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ABSTRACT

Noise-induced transitions, where random fluctuations drive systems between multiple stable states, are pivotal in stochastic dynamical sys-
tems across physics, biology, and engineering. These transitions become intricate in the presence of non-Gaussian noise or when systems
exhibit complex dynamics beyond fixed points. We leverage the recent multi-scaling reservoir computing framework to learn such noise-
induced transitions, focusing on a bistable system driven by Lévy noise and a limit-cycle system under Gaussian noise. We find that the
multi-scaling reservoir computing can generate data capturing transition statistics when trained by a trajectory with a few dozen transitions,
where the predictions of transition intervals and probability distributions align closely with test data. This showcases its ability to capture
stochastic transitions with abrupt noisy shifts and oscillatory dynamics in a probabilistic manner. These findings highlight the potential of
reservoir computing in studying general stochastic systems.
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In stochastic systems, noise or fluctuations often trigger tran-
sitions between multiple stable states, a phenomenon known as
noise-induced transitions. Far from being a theoretical nuance,
this process underpins a wide array of natural and engineered
systems, such as protein conformational shifts, genetic regula-
tory dynamics, and chemical reaction pathways. However, mod-
eling and predicting these transitions pose significant challenges.
To address these, we have previously developed a multi-scaling
reservoir computing framework. The framework was shown to
be effective in a set of systems with transitions between fixed
points induced by Gaussian noise. Whether it is generally applica-
ble to more challenging systems, such as those with non-Gaussian
noise or complex dynamics of limit cycles, remains elusive. This
study tackles these problems by using the framework to study

two representative systems: a bistable system driven by Lévy noise
and a limit-cycle system under Gaussian perturbations. Thus, we
show that the framework can handle diverse stochastic influences,
suggesting its applicability to predict and control more complex
stochastic dynamical systems.

I. INTRODUCTION

In stochastic dynamical systems with multistable states,
noise drives transitions between stable states." This phenomenon
known as noise-induced transitions” underlies diverse natural pro-
cesses: chemical reactions with multimodal distribution,™ pro-
tein conformational switching,” and noisy genetic switches.’
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Understanding these dynamics is crucial for enabling accurate pre-
dictions and designing control mechanisms in stochastic systems.
Previous approaches to analyzing noise-induced transitions encom-
pass the Onsager-Machlup functional® or large deviation theory.”"
Recently, Lin et al.'' have introduced a data-driven method trying to
capture the transition dynamics from data. While this approach has
been validated for systems with Gaussian noise, its applicability to
more general systems remains an open challenging problem.

The central limit theorem justifies the successful use of
Gaussian noise for modeling stochastic transitions, as demon-
strated by the effectiveness of Gaussian-driven stochastic differen-
tial equation (SDE) in capturing transition dynamics.'*~"> However,
many systems exhibit non-Gaussian noise, which often leads to
more complex dynamics and transition behavior.'*' Among vari-
ous non-Gaussian noise types, «-stable Lévy motions hold particular
significance for modeling transition phenomena arising from jump
events; its heavy-tailed distribution and discontinuous path charac-
teristics prove particularly effective in capturing these abrupt state
changes,' such as Dansgaard—Oeschger events in climate systems.'*

Although noise significantly influences transition paths in
stochastic systems, the underlying deterministic dynamics are
crucial for understanding the mechanisms of these transitions.
A paradigmatic example arises in non-gradient dynamical systems
exhibiting limit cycles: closed attracting trajectories in phase space
that sustain persistent oscillations.”” Such limit-cycle dynamics are
ubiquitous in biological and chemical systems.””~** Unlike fixed-
point attractors, which represent equilibrium states, limit cycles
embody periodic solutions, offering a distinct form of stability. Con-
sequently, systems capable of transitioning between limit cycles and
fixed point attractors induced by noise are of significant impor-
tance, such as in neuronal models where weak noise can induce such
transitions, thereby markedly altering firing patterns.”’

