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We study nonparametric estimation in dynamical systems described by ordinary differential equations (ODEs).
Specifically, we focus on estimating the unknown function 𝑓 : ℝ𝑑→ ℝ

𝑑 that governs the system dynamics through
the ODE 𝑢̇(𝑡) = 𝑓 (𝑢(𝑡)), where observations 𝑌 𝑗 ,𝑖 = 𝑢 𝑗 (𝑡 𝑗 ,𝑖) + 𝜀 𝑗 ,𝑖 of solutions 𝑢 𝑗 of the ODE are made at times
𝑡 𝑗 ,𝑖 with independent noise 𝜀 𝑗 ,𝑖 . We introduce two novel models—the Stubble model and the Snake model—to
mitigate the issue of observation location dependence on 𝑓 , an inherent difficulty in nonparametric estimation
of ODE systems. In the Stubble model, we observe many short solutions with initial conditions that adequately
cover the domain of interest. Here, we study an estimator based on multivariate local polynomial regression and
univariate polynomial interpolation. In the Snake model, we observe few long trajectories that traverse the domain
of interest. Here, we study an estimator that combines univariate local polynomial estimation with multivariate

polynomial interpolation. For both models, we establish error bounds of order 𝑛−
𝛽

2(𝛽+1)+𝑑 for 𝛽-smooth functions
𝑓 in an infinite-dimensional function class of Hölder-type and establish minimax optimality for the Stubble model
in general and for the Snake model under some conditions via comparison to lower bounds from parallel work.
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1. Introduction

Many phenomena in physics and other sciences are naturally described by differential equations [23]. In
practice, these systems are often observed through discrete and noisy measurements, which necessitates
statistical methods to infer the underlying dynamics from the data. A fundamental example of such a
model is given by the equations

𝑌𝑖 = 𝑢(𝑡𝑖) + 𝜀𝑖 , 𝑖 = 1, . . . , 𝑛 𝑢̇(𝑡) = 𝑓 (𝑢(𝑡)) ,

where 𝑢̇ denotes the time derivative, i.e., (d𝑢)/(d𝑡). Here, 𝑢 : ℝ→ ℝ
𝑑 is the solution to an ordinary

differential equation (ODE) described by an unknown function 𝑓 : ℝ𝑑→ ℝ
𝑑 . Observations𝑌𝑖 are made

at times 𝑡1 ≤ · · · ≤ 𝑡𝑛 and include independent measurement noise 𝜀𝑖 added to the true system state
𝑢(𝑡𝑖).

Such models support various objectives: reconstructing the solution 𝑢 over the observed interval
[𝑡1, 𝑡𝑛] (reanalysis, borrowing terminology from climate modeling); predicting future states 𝑢(𝑡) for
𝑡 > 𝑡𝑛 (forecasting); or estimating 𝑓 itself (learning the dynamics of the system). This work focuses on
the estimation of 𝑓 , a fundamental task that also enables the other objectives, as an estimate 𝑓 allows
for the construction of an estimator 𝑢̂ by solving ̇̂𝑢(𝑡) = 𝑓 (𝑢̂(𝑡)).

We aim to estimate 𝑓 in a nonparametric setting, assuming 𝑓 belongs to an infinite-dimensional
class of smooth functions without imposing a specific functional form. This contrasts with parametric
models, where 𝑓 is assumed to belong to a finite-dimensional function class (e.g., polynomials of fixed
degree). Parametric models have been studied extensively [3,7,10,17], and it is well-established that

1350-7265 © 2026 ISI/BS

https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/25-BEJ1936
https://orcid.org/0000-0003-3528-4544
mailto:christof.schoetz@tum.de


Nonparametric estimation of ODEs 1881

the parametric
√
𝑛-rate of convergence can be achieved. For a detailed review of statistical methods for

dynamical systems, primarily in parametric contexts, see [6,15,18].
In the nonparametric setting, different algorithms for estimation have been proposed, e.g., [5,9,12]. In

[14], theoretical results for learning dynamics nonparametrically are shown, but in a density estimation
context that is rather different from the regression-type model studied here. To the best of the author’s
knowledge, only [13] takes a theoretical view on the ODE regression problem (additionally to proposing
a new algorithm based on reproducing kernel Hilbert spaces). The authors show an error bound of order
𝑛−1/4 (root mean squared error) for the reanalysis problem [13, Theorem 1]. This result cannot be
optimal as standard nonparametric regression for 𝑢 (ignoring the ODE constraints) yields an error of
smaller order, namely 𝑛−𝛽/(2𝛽+1) , where 𝛽 describes the smoothness of 𝑢 (in the case of [13, Theorem 1],
we have 𝛽 = 3).

