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Abstract Several neurological disorders can be described as alterations of the brain connectome, both
anatomic and functional. To model diseases and compare them, it has been proposed the Krankheit-
operator (K-operator), which acts on the weights of the connectome, reproducing the effects of specific
disorders. In this article, with algebraic tools, we attempt to provide a more general definition of the
operator, that encompasses the previous different definitions provided. We consider a general setting where
the linear operator is an endomorphism on the vector space of n x n matrices. We show that the left and
right matrix multiplication and a Hadamard multiplications can all be described as a special structured
operator.

1 Introduction

The existence of different perspectives on a phenomenon can often hint towards the existence of a more general view.
It is the case of studies on the brain, including mathematical and physics-inspired modelling of its nested structure,
with neurons, neuronal agglomerates, and lobes. And it is thus the case of a graph-based description of the key
neuronal macro-agglomerates and the links between them, constituting the so-called brain connectome [21]. The
alteration of anatomic and especially functional brain networks [1] can be related with the onset and development
of neuropsychiatric and neurodegenerative diseases. This is one of the aims of computational psychiatry [10], and
of the analysis of alterations of graph neural networks for connectome-based brain disorders [5].

Thus, the action of a disease may change the brain in all facets. We are particularly interested in the changes
to the brain connectome.

To model the action of disease on the brain connectome, a new approach object has been recently proposed. In
analogy with the definitions of operators in physics, acting on observables corresponding to physical quantities,
and acting on them producing changes, it has been defined a mathematical object acting on the human brain to
produce changes typical of neurological disorders. The K-operator—or more precisely the restriction of the K-
operator to the brain connectome—is, in fact, defined as a mathematical object, in the form of an operator, that
acts on a healthy brain altering it, reproducing the effects of a disease. In particular, we can consider the weights
of the connections between the brain areas [14]. In this case, the operator maps from the set of n x n matrices to
the set of n x m matrices. Since domain and co-domain are equal, this homomorphism is called endomorphism. If
it is bijective, it is an automorphism. Alternatively, we consider a modelling of the K-operator as automorphism
on the set of correlation matrices.

The disease alters the connectivity of the brain and thus the correlation matrix describing the connections.
Whilst each pathological brain evolution is different, and thus, each instance of the K-operator is different, the
evolution of brains affected by the same disorder presents similarities. Thus, we will have a class of operators with
key similarities (as having elements targeting specific brain areas in a similar way over time), as signature elements
characterising a specific disease. Thus, similar disorders will share similarities at the level of K [15].

Specific instances of the K-operator have been computed from data of selected patients affected by Alzheimer—
Perusini’s disease [16], Parkinson’s disease [13], schizophrenia [13], and, with some adaptation, epilepsy [18]. It
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has also been proposed a space of brain states, thinking of the phase space in physics, whose first computational
implementation uses the multi-dimensional scaling [17]. An analysis of patterns of eigenvalues from different
definitions of the K-operator, and the recurrence plot-analysis of time-series from brain regions selected upon
visual inspection of K, has been proposed in [6].

However, in the aforementioned recent literature, different versions of the K-operator have been used, and
the visualisations obtained from them present empiric correspondences. Each definition highlights some elements,
but hinders others, or poses some difficulty of interpretation. In this article, we aim to first propose a formal
relationship between the definitions, and then to lay the foundations of a more general definition of the operator,
that encompasses the previous ones.

This position paper aims thus to face some of the open issues of the newly proposed operator, and it is organised
as follows. In Sect. 2, we list and illustrate the current definitions of the K-operator. An example of their imple-
mentation with real data is provided in Sect.3. A further example with synthetic data, and a first formalisation
of a relationship between them, is given in Sect.4. The core of the article is the more comprehensive theoretical
approach, proposed in Sect.5. A short Discussion (Sect.6) on the next line of research development ends the
article.

2 Current definitions of the K-operator

The K-operator is defined as a matrix operator that acts on a healthy brain, giving as output a diseased one [14]:

K: = K| . Rnxn_)Rnxn: g_>gk7 (1)

connectome

we write

KG=g", (2)

where G is a matrix representing a healthy brain, and G* a diseased one, with k as a label for Krankheit, disease.
From now on, we only consider the restriction of the disease operator on the connectome and thus omit the
restriction when using K. Considering time progression of the disease, we can write:

Kt)G*(t) =Gkt +1). (3)

This notation can be understood in two different ways. On the one hand, we can consider K (t) to be an operator
acting on G¥(¢), that is K (t): R™*"™ — R™*™, On the other hand, we can consider K (t) to be a matrix K (t) € R"*"
and K (t)G*(t) to be a matrix-matrix product. Below, both options are discussed. The matrices G*(t) describing
the (state of the) brain are derived from experimental data. For instance, focussing on functional connectivity, the
brain matrices will be the connectivity matrices containing, as elements, the weights of the (directed or undirected)
links between brain nodes. Other choices for the brain matrices G¥(¢), which can also be related to the results of
cognitive tests, are possible but beyond the scope of this paper.