In recent years, machine learning has emerged as a power-
ful approach for identifying and predicting dynamics*~’ and has
a deep connection to stochastic dynamics.”’~** An important learn-
ing framework the reservoir computing (RC)*** has proven to
be an effective tool for learning dynamical systems,** includ-
ing chaotic systems,”””" stochastic resonance,” and associative
memory.” Recent advances'“*" based on RC have been used to
capture stochastic dynamical systems, particularly the multi-scaling
RC framework,"" demonstrating that it can help capture stochas-
tic transitions under Gaussian noise in representative gradient and
non-gradient bistable systems, where some traditional methods**
struggle with.

In this study, we extend the multi-scaling reservoir computing
framework to tackle more complex stochastic transitions, showcas-
ing the effectiveness of machine learning in addressing these phe-
nomena. Specifically, we apply this framework to a one-dimensional
bistable system driven by a-stable Lévy noise to model transitions
triggered by rare jumps, with training data containing approxi-
mately 20-30 transitions. To evaluate whether our method remains
effective for limit-cycle systems, we test it on a two-dimensional
non-gradient model that exhibits transitions between limit cycles
and fixed points, using a dataset comprising around 10-20 tran-
sitions. This data-driven RC approach successfully captures the
dynamics of stochastic transitions under non-Gaussian fluctuations
and in limit-cycle systems, providing valuable insights into these
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processes and reinforcing the potential of machine learning and RC
to analyze complex stochastic systems.

Il. METHODS
A. Reservoir computing

An RC consists of three layers:**" an input layer, a dynamical
reservoir, and an output layer. The input layer maps the d;, dimen-
sional time series to the N dimensional space of the reservoir using
the matrix W;, € RN*%n. The dynamical reservoir, typically a recur-
rent neural network, processes these signals and captures temporal
dependencies. The dynamical reservoir is characterized by its adja-
cency matrix A € RN*N_which defines the connections between the
N reservoir neurons. The state of the reservoir at time ¢ is repre-
sented by the state vector r, € RY. The output layer reads out the
dou-dimensional output from the reservoir states using the out-
put matrix W,,; € Ré%u*N_ The RC is trained by optimizing W,
using ridge regression to minimize the loss function. The state of the
reservoir at time ¢ 4 1 is calculated by

e = (1 - &)rt + &f(Art + Winut)) (1)

where fis the activation function (hyperbolic tangent function). The
output of the reservoir at time t + 1 is given by

g = Woulyg. (2)

The other hyperparameters of the RC*>"” include the spectral
radius p of the adjacency matrix A, the average degree D of A, the
leak parameter @, and the regularization parameter 8 used in ridge
regression. The input scale K;, determines the range of values for
W, which are uniformly sampled from this interval.

The training process involves optimizing W,,, to minimize the
loss function L, defined as

T
L= llu,— Wourtil* + Bl Woul, (3)
t=1

where u; represents the target at time ¢ and r, is the state of the
reservoir at time f. This ensures that the RC generalizes well to
unseen data by preventing overfitting through the regularization
term B||W,,||>. Here, T denotes the transpose of a matrix. The W,
is trained using ridge regression."’ Solving for W, we obtain

W,. = URT(RRT + B1) ', (4)

where U = [ul uT] and R = [rl rT] are matrices
containing the target outputs and reservoir states, respectively, over
the training period T. The term I denotes the identity matrix.

B. Multi-scaling reservoir computing

The framework of multi-scaling reservoir computing'' is a
data-driven approach for capturing stochastic transitions. It can
effectively model stochastic transition dynamics from time series.
The framework is inspired by the empirical observation that the leak
parameter & corresponds to the time scale of the dynamics.” In the
training phase, the & and other parameters are adjusted, and the
RC is trained to capture the deterministic dynamics from the noisy
data. After the W,,, is trained, the noise can be separated from the
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training data. This is done by subtracting the RC prediction of the
deterministic dynamics (W,,r;) from the actual training data (u,)
(t € [0, Tiraining))- The residual, denoted as 7, represents the noise

N =0 — Wty (5)

During the prediction phase (f € [Tiaining> Tprediction])> the
trained RC iteratively simulates the system. At each time step, a noise
sample is drawn from the distribution of the previously separated
noise (17). This noise is then added to the output of the RC

Oy = Woul + i1 (6)

for generating a complete stochastic trajectory @,;; capable of
exhibiting noise-induced transitions.