Estimation in the nonparametric setting is significantly more challenging than in the parametric case.
When 𝑓 is a smooth function with bounded derivatives but otherwise unrestricted, each observation
𝑌𝑖 provides information about 𝑓 (𝑥) only for 𝑥 close to 𝑢(𝑡𝑖), i.e., the information is local. By contrast,
in parametric models where 𝑓 is known to be a polynomial of degree at most 𝑁 , each observation
informs all coefficients of the polynomial, making the information global. What further complicates
nonparametric ODE estimation, as opposed to standard nonparametric regression (which also suffers
from locality of information), is that the observation locations 𝑢(𝑡𝑖) themselves depend on the unknown
𝑓 .

To address these challenges, we introduce two models: the Snake model and the Stubble model. For
each model, we propose estimators and analyze their rates of convergence. In both cases, we derive an
error bound (in root mean squared error) of order

𝑛
− 𝛽

2(𝛽+1)+𝑑 (1)

for 𝛽-smooth functions 𝑓 under optimal conditions. This error bound is minimax optimal as we have
corresponding lower bounds in the parallel work [22].

1.1. Contributions

We now give more details on the contributions of this work.
A general model. In general, we assume the true model function 𝑓★ to be an element of Hölder-

type smoothness class denoted as Σ̄𝑑→𝑑 (𝛽, 𝐿⟦0,𝛽⟧), which means that the 𝑘-th derivative of 𝑓 for
𝑘 ∈ ⟦0, 𝛽⟧ := {0, . . . , 𝛽} is bounded by 𝐿𝑘 ∈ ℝ>0, i.e., sup𝑥∈ℝ𝑑 ∥𝐷𝑘 𝑓 (𝑥)∥op ≤ 𝐿𝑘 , where ∥ · ∥op is the
operator norm. Then, for given initial conditions 𝑥1, . . . , 𝑥𝑚, we observe the solution 𝑡 ↦→𝑈 ( 𝑓★, 𝑥 𝑗 , 𝑡)
of the ODE 𝑢̇(𝑡) = 𝑓★(𝑢(𝑡)) with𝑈 ( 𝑓★, 𝑥 𝑗 ,0) = 𝑥 𝑗 at time points 𝑖Δ𝑡 with time step Δ𝑡 ∈ ℝ>0, i.e.,

𝑌 𝑗 ,𝑖 =𝑈 ( 𝑓★, 𝑥 𝑗 , 𝑖Δ𝑡) + 𝜀 𝑗 ,𝑖 , 𝑗 ∈ ⟦1, 𝑚⟧, 𝑖 ∈
⟦︁
1, 𝑛 𝑗

⟧︁
.

In total, we have 𝑛 =
∑︁𝑚
𝑗=1 𝑛 𝑗 observations. The noise variables 𝜀 𝑗 ,𝑖 are assumed to be independent,

centered, and to have a finite second moment. Because of the dependency of the location of the
observation 𝑢(𝑡 𝑗 ,𝑖) on 𝑓★, in general, consistent estimation in all of [0,1]𝑑 is impossible. Thus, we
introduce the Stubble model and the Snake model, which restrict the general model. In the following, we
use the notation ≍ and ≼ to mean asymptotically equal and asymptotically lower than (up to a positive
constant), respectively (see Notation 2.3).

The Stubble model. In the Stubble model, we observe many (𝑚 ≍ 𝑛) short (𝑛 𝑗 ≍ 1) solutions. We
assume that their initial conditions 𝑥 𝑗 cover the domain of interest [0,1]𝑑 suitably. For this model, we
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construct an estimator 𝑓 based on a multivariate local polynomial estimator and a univariate polynomial
interpolation, which is similar to the Adams–Bashforth method for numerical solutions of ODEs [4,
Chapter 24]. We obtain

E
[︂⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2

]︂
≼
(︂
Δ𝑡2𝑛

)︂− 2𝛽
2𝛽+𝑑 + Δ𝑡2𝛽 (2)

for all 𝑥 ∈ [0,1]𝑑 , see Corollary 3.13. The rate is shown to be minimax optimal by comparing it to
lower bounds in [22].

The Snake model. In the Snake model, we observe few (𝑚 ≍ 1) long (𝑛 𝑗 ≍ 𝑛) solutions. We require
the trajectories 𝑈 ( 𝑓★, 𝑥 𝑗 , [0, 𝑛 𝑗Δ𝑡]) to cover the domain of interest [0,1]𝑑 suitably. For this model, we
construct an estimator 𝑓 based on a univariate local polynomial estimator and a multivariate polynomial
interpolation. Then

sup
𝑥∈[0,1]𝑑

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2 = OP

(︃
𝛿2𝛽 + (Δ𝑡 log𝑛)

2𝛽
2(𝛽+1)+1

)︃
, (3)

see Corollary 4.18, where we want to view 𝛿 ∈ ℝ>0 for now as the largest distance between a point
𝑥 ∈ [0,1]𝑑 and its closest state 𝑈 ( 𝑓★, 𝑥 𝑗 , 𝑡), 𝑡 ∈ [0, 𝑛 𝑗Δ𝑡]. This interpretation is true for the case 𝛽 = 1,
but if 𝛽 > 1, the definition is more complex and the result more restrictive. By comparing it to lower
bounds in [22], the rate is shown to be minimax optimal if 𝛿 and Δ𝑡 are in a certain relation. For the
rate to be optimal, we essentially require observations to be rather dense in time, and temporally distant
parts of the trajectories𝑈 ( 𝑓★, 𝑥 𝑗 , [0, 𝑛 𝑗Δ𝑡]) to be distant enough in state space.