Experimentally, as discussed in detail in [13], the starting point is the folder of image files of resting-state fMRI,
in form of DICOM files (DICOM stands for Digital Imaging and Communications in Medicine). They contain
information on the blood movement over time, corresponding to the activation of specific brain areas. They are
then converted into NIfTI files (where the acronym stands for Neuroimaging Informatics Technology Initiative),
and, through the choice of a specific medical atlas, that is, particular grouping of pixels, time series in each brain
regions are extracted. Through the computation of the Pearson correlation between pairs of time series, we can
finally obtain a connectivity matrix, to be used here as an instance of the G or G* matrix. Thus, we can adopt
correlation matrices as the G-matrices, containing the averaged information on the correlation between the activity
of pairs of brain areas, corresponding to a time point. In fact, we distinguish between the time flowing for time
series, and corresponding to the time within the window of observation of the brain inside the magnetic resonance
machine, and the time of the year when the measurement is performed. Two fMRIs performed at distance of 6
months, for instance, will lead to G at two different time points.

Once the matrices of healthy and diseased brains are known, a shape of the operator can be approximated as a
numeric matrix. The first approach involves the matrix inversion and the matrix product:

G" = KiG = K,=G"ag™", (4)
where here @ indicates the usual matrix product. We use an index to distinguish the matrix K, from similar
matrices of size n X n representing the K-operator. However, the analysis of K, is not easy, as the rows and

columns of G-matrices, containing labels of the brain areas, are mixed due to the matrix product. One way
to interpret K is to regard it as a remixing of the outgoing connections from each domain. This, however, has
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limited explanatory power, since, at the same time, the incoming connections would have to be remixed to preserve
symmetry. We attempt to overcome this in the next section. In addition, it has been experimentally observed that
the rows of the K-operator computed with (4) correspond to the clusters of higher values that can be obtained
whilst using the Hadamard product within the same expression; see (5) [13,16]:

Kn=G"©g™, (5)

where we use the symbol ® to indicate the Hadamard or entry-wise product. As above, K, is an n X n matrix
representing the K-operator.

Let Kpizea = G © G and Kppizeq =G ©G 1 £L If G = G*, then Knizea = Kpmiz,eq- However, in general,
G # G*, and we can write: K, izeq — Kriz,eq = (gk —G) ® G, which can help isolate the effect of G — G*.

The results obtained with (5) are easy to interpret, given the preserved correspondence of labels of rows and
columns with the considered regions of the brain, but the formula itself is not mathematically precise, given the
coexistence of an inverse matrix and of the Hadamard product. A third application concerns the use of a “purely
Hadamard” product, where each element of K is obtained as the ratio of the brain matrices [18]:

k

gk:K@G)g — K®:gk®g = K®|ij:g,,’
ij

(6)

where @ indicates the entry-wise division and K| ij 18 the entry of the matrix Ky in row ¢ and column j. The
comparison between the three cases shows vertical correspondences. These first results point towards the exigence
for a more comprehensive, general definition of the operator, to be mathematically precise yet understandable
from a point of view of the neurosciences.

3 An example

To give a further idea of the hidden analogies between the three definitions of K, and to emphasise the neurological
relevance of the problem of finding a unitary description of the operator, we propose here an example of application.
We consider as G the connectivity matrix obtained from the functional magnetic resonance, resting state (fMRI-
1s), of a healthy person, and as G¥, the corresponding connectivity matrix from a Parkinsonian patient (PD).
The healthy control is subject subMJF044, female, 66 years old, and the PD patient is subject subMJF020, a
Parkinson’s disease (PD), female, 69 years old, without cognitive issues, that is, normal control (NC), and thus
classified in the dataset as a PD-NC. The original data are taken from the platform OpenNeuro [12].! As the
choice of atlas, we consider the Multi-subject Dictionary learning (MSDL) atlas [23], constituted by 39 regions of
interest (ROIs) in which the brain can be divided into. See Table 1 for their list, Algorithm 1 for the method, and
Fig.1 for the matrices G and G*, and the three computations of K.