The output @, is then used as the input for the next time step,
and the process continues iteratively. This approach allows the RC
to capture the stochastic transitions in the system while maintain-
ing the underlying deterministic dynamics. The multi-scaling RC
framework effectively separates the noise from the training data,
enabling accurate predictions of stochastic transitions in complex
systems.

lll. RESULTS
A. The Lévy noise

Lévy noise, a generalization of Brownian motion, is a stochastic
process with heavy-tailed distributions and infinite variance, char-
acterized by the Lévy-Khintchine formula," which accounts for its
discontinuous sample paths due to jumps. This makes it a powerful
tool for modeling complex stochastic processes.

Consider the following stochastic differential equation driven
by a-stable Lévy noise,

ARTICLE pubs.aip.org/aip/cha

where t denotes time, the lower script ¢ indicates time dependence,
the drift term b(X,), and the diffusion coefficient o (X,) are func-
tions of the state X, and L} represents the -stable Lévy motion. The
Lévy noise is characterized by its stability index 0 < o < 2, which
determines the heavy-tailed nature of its distribution. When o = 2,
the Lévy noise reduces to standard Brownian motion, and Eq. (7)
simplifies to

dX, = b(X,) dt + o(X,) dB,, (8)

where B; denotes Brownian motion. Further details on the dif-
ferences between Lévy and Brownian motions are provided in
Appendixes A and B. The Lévy noise exhibits jumps and disconti-
nuities in its sample paths, which can lead to non-trivial dynamics
and transitions in complex systems.

B. A double-well potential system driven by Lévy
noises

Let us consider a one-dimensional bistable system driven by
o-stable noise

duy = (u — u}) dt + e dLf, 9

where ¢ represents the noise intensity parameter. The system has
two stable states at u = &1, which can exhibit noise-induced transi-
tions. We simulate Eq. (9) with @ = 1.5 and « = 2 to compare the
dynamics driven by Lévy and Brownian noises, respectively. The
stochastic transitions driven by Lévy noise exhibit discontinuous
transition paths [Fig. 1(a)], while Brownian noise leads to continu-
ous transition paths [Fig. 1(b)]. The probability density distributions
of the noise used to simulate the paths are shown in Fig. 1(c).

To capture the stochastic transition dynamics driven by Lévy
noise, we employ the multi-scaling RC framework,'" which has
been demonstrated to effectively model stochastic transitions under
Gaussian noise. The training data [Fig. 2(a)], containing approxi-
mately 20-30 transitions, are generated by simulating the system for

dX, = b(X)) dt + o (X;) dL?, 7 t € [0,100], with the Lévy noise simulated using the Python librar
t vy g y
2.0 2.0 10°
b
@ Lévy ® Gaussian © Lévy simulated
L5 L5 . Gaussian simulated
10 —_ i &
10 1.0 Theoretical Lévy
=== Theoretical Gaussian
1
0.5 0.5 1 00 :
5 0.0 5 00 g g
s 0 s 0. 2 I
-1
-05 -05 10
I 1
il
-1.0 -1.0
107 L
s s i
1 1
3 1 1
-2.0 -2.0 10
0 2 4 6 8 10 0 2 4 6 8 10 -0.75 -0.50 -0.25 0.00 025 0.50 0.75
Time Time Noise Amplitude

