). The com-
putational domain is [—3.0, 3.0], and A, = 0.05. The network is set
up as L = 4, n; = 40, and the iteration is = 100 000. The values of the
penalty factors are a; = 200,4, = 1, and a; = 1. After the training
is completed, we save the network parameters.

Since the system (18) has no unknown parameters and no ana-
Iytical solution, the comparison, similar to that shown in Fig. 1, is

Iteration = 50000 Iteration = 100000

0.6 0.6 0.6 0.6
--'-»;‘ MC solution
0.5 0.5 0.5 0.5 . ELNN solution
0.4 0.4 0.4 0.4
503 503 503 503
o a o
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
-2 0 2 -2 0 2 -2 0 2 -2 0 2
X X X X
(a)
Iteration = 5000 Iteration = 20000 Iteration = 50000 Iteration = 100000
0.6 0.6 0.6 0.6
;T N\ ST N\ ;T N ===- MC solution
! i ! i ! } DL-FP soluti
\ \ \ . 4
0.5 , ) 0.5 :,' \ 0.5 : \ 0.5 solution
! i i i i i
0.4 i | 0.4 i i 0.4 i i 0.4
| ! ! ! | !
H \ 1 H 1 ]
é 0.3 .' ' é 0.3 : ' é 0.3 , ' é 0.3
i | I ) I |
0.2 i i 02 i i 0.2 ] i 02
! i i | ! |
0.1 { | 0.1 { \ 0.1 { | 0.1
| | / 4 / 4
! \ ! \ ! 1
/ \ | \ / \
0.0 0.0 0.0 0.0
-2 0 2 -2 0 2 -2 0 2 -2 0 2
X X X X

FIG. 7. Comparisons of the ELNN and DL-FP algorithms under different iterations for the system (18). (a) The solutions from the ELNN algorithm. (b) The solutions from the

DL-FP algorithm.
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— Lossam omitted. We employ the ELNN algorithm and the DL-FP algorithm
— Losspi—rs to obtain the results, respectively. Figure 7 shows the variation of
the loss function, and it can be seen that the red curve decreases
very quickly. Because Eq. (19) does not have an analytical solution,
10° - we use Monte Carlo simulation as a comparison. Figure 8 presents
the solution of both methods. We find that the ELNN algorithm can
101 4 learn the solution of the equation faster than the DL-FP because it
has been pre-trained and the network contains similar information.

105 4

Loss

10—1 4
IV. DISCUSSION

The results in Sec. III clearly demonstrate that the proposed
ELNN algorithm is highly effective in solving FP equations. Once
1075 - the model is obtained through pretraining, it can be applied to solve
a class of FP equations, demonstrating strong generalization capa-

0 20000 20000 60000 80000 100000 bilities. In this section, we will address the following key questions.

Iterations (1) What about the generalization ability of the ELNN algorithm?

(2) How does the penalty factor influence the efficiency of the ELNN

FIG. 8. Comparison of the loss function with iterations under different algorithms algorithm? (3) What is the feasibility of the ELNN algorithm when
for the system (18). the conditions, Eq. (5a), are not satisfied?

1073 4

Iteration = 1000 Iteration = 6000 Iteration = 20000 Iteration = 50000
0.6 0.6 0.6 (=== MC solution
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0.5 0.5 0.5 \/
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0.21 0.21 0.21
0.11 0.11 0.11
0.01 0.01 0.01
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0.6 I 0.6 0.6 —=-- MC solution
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0.4+ 1 I} 0.4+ 0.4+
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FIG. 9. Comparisons of the ELNN and DL-FP algorithms under different iterations for the system (21). (a) The solutions from the ELNN algorithm. (b) The solutions from the
DL-FP algorithm.
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FIG.10. Comparison of the loss function with iterations under different algorithms FIG. 11. Comparison of the loss function with iterations under different algorithms
for the system (21) with the same simplified system (11). for the system (13) under the ELNN without penalty factors (a; = 1) and the
DL-FP with penalty factors (a; = 400, a, = 1,a; = 0.01).
A. The generalization ability Consider the following S}’Stemi22
As mentioned earlier, the model obtained through pre-training k=a—x4+ —— 5 + /2D, w(p), (21)
can speed up the solution of a class of FP equations. However, in the 1+

example provided in Sec. III, only the solution for a single equation where W(t) and D, represent the same meanings as in the system (9),
is presented. Therefore, we will first discuss the generalization ability and a = 0.5. The corresponding steady-state FP equation is
of the ELNN algorithm, i.e., whether the pre-trained model can solve

. . . 9 X8 92
a class of FP equations. Here, we just take Example 1 as an illustrated 2l (a=x+ ) p() | + Dz p() = 0. (22)
example. 0x 1+« dx
Iteration=50000 Iteration=50000
0.000
15 0.005 15
—0.025
1.0 0.000 1.0
05 —0.005 05 —0.050
—0.075
> 0.0 —0.010 > 0.0
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-2.0 —0.030 20 -0.175
-2.0 -1.5 -1.0 -0.5 0 0 05 -20 -15 -1.0 -05 00 05 1.0 15
X
(a) (b)

FIG. 12. Comparisons of the ELNN and DL-FP algorithms for the system (13). (a) Error plots with ELNN (a; = 1) after 50 000 iterations. (b) Error plots with DL-FP
(a1 = 400, a, = 1, a3 = 0.01) for the same iterations.
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FIG. 13. Comparisons between the ELNN and DL-FP algorithms for the system (9) when the conditions of Algorithm 1 are not satisfied. (a) Comparison of the loss function

with iterations under different algorithms. (b) The accuracy with the same iterations.