Algorithm 1 Computing specific forms of the K-operator [13,17]

choose brain atlas
for each fMRI set of measurements do
compute NIfTT file
use the atlas as a mask, extract time series for each ROI
compute correlation between pairs of ROIs
average over time
print connectivity matrix
label it G or G* according to the dataset “healthy/diseased” labelling
end for
for pairs of G, G* or longitudinal gk(t), gk(t +1) do
compute the K-operator
analyse its entries
end for

In the literature on the K-operator [13,16], empiric thresholds had been used to highlight the entries of the
operator presenting the higher changes in absolute value. However, here, we do not choose any threshold, being

! https://openneuro.org/datasets/ds005892/versions/1.0.0.
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Table 1 ROIs for the MSDL atlas [23]

Eur. Phys. J. Spec. Top. (2026) 235:2637-2651

ROI tag complete name

0 L Aud Left Auditory Cortex

1 R Aud Right Auditory Cortex

2 Striate Striate Cortex

3 L DMN Left Default Model Network

4 Med DMN Medial Default Model Network

5 Front DMN Frontal Default Model Network

6 R DMN Right Default Model Network

7 Occ post Occipital Posterior

8 Motor Motor Cortex

9 R DLPFC Right Dorsolateral Prefrontal Cortex
10 R Front pol Right Frontal Pole

11 R Par Right Parietal

12 R Post Temp Right Posterior Temporal

13 Basal Basal Ganglia

14 L Par Left Parietal

15 L DLPFC Left Dorsolateral Prefrontal Cortex
16 L Front pol Left Frontal Pole

17 LIPS Left Intra-parietal Sulcus

18 R IPS Right Intra-parietal Sulcus

19 L LOC Left Lateral Occipital Cortex

20 Vis Visual Cortex (lingual gyrus)

21 R LOC Right Lateral Occipital Cortex

22 D ACC Dorsal Anterior Cingulate Cortex
23 V ACC Ventral Anterior Cingulate Cortex
24 R A Ins Right Anterior Insula

25 L STS Left Superior Temporal Sulcus

26 R STS Right Superior Temporal Sulcus
27 L TPJ Left Temporo-parietal Junction
28 Broca Broca’s area

29 Sup Front S Superior Frontal Sulcus

30 R TPJ Right Temporo-parietal Junction
31 R Pars Op Right Pars Opercularis

32 Cereb Cerebellum

33 Dors PCC Dorsal Posterior Cingulate Cortex
34 L Ins Left Insula

35 Cing Cingulate Cortex

36 R Ins Right Insula

37 L Ant IPS Left Anterior Intra-parietal Sulcus
38 R Ant IPS Right Anterior Intra-parietal Sulcus

more interested in the “original” configuration of the operators. We only changed the scaling, to highlight the
pattern distribution. Some correspondences between isolated elements encapsulating the bigger changes of entries
of the initial matrices are still visible, as single points for K, and blocks for K; and K.

From the observation of Fig.1, we notice that some of the places where K; presents high values correspond
vertically with some high-changing entries of K, and Kz — G © G~!, with smaller values overall, though.
Comparing K; with K, we notice that the structure has been somehow pruned, isolating the regions where the
effects of disease are more evident. The larger entries of Ky correspond to those core hubs where the effect of
disease is more evident. And this is coherent with the formal definition, as this is the purely entry-wise operator.
In particular, from the observation of K, we notice an alteration of connectivity between the posterior cingulate
cortex (33) and the medial default mode network (4), and concerning occipital cortex, in particular the visual
cortex (20), the right parietal (11), and the intra-parietal sulcus (37, 38). The literature confirms the presence of
alterations of the resting-state functional connectivity in posterior cingulate cortex for PD patients [27], related to
mild dementia. The considered patient was a normal-cognition PD, but a mild alteration of these pathways could
be early signalled, as a biomarker for its early signs of cognitive issues. K,z —G ® G~' also signals a presence of
alteration concerning the connectivity of the precentral gyrus, a key motor area, affected by PD [25]. The common
information emerging from K;, K,.;. —G ® G~', and K concerns overall the default mode network, the visual
network, the fronto-parietal area, and the salience network, with right anterior insula and dorsal anterior cingulate
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Fig. 1 Initial matrices from real data: healthy control (a) and a PD patient without cognitive issues (b), and the versions
of the K-operator derived from them (c—e). We also show the difference between Kpiz and G © ¢! (f). The meaning of
each region of interest (ROI) is presented in Table 1
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cortex, all relevant for PD. In particular, damage concerning the insula pathways, and especially its right side, can
be caused by dopaminergic alterations occurring in PD [22], given the strong connections with the globus pallidus.
The functioning of the latter is harmed by the reduction of dopamine from the substantia nigra, a key feature of
Parkinson’s disease.