Connection and further results. Note the complementary nature of the two models and their
estimators. In spite of this, in the optimal setting regarding Δ𝑡 and 𝛿, we obtain an error bound of the
order given in (1) in both models (up to a log-factor when considering the sup-norm), see Corollaries
3.15 and 4.20. For both models, we begin our discussion with the case 𝛽 = 1, which allows for simple
estimators and a gentle introduction to the main ideas as well as slightly stronger and more specific
results. See Theorem 3.2 and Corollary 3.4 for the Stubble model, and Theorem 4.4 and Corollary 4.6 for
the Snake model. For the case of general smoothness 𝛽 ∈ ℕ, we first show black-box results for estimation
strategies that can be used with an arbitrary regression estimator, Theorems 3.11 and 4.17, respectively.
If the chosen regression estimator achieves the minimax rate for a standard nonparametric regression
problem, the estimation strategies achieve the rates (2) and (3), respectively. In Corollaries 3.13 and
4.18, we apply the general results with the (minimax optimal) local polynomial estimator as regression
estimator.

Technical novelties. To achieve our results, we introduce several key technical contributions: We
identify the previously mentioned locality problem in nonparametric ODE estimation, provide two
solutions via the Snake and Stubble models, and construct new estimation algorithms with proven
error bounds for these models. We establish general-purpose black-box theorems (Theorem 3.11 and
4.17) that transfer results of nonparametric regression to our ODE framework. To be able to apply
multivariate local polynomial regression results in the ODE context, we derive explicit bounds on the
time derivatives of ODE solutions with Hölder-smooth model functions using tree derivative operators,
and on derivatives with respect to initial conditions using partition derivative operators. In the Snake
model, we use multivariate polynomial interpolation over general design points to globally extend local
regression results.
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1.2. Overview

The remaining article is structured as follows. In Section 2, we introduce basic concepts for the
study of ordinary differential equations (Section 2.1), give a full formal description of the general
model (Section 2.2), argue why this model is not useful without further restriction (Section 2.3),
and introduce some notation for standard regression problems that allows us to formulate estimation
strategies referring to arbitrary regression estimators (Section 2.4). Sections 3 and 4 formally introduce
the Stubble and Snake model, respectively, and describe the estimators 𝑓 of 𝑓★, upper bounds on the error
∥ 𝑓 (𝑥) − 𝑓★(𝑥)∥2, and their proofs. Both sections are separated into two parts: The first one (Sections 3.1
and 4.1) concerns the Lipschitz case (𝛽 = 1). The second one (Sections 3.2 and 4.2) concerns the general
case (𝛽 ∈ ℕ). A discussion of the main results can be found in Section 5. The supplement [21] provides
extended discussion of the models and results, reviews notation for multivariate calculus and smoothness
classes, and contains proofs omitted from the main text.

2. Preliminaries

In this section, we recall some basic concepts related to ODEs, we introduce a general statistical model
for observing solutions of ODEs, we explain why this model requires further restriction in order to be
a useful model, and we introduce some terminology for a standard regression problem that will later
allow us to construct ODE estimators in a generic (black-box) fashion.

2.1. Ordinary differential equations

We introduce some basic terminology and fundamental properties concerning ODEs. See also [2,11].

Notation 2.1.

(i) Let ℤ be the set of integers and ℝ the set of reals. For 𝕂 ∈ {ℤ,ℝ} and 𝑎 ∈ ℝ, denote 𝕂>𝑎 = {𝑥 ∈
𝕂 | 𝑥 > 𝑎}. Define 𝕂≥𝑎, 𝕂<𝑎, 𝕂≤𝑎 accordingly.

(ii) Set ℕ := ℤ≥1,ℕ0 := ℤ≥0. Let 𝑎, 𝑏 ∈ ℤ with 𝑎 ≤ 𝑏. Set ⟦𝑎, 𝑏⟧ := ℤ≥𝑎 ∩ ℤ≤𝑏. Set ⟦𝑎⟧ := ⟦1, 𝑎⟧.