FIG. 1. Data generated from a one-dimensional bistable system with Lévy noise. (a) Sample path of Eq. (9), the stochastic transitions driven by «-stable motion with e = 1.5
and ¢ = 1, illustrating the jump characteristics of Lévy motions, the time step At = 0.001. (b) Sample path of Eg. (9), the stochastic transitions driven by «-stable motion
with = 2and ¢ = 1, corresponding to Wiener motions. (c) Stable distributions for different « values. The probability density function (PDF) curves represent the theoretical
Gaussian PDF, while the shaded areas correspond to the simulated noise PDF (red: Lévy; blue: Gaussian).
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FIG. 2. Learning noise-induced transitions of the one-dimensional bistable system with Lévy noise. (a) The first 10 000 time steps of the training data generated from Eq. (9),
with At = 0.001, as t € [0, 10]. (b) Predicted data and test data for the first 10 000 time steps of the prediction phase (At = 0.001, t € [100, 110]). (c) The noise amplitude
probability distributions of both the separated noise and the theoretical noise. (d) Comparison of 267 true transitions (salmon) and 282 model-predicted transitions (light blue)
when t € [100,1100] (1 x 10° time steps), and 1 represents the mean value of transition intervals. The distributions of transition times exhibit strong agreement between

the test and predicted data.

SciPy.”! Following the multi-scaling RC protocol, during the training
phase, we adjust the hyperparameters (Table I) and train the RC to
capture the deterministic mode using ridge regression. Additionally,
the noise is separated at each time step and treated as a distribution.

In the prediction phase, as ¢ € [100,1100], we employ the
trained RC model to simulate the deterministic dynamics and sam-
ple a noise from the separated noise distribution and added to the
RC output, and use the output as the next timestep input iteratively.
To validate the performance of the model, this predicted trajectory
is compared against the corresponding segment of the simulation
[Fig. 2(b)]. The results demonstrate that the predicted data and

the test data have the same transition dynamics and discontinuous
sample paths, while the probability density function of the sepa-
rated noise distribution matches the theoretical Lévy distribution
[Fig. 2(c)]

The distribution of transition intervals is a key characteristic
of the transition dynamics. A transition interval is defined as the
time elapsed between two consecutive transitions, where a transi-
tion refers to a switch from u= —1 to u =1 or vice versa. We
count the number of transitions in the test data (267 transitions) and
the predicted data (282 transitions) and calculate the correspond-
ing transition intervals. A comparison of the transition interval
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TABLE I. Hyperparameters used in the one-dimensional bistable system and the two-dimensional limit-cycle system.

Type Hyperparameter 1D bistable system 2D limit-cycle system
RC hyperparameters Spectral radius p 0.92 0.42
Average degree D 6.00 22.00
Leak parameter & 0.05 0.30
Input scale K;,, 4.00 4.00
Regularization parameter 8 1.00 x 107% 1.00 x 1073
Number of neurons N 400 4000
System parameters Noise intensity & 1.0 0.8
Stability index o 1.5 2
Time step At 0.001 0.01
Y right N/A 1
k N/A 5
I N/A 0.2

distributions is shown in Fig. 2(d). The results demonstrate that
the multi-scaling RC framework effectively captures the transition
dynamics driven by Lévy noise in this one-dimensional bistable sys-
tem, as evidenced by the agreement between the distributions and
mean values.

C. A two-dimensional non-gradient system with limit
cycles under Gaussian noise

The transitions in the one-dimensional bistable system driven
by Lévy noise highlight the effectiveness of the multi-scaling
RC framework in capturing the stochastic dynamics induced by
non-Gaussian noise. To further demonstrate the versatility of this
framework, we extend its application to a more complex system: a
two-dimensional non-gradient system with limit cycles. It is gov-
erned by the following stochastic differential equations:

dx = ydt,
(10
dUu
dy = [—a - F(x)y] dt + ¢ dB,.
The potential U is defined by the quartic polynomial
L
Ux) = — — =, 11
@=7-5 (11)

with a position-dependent damping coefficient featuring adaptive
switching

() = Yign0w(x) + 20" = D1 = 0 (x)]. (12)
The switching function adopts a sigmoidal form
1
Otr (-x) = (13)