In addition, to further investigate the key features of each product, at the basis of the definitions of the K-
operator, we define here three new operators. We will assess their action on a grouping of the brain areas of MSDL
atlas, to assess the change in each grouping indicated by each kind of product. In particular, let R, M, L € R™*"
be the three operators whose entries are defined as follows:

Rij = Aij/Gij, Mij = Ai; G5 ij Y Li; *ZAW pj (7)

where A = GF — G. Also, let S = {s1,52,...,5.} be the set of z = 11 groupings of the n = 39 ROIs of the MSDL
atlas. Each grouping s constitutes a specific brain system. Let V; be the set of ROIs belonging to the sth system.
For each ROI, we can define a mean value of R, M, L. The system-level average for s is given by

Rl’l’lean S

1
|V| Z R;, Mmean |V| Z M;, Lmean ) = m Z L;, (8)

1€V i€V,

where V; is the set of ROIs (the vertices of the connectome) in each system s, |Vi| is its cardinality, which
corresponds to the number of ROIs: n = 39. Conceptually, Rpcan(s) quantifies the average relative change of
connectivity for all ROIs in system $; Mpean(s) quantifies the average precision-weighted change, and finally,
Linean(s) quantifies the average propagated change. With this information, using the code schematised in Algorithm
2, we obtain the histogram presented in Fig. 2.

Algorithm 2 Assessing the variations corresponding to the three products

for each G, G* do
compute A = Ggk—¢
compute R, M, L as in Eq. (7)
for each ROI ¢ do
compute its average change (row mean in R,M,L)
group ROIs by system membership s
take the mean of ROI values within each system
show barplots.
end for
end for

We notice, up to a difference of order of magnitude for each product, a correspondence of some of the brain
groups that are more affected by the considered disease. In particular, the mixed product and the purely-entry-wise
one are more effective to retrieve damage in the cerebellum. All the three kinds of product indicate a high-level
damage in the subcortical area. Subcortical regions, such as thalamus, are also impacted by the disease. A previous
study with the K-operator, based on more detailed atlases, pointed out towards alterations in connectivity of the
pulvinar, one of the thalamic nuclei, as well as ventral anterior, ventral lateral left and right [13]. All this information
points out to the need of exploring a more general definition of the K-operator, whose already existing definitions
are specific instances, catching each one a specific aspect. Damage on visual area, that include occipital cortex,
is associated with hallucinations, but this is not occurring in early stages of the disease, as for the considered
patients. An alteration of occipital pathways at this stage could signal the onset of visuospatial difficulties. All the
three kinds of operator indicate a very limited alteration to the visual area. Discrepancies between the first and
the two other kinds of product concern the insula.

In general, complex disorders such as Parkinson’s disease (PD) can be observed in light of both anatomic and
functional alterations [19], also between cerebellar areas and substantia nigra, and with ventral tegmental areas
in PD [20]. Further changes in a brain affected by PD concern the basal ganglia [3,7], the limbic system [2], the
prefrontal cortex [11], and the cingulate cortex [24]. The comparative use of different definitions of the K-operator,
already started in [13] for the first two products, confirmed findings of the medical literature, and could hopefully
provide further information, especially concerning the prediction of disease progression, already performed in a
study on AD [16]. In the next section, we will sketch a formal relationship between the three definitions, and then,
a more general definition of the operator.
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Table 2 Mapping of the ROIs of MSDL atlas with full region names, their corresponding ROI numbers (0-38), and a

possible grouping of them

System ROIs (MSDL numbers)
Auditory Left Auditory Cortex (0), Right Auditory Cortex (1)
Visual Striate Cortex (2), Left Lateral Occipital Cortex (19),

Default Mode Network (DMN)

Motor

Fronto-parietal / Control

Parietal

Temporal

Subcortical
Insula / Cingulate

Cerebellum

Right Lateral Occipital Cortex (21), Occipital Posterior (7),
Visual Cortex (20)

Left DMN (3), Medial DMN (4),

Front DMN (5), Right DMN (6),

Dorsal Posterior Cingulate Cortex (33)