Let 𝑑 ∈ ℕ. Let 𝑓 : ℝ𝑑 → ℝ
𝑑 . For a differentiable function 𝑢 : ℝ→ ℝ

𝑑 , denote its derivative as
𝑢̇ : ℝ→ ℝ

𝑑 . Then

𝑢̇(𝑡) = 𝑓 (𝑢(𝑡)) for 𝑡 ∈ ℝ (4)

is an autonomous, first-order, ordinary differential equation. It is of first-order, as (4) only depends
on the first derivative of 𝑢. It is autonomous, as the right-hand side term 𝑓 (𝑢(𝑡)) only depends on
𝑡 via 𝑢. In contrast, a non-autonomous, first-order ODE has the form 𝑢̇(𝑡) = 𝑔(𝑡, 𝑢(𝑡)) for a function
𝑔 : ℝ ×ℝ𝑑→ ℝ

𝑑 . Any differentiable 𝑢 : ℝ→ ℝ
𝑑 that fulfills (4) is a solution to the ODE. The domain

of 𝑢 is called time. The codomain of 𝑢 is called state space. A single element of the state space is a state.
The image of 𝑢 is called trajectory. We call 𝑓 the model function of the ODE. Let 𝑥 ∈ ℝ𝑑 . Consider the
requirement

𝑢(0) = 𝑥 . (5)

We call 𝑥 the initial conditions. We call (4) together with (5) initial value problem (IVP). If 𝑢 fulfills
(4) and (5), it is a solution to the IVP.
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Assume that 𝑓 is (globally) Lipschitz continuous. Then the IVP (4), (5) has a unique solution
(Picard–Lindelöf theorem, also known as the Cauchy–Lipschitz theorem). Denote this solution as
𝑈 ( 𝑓 , 𝑥, ·) : ℝ→ ℝ

𝑑 , 𝑡 ↦→𝑈 ( 𝑓 , 𝑥, 𝑡). The function 𝑈 ( 𝑓 , ·, ·) : ℝ𝑑 × ℝ→ ℝ
𝑑 is called flow of the ODE

(4). Note the semigroup property of the flow,

𝑈 ( 𝑓 , 𝑥,0) = 𝑥 and 𝑈 ( 𝑓 , 𝑥, 𝑠 + 𝑡) =𝑈 ( 𝑓 ,𝑈 ( 𝑓 , 𝑥, 𝑠), 𝑡)

for all 𝑥 ∈ ℝ𝑑 , 𝑠, 𝑡 ∈ ℝ. For a given time stepΔ𝑡 ∈ ℝ>0, the mapping 𝑥 ↦→𝑈 ( 𝑓 , 𝑥,Δ𝑡) is called propagator.
If 𝑢 is a solution to the ODE (4), then 𝑢(𝑡 + Δ𝑡) =𝑈 ( 𝑓 , 𝑢(𝑡),Δ𝑡) for all 𝑡 ∈ ℝ. Furthermore, we call

Υ( 𝑓 ,Δ𝑡, 𝑥) :=𝑈 ( 𝑓 , 𝑥,Δ𝑡) − 𝑥 =𝑈 ( 𝑓 , 𝑥,Δ𝑡) −𝑈 ( 𝑓 , 𝑥,0)

the increment. If 𝑢 is a solution to the ODE (4), then 𝑢(𝑡 + Δ𝑡) = 𝑢(𝑡) +Υ( 𝑓 ,Δ𝑡, 𝑢(𝑡)) for all 𝑡 ∈ ℝ.
The setting of autonomous, first-order ODEs is not a strong restriction: Consider the 𝑑-dimensional,

non-autonomous ODE of order ℓ,

𝑣 (ℓ ) (𝑡) = 𝑔(𝑡, 𝑣(𝑡), 𝑣 (1) (𝑡), . . . , 𝑣 (ℓ−1) (𝑡)) , (6)

where 𝑣 (𝑘 ) for 𝑘 ∈ ⟦0, ℓ⟧ denotes the 𝑘-th derivative of the ℓ-times differentiable function 𝑣 : ℝ→ ℝ
𝑑

and 𝑔 : ℝ × (ℝ𝑑)ℓ → ℝ
𝑑 is a function. We represent the derivatives and the time variable with new

variables: 𝑢𝑘 = 𝑣 (𝑘−1) for 𝑘 ∈ ⟦ℓ⟧ and 𝑢ℓ+1 (𝑡) = 𝑡. For 𝑢(𝑡) = (𝑢1 (𝑡), . . . , 𝑢ℓ+1 (𝑡))⊤, we obtain the ODE

⎛⎜⎜⎜⎜⎜⎜⎝

𝑢̇1(𝑡)
...

𝑢̇ℓ−1(𝑡)
𝑢̇ℓ (𝑡)
𝑢̇ℓ+1 (𝑡)

⎞⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎝

𝑢2 (𝑡)
...