After equivalent linearization of the system (21), we get the same
simplified system (11). Thus, the pre-trained model from Example
1 can be used to solve Eq. (22) in an accelerated way. The results
are illustrated in Figs. 9 and 10. We can intuitively observe that the
pre-trained model from Example 1 is able to learn the solution of
Eq. (22) effectively. This reveals the model’s exceptional generaliza-
tion ability, highlighting its ability to maintain high performance
and effectively adapt to the FP equations corresponding to systems
with the same simplified systems.

B. The penalty factor

It is well known that appropriate penalty factors can signifi-
cantly accelerate the convergence of the loss function. However, the
selection of the penalty factors lacks theoretical guidance, often lead-
ing to a waste of time in choosing the appropriate ones.”” To ensure
that each component in Eq. (8) converges at approximately the same
rate, a feasible approach is to plot the variation of each part of the
loss function with respect to the number of iterations. By increasing
the penalty factors for the components that converge more slowly,
uniform convergence rates for all components can be achieved. In
this subsection, taking the system (13) as an example, we discuss
the performance of the ELNN algorithm in the absence of penalty
factors.

Let A = 1.0,k = 0.2, and keep the other parameters unchanged.
The DL-FP algorithm with a penalty factor and the ELNN algorithm
without a penalty factor (4; =1) are used separately to solve
Eq. (14). The results obtained are shown in Figs. 11 and 12. The loss
function decreases more rapidly under the ELNN algorithm than the
DL-FP, as shown in Fig. 11. It can reach the order of 107°, smaller
than the order of the loss function in Fig. 6. This difference is due to
the parameter a; = 400 of the loss function in Fig. 6, which ampli-
fies the loss value. Therefore, the variation of the loss function does
not fully explain the issue. To better illustrate this, we provide the

error plotin Fig. 12. With the same number of iterations, the error of
the ELNN algorithm is significantly smaller than the DL-FP. Thus,
even without an appropriate penalty factor, the ELNN algorithm
demonstrates excellent performance.

C. The extension of the ELNN algorithm

The transfer learning fully utilizes the prior knowledge and
improves the efficiency of solving the FP equation by neural

Aii.*e-r

40000
20000
~20000
-40000
1.2 1.4 1.6 1.8
a

FIG. 14. The difference of iterations for the loss function to reach 102 for the first
time when using the two algorithms at different o, D for the system (18) under
partially satisfied Algorithm 1.

o
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networks. In this subsection, we will discuss the performances of the
ELNN method when Eq. (5a) is not satisfied.

In this case, we take Example 1 as a representative for analysis.
We fix the parameters y = 0.3 and B = 0.5. We choose different
noise intensities D; = 0.005 and D; = 0.125, respectively. Accord-
ing to the first step of the ELNN algorithm, we get two models and
then fine-tune the network. The results are shown in Fig. 13. It can
be seen that when the noise intensities of systems (9) and (11) are
not the same, the impact varies. Compared to the DL-FP algorithm,
the performance is sometimes as outstanding as in Example 1, while
at other times, it has little impact on the solution. And sometimes
it takes a long time (the number of training iteration) to “erase” the
network’s previous memory and continue to learn the properties of
the new system.

Since the system (18) is subjected to two noise excitations, we
discuss the case where only one noise intensity is consistent; that
is, the conditions of Algorithm 1, Eq. (5a), are partially satisfied.
Consider the system (18), where the stability index  and the Gaus-
sian noise intensity D; change while fixing D;. However, it can be
seen from Fig. 14 that the fit remains good. This shows that in ran-
dom cases when the conditions are appropriately relaxed, the ELNN
algorithm can still achieve good results.

V. CONCLUSIONS

In this paper, a transfer learning algorithm called the ELNN
is proposed to solve the FP equations. Three prototypical exam-
ples show in a statistical sense that the presented method can solve
the FP equations efficiently and quickly. The ELNN method can
achieve better performance than the DL-FP, illustrated by a series
of comparisons. In addition, an example for joint noise excita-
tion shows that the ELNN algorithm still works well when not all
assumptions are fully satisfied. The ELNN algorithm makes full
use of prior knowledge. Its core is transfer learning. Approxima-
tions are first made by equivalent linearization, and the model
is highly generalizable. Although this paper only compares with
the DL-FP, the idea of transfer learning has broad applicabil-
ity and can be extended to other algorithms for solving the FP
equations.

Additionally, we find that the ELNN algorithm can quickly
solve the FP equations even without appropriate penalty factors.
This reduces the dependence on experimental experience. We have
also discussed the effectiveness of the ELNN algorithm in solving
the FP equations when Eq. (5a) is not satisfied. It is sometimes bet-
ter and sometimes worse. Therefore, how to quantify the transfer
learning model containing information about the equations to be
solved is also something that needs to be studied in depth in the
future.
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