Motor Cortex (8)

Right Dorsolateral Prefrontal Cortex (9),

Right Frontal Pole (10),

Left Dorsolateral Prefrontal Cortex (15),

Left Frontal Pole (16), Superior Frontal Sulcus (29)
Right Parietal Cortex (11), Left Parietal Cortex (14),
Left Intra-parietal Sulcus (17),

Right Intra-parietal Sulcus (18),

Left Anterior IPS (37), Right Anterior IPS (38)
Right Posterior Temporal Cortex (12),

Left Superior Temporal Sulcus (25),

Right Superior Temporal Sulcus (26),

Left Temporo-parietal Junction (27),

Right Temporo-parietal Junction (30), Broca Area (28),
Right Pars Opercularis (31)

Basal Ganglia (13)

Dorsal Anterior Cingulate Cortex (22),

Ventral Anterior Cingulate Cortex (23),

Right Anterior Insula (24),

Left Insula (34),

Cingulate Cortex (35),

Right Insula (36)

Cerebellum (32)

Average R_mean per system

Per-system average operator values

Average M_mean per system Average L_mean per system

o

Mean value
!
o

Mean value
s

Mean value
s

101

N SRS &S B & 2 ) S &S B > Q &S @ &
I ¢ P& T & & S ¢ P& T & & S
& © Ooq R & © C\o"’ <@ & o NS
& @ 2 & o 2 & o 24
& & &
N N N
System System System

Fig. 2 Impact of the disease on groupings of ROIs (Table 2), according to different definitions of products, for the transition
from a healthy person to a PD patient without cognitive issues. From left to right: purely entry-wise, mixed, and row-by-
column
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K=G*"k@G? K_equ_mixed = G o G-* K_mixed = G*k o G* K Had = G*k /G Difference: (G*k - G) o G

-0.25
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- -0.75 . w

1 = —1.00 ‘i-_-. 2

Fig. 3 Comparison between Ks as heatmaps and other tests on matrices. From left to right: Kj; K, in the special case
where G¥ = G; Kn; Ko, and finally K, from which the special case has been subtracted. The block correspondence between
the first, the fourth, and the fifth heatmaps is evident

4 A relationship between the definitions of the K-operator

As an intermediate step before a generalisation of the theoretical approach, we first propose a heuristic comparison
between K's obtained from synthetic data, that is, G with random entries (null model) and a G* with a block
structure, as presented in Fig. 3.

We can approximate the transformation G — G* as the result of a perturbation. Denoting with A the structural
difference, we can write GF = G + A. The first product becomes:

Ky=G"G7 = (G+A)G " =T+ ()G ™), 9)
where 1 is the identity matrix. The second product can be written as
Kn=G"0g'=G+A) oG =00 +A0g " (10)

Finally, the third product reads as

Ay
Ko=0"/G=G/G+A/G=W¥+A/G, Kol = <1+g_7> : (11)
ij / ij

where ¥ denotes the matrix having all elements equal to 1, whilst the identity matrix I has elements equal to 1
only on the diagonal. Rewriting (9) as A = (K, — I)G and substituting it into (10) and (11), we have respectively

Kn=A0G'+G0¢ ' =[(K, -GG ' +GoG ! =

-1 -1 -1 -1 (12)
=KGoG -GG  +G0G  =KGog
and
Ko = A/G+ = (K, ~1)G)/G + = "
= Kgg/g — g/g + = K -+ ¥ =Kl
Thus, we get a first relationship between the K's obtained with the different products
Kn=KGoG* K=Kl (14)

5 A more comprehensive theoretical approach

As discussed above, we are describing the current state of a brain by the restriction to a correlation matrix G*
based on the interaction between different parts of the brain. This correlation matrix differs between individuals
and changes over time based on ageing, environmental impacts, and diseases. We are particularly interested in the
last part. However, ageing, environmental impacts, and differences between individuals are significant obstacles
in revealing the K-operator. Correlation matrices from brain data are usually normalized between —1 and 1; we
consider here a shift between 0 and 1.
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A correlation matriz G € R™™™ can be defined as a matrix of correlations between random variable (or time
series) Xi,..., X, with:

G;j = corr(X;, X;) = L cov(X;, X;),

g0

with o; the standard deviation of X;, that is o; = \/var(Xi) = \/cov(Xi,Xi).
Remark 1 A correlation matrix G € R™*" is
(i) symmetric,

(ii) positive semi-definite, and has
(iii) a unit diagonal.