𝑢ℓ (𝑡)
𝑔(𝑢ℓ+1 (𝑡), 𝑢1 (𝑡), . . . , 𝑢ℓ (𝑡))

1

⎞⎟⎟⎟⎟⎟⎟⎠
. (7)

It is of the form 𝑢̇(𝑡) = 𝑓 (𝑢(𝑡)) for a suitably chosen 𝑓 : ℝ𝑑→ ℝ
𝑑 , where 𝑑 := 𝑑ℓ + 1. Hence, (7) is a

𝑑-dimensional, autonomous, first-order ODE. If 𝑢 is a solution to the ODE (7), then 𝑢1 is a solution of
the ODE (6).

2.2. Formal description of the general ODE model

We introduce a general model for observations from solutions of an ODE in two forms—standard and
generic. While the standard form is similar to the model presented in [13], the generic form offers
greater generality.

Notation 2.2.

(i) Let 𝑎, 𝑏 ∈ ℤ with 𝑎 ≤ 𝑏. For 𝑖 ∈ ⟦𝑎, 𝑏⟧, let 𝑥𝑖 be some object. Set 𝑥⟦𝑎,𝑏⟧ := (𝑥𝑖)𝑖∈⟦𝑎,𝑏⟧.
(ii) Let 𝑑 ∈ ℕ. For 𝑥 ∈ ℝ𝑑 , let ∥𝑥∥2 denote the Euclidean norm. Let 𝑝, 𝑘 ∈ ℕ. For a 𝑘-multilinear

operator 𝐴 : (ℝ𝑑)𝑘→ ℝ
𝑝 , denote the operator norm as

∥𝐴∥op := sup
𝑣1 ,...,𝑣𝑘 ∈ℝ𝑑 ,∥𝑣1 ∥2=· · ·=∥𝑣1 ∥2=1

∥𝐴(𝑣1, . . . , 𝑣𝑘)∥2 .

Let 𝑑x, 𝑑y ∈ ℕ. Let 𝑓 : ℝ𝑑x → ℝ
𝑑y . Denote the sup norm of 𝑓 as | 𝑓 |∞ := sup𝑥∈ℝ𝑑x ∥ 𝑓 (𝑥)∥2.

For 𝑘-multilinear operators, like the 𝑘-th derivative 𝐷𝑘 𝑓 (𝑥), we abuse the notation slightly
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and set |𝐷𝑘 𝑓 |∞ := sup𝑥∈ℝ𝑑x

⃦⃦
𝐷𝑘 𝑓 (𝑥)

⃦⃦
op. For more details on derivatives and their norms, see

[21, section 2].
(iii) Let 𝑑x, 𝑑y, 𝛽 ∈ ℕ. Denote the set of 𝛽-times continuously differentiable functions 𝑓 : ℝ𝑑x → ℝ

𝑑y

as𝒟𝛽 (ℝ𝑑x ,ℝ𝑑y ). Let 𝐿⟦0,𝛽⟧ ⊆ ℝ>0 ∪ {∞}. Denote by Σ̄𝑑x→𝑑y (𝛽, 𝐿⟦0,𝛽⟧) ⊆ 𝒟𝛽 (ℝ𝑑x ,ℝ𝑑y) the
set of 𝛽-times continuously differentiable functions 𝑓 : ℝ𝑑x → ℝ

𝑑y with
⃓⃓
𝐷𝑘 𝑓

⃓⃓
∞ ≤ 𝐿𝑘 for

𝑘 ∈ ⟦0, 𝛽⟧. Let 𝐿 ∈ ℝ>0. Denote by Σ𝑑x→𝑑y (𝛽, 𝐿) ⊆ 𝒟𝛽−1(ℝ𝑑x ,ℝ𝑑y ) the set of (𝛽 − 1)-times
continuously differentiable functions 𝑓 : ℝ𝑑x → ℝ

𝑑y with⃦⃦
𝐷𝛽−1 𝑓 (𝑥) − 𝐷𝛽−1 𝑓 (𝑥)

⃦⃦
op ≤ 𝐿∥𝑥 − 𝑥∥2

for all 𝑥, 𝑥 ∈ ℝ𝑑x . More details on derivatives and smoothness classes are described in [21,
section 2].

(iv) For a measurable space 𝒴 denote the set of probability distributions on 𝒴 as 𝔓(𝒴).

Let 𝑑 ∈ ℕ be the dimension of the state space ℝ
𝑑 . Let 𝛽 ∈ ℕ be the smoothness parameter. Let

𝐿⟦0,𝛽⟧ ⊆ ℝ>0 be the Lipschitz parameters. Let ℱ𝑑,𝛽 := Σ̄𝑑→𝑑 (𝛽, 𝐿⟦0,𝛽⟧) be the smoothness class.
Let the true model function be 𝑓★ ∈ ℱ𝑑,𝛽 . Let 𝑚 ∈ ℕ be the number of observed solutions and let
𝑥1, . . . , 𝑥𝑚 ∈ ℝ𝑑 be their initial conditions. For 𝑗 ∈ ⟦𝑚⟧, let 𝑛 𝑗 ∈ ℕ be the number of observations for
the 𝑗-th solution. Denote the total number of observations as 𝑛 :=