1+ exp(—k(x))

This system is characterized by rotational dynamics, limit
cycles, and non-gradient flow in the phase space. To illustrate the
deterministic dynamics of the system, we employ a set of random
initial points and simulate the trajectories for ¢ € [0,100] (Fig. 3).
The trajectories converge to distinct attracting regions: limit cycles

and stable points. This confirms the non-gradient nature of the sys-
tem. Here, Gaussian noise with & = 0.8 is used to induce stochastic
transitions between the limit cycles and the stable points, while other
parameters of the system are shown in Table I.

We first simulate this system using the Euler-Maruyama
method' with the Python library sdeint™ to generate training data
for t € [0,50], which includes around 10-20 transitions. Within
the multi-scaling reservoir computing framework, we adjust the
hyperparameters (Table I). We train the model to capture the deter-
ministic dynamics, separate the noise distribution, and generate
predictions for ¢ € [50,1100]. The time series for each dimension
of the training data and the predictions for ¢ € [50, 100] are shown
in Fig. 4(a). The transition dynamics and the oscillatory behavior
of the limit cycle in the X-direction and Y-direction are effectively

100
1.00
0.75 tart 2 80
0.50
art 4 60 °
Sgart § g
> 025 &
0.00{ 40
Sta
-0.25
20
—0.50
-1 0 1 0

X

FIG. 3. Deterministic phase-space structure of a two-dimensional non-gradient
system with limit cycles. Trajectories from five random initial conditions converge
to distinct attracting regions: the limit cycles and the spiral stable point areas. Both
the two areas have the rotational dynamics show the non-gradient system without
detailed balance.
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FIG. 4. Learning transition dynamics of the two-dimensional non-gradient system with limit cycles. (a) The one-dimensional time series of training data generated from
Eq. (10) (t € [0, 50]) and the predicted data (t € [50, 100]), both in X and Y directions (time steps multiplied by At = 0.01). (b) The two-dimensional scatter plot of training
data (t € [0, 50]) and predicted data (t € [50, 100]) showing the rotational and transition dynamics, where only every 10th point is plotted for clarity. (c) The noise amplitude
probability distribution of both the separated noise and the theoretical noise (Y-direction). (d) The probability distributions and the mean value w of the transition intervals of

the test and predicted data for t € [50, 1100] show matching transition dynamics.

captured. The two-dimensional scatter plot of the training and pre-
dicted data is shown in Fig. 4(b), demonstrating that the predicted
data closely match the training data in terms of both limit-cycle
dynamics and rotational behavior.

The separated noise distribution closely matches the theoretical
Gaussian distribution (At = 0.01), as shown in Fig. 4(c). Its dis-
tribution is distinct from the Lévy distribution. As in the scenario
of the one-dimensional bistable system, we compare the transition
intervals of the test and predicted data for t € [50,1100] to eval-
uate the transition dynamics. A transition occurs when the time
series crosses the zero point in the X-direction without return-
ing for 50At."" The transition time is here defined as the interval
between two consecutive zero crossings. The probability distribu-
tions and the mean value u of the transition intervals of the test
and predicted data for ¢ € [50,1100] are shown in Fig. 4(d). The
results demonstrate that the multi-scaling RC framework effectively
captures the transition dynamics driven by Gaussian noise in this
two-dimensional non-gradient system with limit cycles.

IV. DISCUSSION

In this work, we have showcased the efficacy of the multi-
scaling reservoir computing framework in modeling noise-induced

transitions, focusing on a one-dimensional bistable system driven by
Lévy noise and a two-dimensional limit-cycle system under Gaus-
sian perturbations. For Lévy noise with the stability index o = 1.5,
the framework successfully captures discontinuous transition paths
and the distribution of transition intervals. However, the robust-
ness of this approach for smaller « values remains unexplored. As
a decreases, the Lévy distribution’s tails grow heavier, amplifying
the frequency and magnitude of jumps. This shift could challenge
the framework’s ability to disentangle deterministic dynamics from
increasingly extreme noise. Investigating the method’s performance
across a wider range of « values is thus essential to ascertain its appli-
cability to systems with more pronounced heavy-tailed noise, such
as those observed in climate or financial models.