Proof Part (i) follows from corr(X;, X;) = corr(X;, X;). For part (ii), let € R™ and define a new random variable
as linear combination X = """ | #;X;. The variance of X is non-negative and thus (ii) holds.
Finally, part (iii) follows from the fact that the corr(X;, X;) = 1. O

Lemma 1 Let A € R™ ™ be a symmetric positive semi-definite matriz with unit diagonal, A;; = 1 for all i =
1,...,n. Then, all entries A;; of A fulfil

|A;;| < 1.

Proof The proof is by contradiction. Let us assume there is an entry |A4;;| > 1. The submatrix
A Aig| _ | 1 Ay

is symmetric and {(1+ A;j), E]} and {(1— A;j), {_11]} are its eigenpairs. One of the two eigenvalues is less than

zero. Thus, either for x = e; 4 ¢; or for x = e; — ¢, we have 2T Az < 0. This contradicts A positive semi-definite.
O

Correlation matrices cannot be characterised by a unit diagonal and entries in [—1, 1] without requiring positive
semidefiniteness, since (see [9])
1 1 0
1 1 1
0 1 1
is not a correlation matrix.
Let A € R™ ™ be a symmetric positive definite matrix with unit diagonal. Then, there exists a Cholesky

decomposition A = LLT. Let X1, ..., X,, be n linearly independent random variables with mean zero and variance

1 each. Then, we can form random variables X =XIL7, whereby the multiplication with the columns of LT is
to be understood as forming new linear combinations of the random variables X. The correlation matrix of the

new random variables Xl, ..., X, is then the matrix A. Thus, all symmetric positive definite matrices with unit
diagonal are correlation matrices.

Remark 2 The set of correlation matrices is closed and convex.

See, e.g., [9] for a proof.
We are now presenting a unified view on some of the different methods to define the K-operator. For this general
view, we start with (2),

KG=g",
where K : R"*"™ — R™*" is a mapping from one n X n matrix to another one. A generalisation to the time-variant
case K (t) from (3) is possible. We assume that K is a linear operator. This allows us to write (2) as a matrix—vector

product

Kvec(G) = vec(GF), (15)
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where the vec operator is the vectorisation operator that concatenates the columns of a matrix into one long
2, 2 2
(column) vector. The matrix K € R™ *"" .

The Hadamard ansatz (6) fits the model (15) with the special structure that K is diagonal. The entries of K,
from (5) can be recovered by

K@'ij = f(@

i+nj—n,i+nj—n

This argument works both ways. If we have a K, we can ask: which is the closest Kq to K? This is the diagonal
matrix defined by the diagonal entries of K. This means given an arbitrary K we can partially interpret it by
regarding its diagonal as K. Since the matrices G and G* are symmetric, the operator K has to be symmetric
as well. Thus, K@ has some symmetry amongst its diagonal entries. We have to require

Kol = Ke foralli,j=1,...,n
i+nj—n,i+nj—n Jj+ni—n,j+ni—n

Furthermore, the unit diagonal has to be preserved implying K o) =1 for all 7. The operator K also
1+ni—n,i+ni—n
has to preserve the positive definiteness. This restriction does not translate into a simple algebraic restriction on
Ko.
Before we can show that the matrix—matrix product ansatz also fits this structure, we need the definition of the
Kronecker product of two matrices and a corollary, where the Kronecker product is the tensor product [26)2:

Definition 1 The Kronecker product C' = A® B € R"*™P of two matrices A € R"*™ and B € R°*? is defined

as
AnB  ApB - AyB
AnB  AypB - Ay,B
C= . . ) .
AnB  AwB - AunB

Corollary 1 For the Kronecker product and the vectorisation operator holds the following identity:
vec(AXB) = (BT ® A)vec(X),

where BT is the transpose of B.

Proof The statement can be shown by computing each entry of the vector on the left-hand side and each entry
of the vector resulting after the matrix vector product on the right hand side. Additionally, commutativity of real
numbers is used. o

In the special case of B =1, with A = K;, X =G, and AX = G*, we obtain
KG =G <= (I® A)vec(G) = vec(G¥)
— Kvec(G) = vec(GF).

This means that we can represent the matrix-multiplication model (4) by requiring Ka to have the Kronecker

product structure Ko = (I ® K). Again, the application Ko has to ensure that G¥ is symmetric positive semi-
definite and has a unit diagonal. We have

K.G = GF = (0" = ¢" K] = gKT.