∑︁𝑚
𝑗=1 𝑛 𝑗 . For 𝑗 ∈ ⟦𝑚⟧, let 𝑇 𝑗 ∈ ℝ>0 be

the observation duration of the 𝑗-th solution. For 𝑗 ∈ ⟦𝑚⟧, 𝑖 ∈
⟦︁
0, 𝑛 𝑗

⟧︁
, let 𝑡 𝑗 ,𝑖 ∈ ℝ≥0 be the observation

times such that 0 = 𝑡 𝑗 ,0 ≤ 𝑡 𝑗 ,1 ≤ · · · ≤ 𝑡 𝑗 ,𝑛 𝑗 = 𝑇 𝑗 .
In the generic general ODE model, the observations are given as follows: Let 𝒴 be a measurable

space, the space of observations. Let 𝐺𝑛 : (ℝ𝑑)𝑛→𝔓(𝒴𝑛) be a Markov kernel. We call 𝐺𝑛 the data
generating process. It maps 𝑛 states to the distribution of their observations:

(𝑌 𝑗 ,𝑖) 𝑗∈⟦𝑚⟧,𝑖∈⟦︁𝑛 𝑗
⟧︁ ∼𝐺𝑛

(︂
𝑈
(︁
𝑓★, 𝑥 𝑗 , 𝑡 𝑗 ,𝑖

)︁
𝑗∈⟦𝑚⟧,𝑖∈

⟦︁
𝑛 𝑗

⟧︁
)︂
.

Let 𝔊𝑛 be a set of such data generating processes that make up our statistical model.
We define the standard general ODE model as an instance of the generic one: Let 𝜎 ∈ ℝ≥0 be

the variance bound of the noise. Let the noise variables (𝜖 𝑗 ,𝑖) 𝑗∈⟦𝑚⟧,𝑖∈⟦︁𝑛 𝑗
⟧︁ be independent ℝ𝑑-valued

random variables such that E[𝜖 𝑗 ,𝑖] = 0 and E[∥𝜖 𝑗 ,𝑖 ∥22] ≤ 𝜎
2. For 𝑗 ∈ ⟦𝑚⟧, 𝑖 ∈

⟦︁
𝑛 𝑗
⟧︁
, let the observations

be

𝑌 𝑗 ,𝑖 :=𝑈 ( 𝑓★, 𝑥 𝑗 , 𝑡 𝑗 ,𝑖) + 𝜖 𝑗 ,𝑖 . (8)

Equation (8) defines a data generating process 𝐺𝑛. The restrictions on 𝜖 𝑗 ,𝑖 define the set 𝔊𝑛.
In any form of general ODE model, we observe 𝑌 𝑗 ,𝑖 and know 𝑥 𝑗 and 𝑡 𝑗 ,𝑖 , but 𝑓★ is unknown and to

be estimated. We assume 𝑑, 𝛽, 𝐿⟦0,𝛽⟧, and 𝜎 to be fixed and we are interested in upper bounds when
𝑛→∞ for the mean squared error for estimators 𝑓 of 𝑓★ on the domain of interest [0,1]𝑑 .

2.3. Need for restriction of the general ODE model

We argue that the general ODE model introduced in Section 2.2 is not suitable for estimation of the
model function in a fixed domain of interest and give first informal descriptions of two possible remedies
of the problem: the Snake model and the Stubble model.

Notation 2.3. Let (𝑎𝑛)𝑛∈ℕ, (𝑏𝑛)𝑛∈ℕ ⊆ ℝ>0. Write 𝑎𝑛 ≼ 𝑏𝑛 for lim sup𝑛→∞ 𝑎𝑛/𝑏𝑛 < ∞, 𝑎𝑛 ≺ 𝑏𝑛 for
lim sup𝑛→∞ 𝑎𝑛/𝑏𝑛 = 0, and 𝑎𝑛 ≍ 𝑏𝑛 for 𝑎𝑛 ≼ 𝑏𝑛 and 𝑏𝑛 ≼ 𝑎𝑛. Define ≻ and ≽ accordingly.
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For the general ODE model, consistent estimation is not possible when considering the domain of
interest [0,1]𝑑 . We can easily construct settings, where we will never make any observation, say, in
the ball B𝑑 (0,1/3) = {𝑥 ∈ ℝ𝑑 | ∥𝑥∥2 ≤ 1/3}, i.e., 𝑢(𝑡 𝑗 ,𝑖) ∉ B𝑑 (0,1/3) for all 𝑗 ∈ ⟦𝑚⟧, 𝑖 ∈

⟦︁
0, 𝑛 𝑗

⟧︁
, no

matter how large 𝑛 is (e.g., a model function that results in periodic circular trajectories centered at the
origin with radius 2/3 when started from initial conditions 𝑥 𝑗 ∈ ℝ2 × {0}𝑑−2 with ∥𝑥 𝑗 ∥2 = 2/3). As we
are considering a nonparametric class of model functions 𝑓★ ∈ ℱ𝑑,𝛽 , we have, for the maximal risk of
any estimator 𝑓 ,

sup
𝑓★∈ℱ𝑑,𝛽

E 𝑓★

[︂⃦⃦
𝑓★(0) − 𝑓 (0)

⃦⃦2
2

]︂
≽ 1 .