Among non-Gaussian noises, we have exclusively tested the
paradigmatic «-stable Lévy noise. While this choice effectively
captures jump-driven transitions, other non-Gaussian forms like
Poisson noise, may exhibit distinct stochastic behaviors. The adapt-
ability of the framework to these alternatives is unknown. Future
efforts should extend the multi-scaling RC approach to diverse
non-Gaussian noise types to evaluate its versatility and refine its
applicability across broader physical contexts.

In second-order dynamical systems, it is common practice
in physics to introduce noise preferentially along the velocity
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FIG. 5. Results of separated noise of different dimensions. A histogram illustrat-
ing the noise separated from a two-dimensional limit-cycle system. The separated
noise exhibits a Gaussian distribution in the Y-direction and is nearly zero in the
X-direction, consistent with the theoretical expectation that noise is injected solely
in the Y-direction.

direction” (the Y-direction in our example). However, identify-
ing the specific directional coupling of noise in two-dimensional
stochastic systems presents a significant challenge, as this generally
requires a priori knowledge of the system’s underlying structure,
which is a question beyond the scope of this investigation. Fol-
lowing physical principles, we intentionally restrict Gaussian noise
injection to the Y-direction during both training data generation
and prediction phase. Crucially, the multi-scaling reservoir com-
puting framework successfully isolates the Y-direction noise dis-
tribution matches with the injected Gaussian distribution, while
simultaneously recovering the X-direction noise distribution statis-
tically indistinguishable from zero (Fig. 5). This noise-deterministic
dynamics decoupling capability enables a data-driven characteriza-
tion of stochastic systems lacking prior knowledge of anisotropy
noise. This demonstrated the ability to decouple noise and identify
the underlying deterministic dynamics that makes the framework a
compelling candidate for integration with model-based estimators.
Specifically, the trained reservoir could be a data-driven surro-
gate for the state-transition model required by filters such as the
unscented Kalman filter (UKF).” This hybrid approach is a promis-
ing direction for future work, potentially enabling robust state esti-
mation in systems where the governing equations are unknown
a priori.

In conventional reservoir computing (RC), the inherent ran-
domness of the reservoir matrices leads to performance variability
across different matrix realizations, even when hyperparameters are
held constant. To address this issue, we try the next-generation
reservoir computing (NGRC) for the training phase, which elimi-
nates random matrices in favor of nonlinear vector autoregression.”
In NGRC, the time scale analogous to the leak parameter & in tra-
ditional RC is governed by the adjustable time delay and stride
parameters, enabling to capture the deterministic dynamics. How-
ever, the reduced hyperparameter set in NGRC limits the flexibility
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of manual tuning, particularly for modeling complex determinis-
tic systems. Moreover, increasing the time delay to capture slower
dynamical scales causes a sharp rise in the dimensionality of the
nonlinear layer, imposing significant memory constraints. Simi-
larly, incorporating higher order nonlinearities exacerbates these
computational demands. Consequently, traditional RC may remain
preferable for applications involving stochastic transitions, where
such resource limitations are less restrictive.

Beyond exploring different noise profiles, the scalability of
our framework to higher-dimensional systems presents an impor-
tant avenue for future research. Our focus on low-dimensional
systems aligns with the established tradition in both stochastic
transition””'~° and reservoir computing studies. However, the chal-
lenge of high dimensionality for our specific problem is often mit-
igated by the nature of the transition phenomenon itself. Even in
a high-dimensional state space, the transition path between two
stable states frequently evolves along a low-dimensional manifold
or a “reaction coordinate.”” This effectively reduces our core task
to modeling a low-dimensional process. Furthermore, applying
RC to higher-dimensional systems is considered tractable,” with
the primary challenge being the need for increased computational
resources rather than a fundamental algorithmic limitation.