Thus, K, has to be one solution of the Sylvester equation XG — GX7T = 0.

2 According to some sources about history of mathematics, the definition tensor product should be attributed by G. Zehfuss,
author of [26], even though Kronecker rediscovered it independently [8].
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We could have equally well assumed that the K-operator corresponds to applying a matrix from the right, that
is

GF = GK,. (16)
In this case, we would have to impose the structure K, = (KT @ T). However, if we transpose (16), we obtain
G =K'¢d" = ¢*=K]qg,

since the correlation matrices are symmetric. Thus, K, = K. That means that applying a matrix from the right
does not lead to a different model as long as G and G* are symmetric matrices.

Applying a single matrix from the left or the right is a difficult endeavour, since multiplying two matrices does
generally not preserve symmetry. Thus, in particular, if we apply the same K, to the correlation matrices for
multiple patients, then the resulting guess of G¥ will generally not be symmetric.

It is, however, possible to apply matrices from the left and right simultaneously. That is, we could model G* as

G" = KiG + GK, + K1GK,.
Using Corollary 1 three times yields
Rinae = (1® K¢) + (K @ ) + (K3 © K1). (17)
'l:his is still a very structured form of K. In this case, we have 4n? parameters in (17) to define the n* entries of
K. To ensure symmetry preservation, it seems natural to assume K, = K! and K; = KZ. Other choices might

be able to preserve symmetry but are likely more cumbersome.
Of particular interest might be the special case where K7 and K5 are assumed to be 0. That is, we have

Ko = (I® Kp) + (K] ®1). (18)
If we have multiple pairs of (G;, GF), then we can write the model as

GiIK, + K,G =Gk
GoK, + KGy = G5

qur + Kégq = g(];

We now again use Corollary 1 but this time we vectorize K,. and K instead of G;. This yields

I®G Gf®l vec(gf)

106, Gfel [Vec(K,.)] _[veet@) (19)
: : vec(Ky) :

196, qu 1 Vec(gff)

If g is equal to 2, this is a linear system of equations that most likely can be solved exactly. If ¢ > 2, then this is
an over-determined linear system and solving it should be understood in the linear least-squares sense.

This possibly over-determinant system of linear equations is large and only modestly sparse. The dimension is
gn® x 2n?. Thus, for n > 100, the solution becomes quickly prohibitive.

Due to the symmetry, it is reasonable to require K, = KeT. This could be added as a constraint in Eq. (19) or
be used to reduce the number of unknowns. Alternatively, one can solve the unconstrained problem from Eq. (19)
and then set K, to be the arithmetic mean of K, and Kf; and K, the transpose of this mean.

There are two main problems with the approach in (19). The first problem is that for ¢ = 2, we obtain a
tailored K-operator for two patients. Experiments with pairs of healthy brains and brains affected by the disease
from multiple patients show that the K-operator is over-fitted and really only works for the two patients used to
compute K. If ¢ > 2, then the least-squares error in (19) is relatively large. Furthermore, for the task of healing,
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loosely associated with inverting K, restoring the original state is the best [15]. However, in some cases, achieving
a state that can considered to be healthy may constitute a major step regarding the quality of life.

The second problem is that we can only infer the K-operator if we have correlation matrices of a healthy and a
disease-affected state. This is often not the case, since, in many cases, diagnostic snapshots are only taken after the
onset of symptoms, and we do not have data concerning the patient before symptoms of the disease were evident.

We address these problems in the next section.

5.1 Projection

We have seen in the previous section that preserving symmetry is causing some difficulties. These can be overcome
by structural assumption on K.

However, the previous section is mostly mute on enforcing positive definiteness in G¥. Thus, we are now presenting
an improved approach that ensures that after applying the K-operator, the result is a correlation matrix, a
symmetric positive semi-definite matrix with unit diagonal.

We are particularly interested in the two subsets of correlation matrices that correspond to healthy and impaired
brains. Let H be the subset of correlation matrices corresponding to healthy brains and I the subset corresponding
to impaired brains. We do not know if H is a closed set or if H is convex. Contrary, since various different impacts
can impair a brain, it seems unlikely that I is convex.

We now define K as the composition of applying the operator K and a projection P that maps a matrix to the
closest correlation matrix, that is, we use the model

f( . RMXN _ RXN . g_)gk (20)
K=PokK — K(G)=P(K(G)).