This behavior is different from parametric ODE models (finite-dimensional class ℱ𝑑,𝛽): In the
nonparametric setting, observations contain only local information (information about 𝑓★(𝑥) for 𝑥 close
to 𝑢(𝑡 𝑗 ,𝑖)), whereas in a parametric setting, observations typically contain global information so that
consistent estimation is possible under mild restrictions [3,7,10,17].

In this work, we introduce two restrictions to the general nonparametric ODE model that make
consistent estimation possible:

In the Stubble model (Section 3), we require the initial conditions (𝑥 𝑗 ) 𝑗∈⟦𝑚⟧ to suitably cover the
domain of interest [0,1]𝑑 . By doing so, we ensure that we obtain information from every part of
the domain of interest. In this model, we assume to observe many short trajectories, i.e., 𝑚 ≻ 1 and
max 𝑗∈⟦𝑚⟧ 𝑛 𝑗 ≼ 1, which looks like stubble.

In the Snake model (Section 4), we directly require the trajectories 𝑈 ( 𝑓★, 𝑥 𝑗 , [0,𝑇 𝑗 ]) to cover the
domain of interest [0,1]𝑑 . In this model, we assume to observe few long trajectories, i.e., min 𝑗∈⟦𝑚⟧ 𝑛 𝑗 ≻
1. In the extreme case, we have𝑚 = 1. Consistent estimation on all of [0,1]𝑑 with one observed solution
is only possible, if its trajectory covers [0,1]𝑑 suitably. Thus, this trajectory must not intersect itself,
as otherwise it would mean that the solution is periodic. This behavior of self-avoidance in a bounded
domain resembles the video game Snake [8, chapter 22].

2.4. Generic and standard regression model

In this article, we present estimation strategies based on black-box regression estimators. To formalize
what we mean by black-box regression estimators and to be able to talk about their properties, we
introduce some terminology in this section and give some examples at the end of the section.

Notation 2.4.

(i) Let (𝑋𝑛)𝑛∈ℕ be a sequence of real-valued random variables. Let (𝑎𝑛)𝑛∈ℕ ⊆ ℝ>0. We use the
big O in probability notation: By 𝑋𝑛 = OP(𝑎𝑛), we mean that for all 𝜖 ∈ ℝ>0, there are 𝐵 ∈ ℝ>0
and 𝑛0 ∈ ℕ such that

∀𝑛 ∈ ℕ≥𝑛0 : P
(︃⃓⃓⃓⃓
𝑋𝑛
𝑎𝑛

⃓⃓⃓⃓
> 𝐵

)︃
< 𝜖 .

(ii) Let 𝑑 ∈ ℕ, 𝑘 ∈ ⟦𝑑⟧, 𝑣 = (𝑣1, . . . , 𝑣𝑑) ∈ ℝ𝑑 . Denote the projection to the 𝑘-th dimension as Π𝑘 ,
i.e., Π𝑘𝑣 = 𝑣𝑘 .

Let 𝑑x, 𝑑y ∈ ℕ be the dimensions of the predictor and the target, respectively. Let ℱ be a set of
measurable functions of the form ℝ

𝑑x → ℝ
𝑑y , the smoothness class. Let 𝑓★ ∈ ℱ be the true regression

function. Let 𝑛 ∈ ℕ be the number of observations. Let 𝒳 ⊆ ℝ
𝑑x be a Borel-measurable set, the domain

of interest. For 𝑖 ∈ ⟦𝑛⟧, let 𝑥𝑖 ∈ 𝒳 be the observation locations.
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In the generic regression model, the observations are given as follows: Let 𝒴 be a measurable
space, the space of observations. Let 𝐺𝑛 : (ℝ𝑑y )𝑛 → 𝔓(𝒴𝑛) be a Markov kernel. We call 𝐺𝑛 the
data generating process. It maps the true values of the regression function to the distribution of the
observations:

(𝑌1, . . . ,𝑌𝑛) ∼𝐺𝑛 ( 𝑓★(𝑥1), . . . , 𝑓★(𝑥𝑛)) .

Let 𝔊𝑛 be a set of such data generating processes that make up our statistical model. We denote this
statistical model as 𝔓𝑑x→𝑑y (ℱ ,𝒳,𝒴, (𝑥𝑖)𝑖∈⟦𝑛⟧,𝔊𝑛).