In summary, the multi-scaling RC framework adeptly captures
noise-induced transitions under Lévy noise and in limit-cycle sys-
tems, highlighting its potential as a data-driven tool for stochastic
dynamics. The close agreement between predicted and test data
validates its precision. Nonetheless, its dependence on o = 1.5,
exclusive focus on Lévy noise, and hyperparameter challenges signal
avenues for refinement. Extending its scope to diverse noise profiles
and stabilizing its implementation will solidify its role in modeling
noise-induced phenomena across physics, biology, and beyond.
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DATA AVAILABILITY

The data produced in this research, encompassing both the
training and the predicted data, are available in the GitHub
repository at https://github.com/Machine-learning-and-complex-
systems/NIT-RC-Levy, Ref. 58. The Python implementation code is
hosted in the same GitHub repository as the data.

APPENDIX A: LEVY AND BROWNIAN MOTION

Following the standard definitions as presented in the text-
books of the Lévy motion™ and Brownian motion," we briefly
introduce these stochastic processes. The key difference between
these two motions lies in their continuity properties. The Brown-
ian motion, also known as the Wiener process, is continuous almost
surely. In contrast, Lévy motion, which includes jumps, is contin-
uous in probability, but may exhibit discontinuities in its sample
paths. This fundamental distinction leads to different behaviors and
applications in modeling stochastic processes.

Lévy Motion Definition: An «-stable Lévy motion, denoted as
L?, is a stochastic process that meets the following conditions:

1. L =0a.s.

2. Independent increments: For any time partition t; <, < ---
< fy, the random variables L} —L,..., L} — Ly  are inde-
pendent.

3. Stationary increments: For t > s, LY — L and LY _ have the same
distribution.

4. Sample paths are stochastically continuous: For all § > 0 and
s> 0,P(LY —LY| > 6) — 0,ast — s.

Brownian Motion Definition: A Brownian motion, defined on
a probability space (€2, .#,P), is a stochastic process B; that satisfies
the following conditions:

1. By =0a.s.

2. The sample function t — B,(w) is continuous, a.s.

3. B, has independent increments: For any n and 0 <t <t,
< ... <t,, the random variables B;,, — B;,...,B;, — B, _, are
independent.

4. B; has Gaussian stationary increments, that is, for any s,t
(0 <s < t), Bi(w) — By(w) follows a Gaussian distribution with
mean value zero and variance t — s.

APPENDIX B: NUMERICAL DETAILS FOR SIMULATING
GAUSSIAN NOISE AND LEVY NOISE

To generate the stochastic transition paths used as the train-
ing and test data in the one-dimensional bistable driven by Lévy
noise, the increments of the Lévy motion, dL{, were generated using
the SciPy library.”’ The parameters were set as follows: Stability
index a = 1.5, determining the tail heaviness of the distribution;
Skewness ﬁ = 0, ensuring a symmetric stable distribution; Loca-
tion parameter /i = 0; Scale parameter 6 = (ADY® because it is the
stable distribution,’ where At is the time step, consistent with the
self-similarity property of «-stable Lévy processes.

To mitigate numerical instability arising from extreme jumps
inherent in Lévy noise, a dynamical truncation was applied. The
absolute values of the increments were computed, and the 99.9th
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percentile (q) was determined. Increments were then clipped to the
range [—20g, 20q].

We employ the Python library sdeint™ to simulate the transi-
tion trajectories of the two-dimensional non-gradient system driven
by Gaussian noise. Numerical integration is performed using the
stratHeun solver (Stratonovich interpretation) with a fixed time
step At = 0.01. Initial conditions are set randomly, and we use a sin-
gle trajectory with 110 000 time steps (matching Example 1) as the
training data (t € [0, 50]) and test data (¢ € [50, 1100]).
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