This ensures that the application of K always leads to a correlation matrix. There are efficient ways to imple-
ment P iteratively on a computer; see, for instance, [9] or [4]. However, the authors are not aware of a closed
form description of P. Equation20 can also be considered as a special neural network with one standard layer
recombining the inputs, that is the multiplication with K, and one special layer that projects the result back to
the set of correlation matrices, that is, the application of P. Thus, it is possible to use a stochastic gradient descent
method to infer A from the data. Thereby K can be arbitrary or any of the special options discussed in the last
section.

The automatic differentiation of P needed to efficiently compute a stochastic gradient descent is beyond the
expertise of the authors and should be considered in the future. Thus, we consider this beyond the scope of our
paper. In the next section, we discuss a toy example based on artificial data.

6 Discussion and conclusions

This section is devoted to demonstrating the previously described methods using a small artificial dataset. To this
end, we use 5 x 5 correlation matrices. We consider the correlation matrix healthy if the correlation between two
of the five random variables is between —0.3 and 0.3. Contrary, we consider a correlation matrix unhealthy if the
correlation between at least two random variables exceeds 0.6 or is below —0.6. These numbers are simplifications
of correlation matrices observed in the aforementioned open dataset on PD [12].

Participants with label PD-MCI show larger correlation partially above 0.6. The control group has mainly low,
but non-negligible correlation, whilst participants with the label PD-NC have in some entries elevated correlations,
often not reaching 0.6. The alteration of correlation often mirrors the change of network topology, with the increase
of local connectivity in some areas, and the diminution of global connectivity, undermining the correct functioning
of the overall brain.

The artificial data are generated using uniformly distributed random entries in the correlation matrix. We
enforce symmetry by copying the lower triangular part onto the upper triangular part. We then align the signs in
the unhealthy correlation matrix with the signs in the healthy correlation matrix. As a final step, we verify the
desired properties. We reject the matrix and regenerate should the result fail to be positive definite. We also reject
if our stipulations regarding the entries of healthy and unhealthy matrices are not fulfilled. Besides the diagonal,
all entries of the healthy correlation matrix have to have an absolute value less or equal than 0.3. The unhealthy
correlation matrix must have at least one off-diagonal entry exceeding an absolute value of 0.6.

Ezample 1 As a first experiment, we generate two pairs of healthy and unhealthy matrices, (G,G*) and (Go, G5).
We use the first pair to compute K,: = GG K,: =G 'G¥ and Ko, = GF o G L.
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We then compute the norms
16" —KGll, |G"~GK.|, and ||G"~Ky 0G| .

As expected all of these norms are close to machine precision. However, repeating the computation with the second
pair shows large normwise deviations. This is also expected but underlines that all K-operators are over-fitted.

Ezample 2 In the second exam, we use the approach from (19). If we use ¢ = 2 pairs as training data, that is, if
we solve the equation exactly, then we observe that K, has a very large norm. This shows that the problem is very
ill-conditioned. Applying K, and K, to a test set of matrix pairs shows that the operator is extremely over-fitted
and the normwise error

|GF — (K.G + GK,.) ||

is huge.
We also experimented with a larger training set of ¢ = 10 and a test set of similar size. We obtain a normwise
relative error

1G* — (KoG + GK,) [|/1|G* |,

of 0.35 on the training set and 0.49 on the test set. With a larger training set, the error on the test set can be
reduced. For instance, ¢ = 100 leads to an error of 0.40 on a test set of 100 pairs.

With the current setup, the result indicates that this more general K-operator is still over-fitted. It also shows
that the generalised K-operator can only capture between % and % of the changes.

These examples concern global prediction quality. However, rather than a use as a general classifier, a key
usefulness of the K-operator is the focus on specific submatrices where the changes are more relevant. Thus, the
operator can be used as a “filter” to focus the attention on specific entries, extending later the analysis with other
techniques, as it has been done in [6], with the comparison of recurrence plots of two regions highlighted by it.
Thus, the operator can constitute a probe towards further and more detailed analyses, as a lens to look through
high-dimensional data, as a tool to select features.

That said, being motivated by the medical relevance of the information obtained through K in preliminary
data-based studies [13,16], and warned by the overfitting estimations presented in the examples above, future
analysis involving a higher number of patients from different datasets can assess the disease-weighted impact of
those changes identified by the operator, and help refine its definition itself.

Understanding the limitations of a new approach is a step towards its refinement. The problem of a general
yet not-overfitting definition of the K-operator is still open, and it constitutes a fascinating challenge between
mathematics, physics, and neurology.
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