The standard regression model is an instance of the generic regression model with the following
specifications: Let 𝑇 ∈ ℝ>0 be the extent of the domain of interest 𝒳 := [0,𝑇]𝑑x . Let 𝜎 ∈ ℝ>0 be the
variance bound of the noise. For 𝑖 ∈ ⟦𝑛⟧, let 𝜀𝑖 be independent𝒴 := ℝ

𝑑y -valued random variables with
E[𝜖𝑖] = 0 and E[∥𝜖𝑖 ∥22] ≤ 𝜎

2. We call 𝜀𝑖 the noise. For 𝑖 ∈ ⟦𝑛⟧, set the observations as

𝑌𝑖 = 𝑓★(𝑥𝑖) + 𝜀𝑖 . (9)

Equation (9) defines a data generating process 𝐺𝑛. The restrictions on 𝜖𝑖 define the set 𝔊𝑛. We denote
this statistical model as 𝔓𝑑x→𝑑y (ℱ ,𝑇, (𝑥𝑖)𝑖∈⟦𝑛⟧, 𝜎).

The standard task in such models is to estimate 𝑓★ with an estimator 𝑓 given the data 𝒟 :=
(𝑥𝑖 ,𝑌𝑖)𝑖∈⟦𝑛⟧. An estimator for the regression function 𝑓★ in 𝔓𝑑x→𝑑y (ℱ ,𝒳,𝒴, (𝑥𝑖)𝑖∈⟦𝑛⟧,𝔊𝑛) is any
measurable map

ℰ𝑑x→𝑑y (·, ·) : (𝒳 ×𝒴)𝑛 ×𝒳→ ℝ
𝑑y .

Given the data𝒟, it estimates the regression function 𝑓★ as 𝑥 ↦→ 𝑓 (𝑥) := ℰ𝑑x→𝑑y (𝒟, 𝑥). We define the
term regression estimator for the derivative 𝐷 𝑓★ of the regression function accordingly.

In the case 𝒴 ⊆ ℝ
𝑑y , we say that ℰ𝑑x→𝑑y is the componentwise estimator ℰ𝑑x→1, if we apply ℰ𝑑x→1

in each target dimension:

ℰ𝑑x→𝑑y (𝒟, ·) : 𝒳→ ℝ
𝑑y , 𝑥 ↦→

(︂
ℰ𝑑x→1((𝑥𝑖 ,Π1𝑌𝑖)𝑖∈⟦𝑛⟧, 𝑥), . . . ,ℰ𝑑x→1((𝑥𝑖 ,Π𝑑y𝑌𝑖)𝑖∈⟦𝑛⟧, 𝑥)

)︂
.

The maximal risk for the model 𝔓𝑛 := 𝔓𝑑x→𝑑y (ℱ ,𝒳,𝒴, (𝑥𝑖)𝑖∈⟦𝑛⟧,𝔊𝑛) at a point 𝑥0 ∈ 𝒳 of an
estimator 𝑓 = ℰ𝑑x→𝑑y (𝒟, ·) is

𝑟 ( 𝑓 ,𝔓𝑛, 𝑥0) := sup
𝐺𝑛∈𝔊𝑛 , 𝑓★∈ℱ

E𝐺𝑛

[︂⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑥0)

⃦⃦2
2

]︂
, (10)

where E𝐺𝑛 is the expectation with respect to (𝑌1, . . . ,𝑌𝑛) generated by𝐺𝑛. We say that 𝑟pr,sup
0 ( 𝑓 ,𝔓𝑛) ∈

ℝ>0 is a sup-norm error bound in probability for an estimator 𝑓 = ℰ𝑑x→𝑑y (𝒟, ·) if, for all 𝐺𝑛 ∈𝔊𝑛 and
𝑓★ ∈ ℱ , for 𝑛→∞, we have

sup
𝑥∈[0,𝑇 ]𝑑x

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦
2 = OP

(︂
𝑟

pr,sup
0 ( 𝑓 ,𝔓𝑛)

)︂
, (11)

where 𝑓 depends on (𝑌1, . . . ,𝑌𝑛) generated by 𝐺𝑛. We define the sup-norm error bound of the first
derivative accordingly and denote it by 𝑟pr,sup

1 (ˆ︂𝐷 𝑓 ,𝔓𝑛).
An example of a regression estimator 𝑓 suitable for the Hölder-type smoothness class ℱ =

Σ𝑑x→𝑑y (𝛽, 𝐿) with 𝛽, 𝐿 ∈ ℝ>0 (see [21, Definition 2.2]) in the standard regression model 𝔓𝑛 =
𝔓𝑑x→𝑑y (ℱ ,𝑇, (𝑥𝑖)𝑖∈⟦𝑛⟧, 𝜎), is the componentwise local polynomial estimator described in [21, sec-
tion 3]. Suitable here means that it achieves the lowest values possible for 𝑟 ( 𝑓 ,𝔓𝑛, 𝑥0) for large enough
𝑛 ∈ ℕ, up to a constant.
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Further examples of (nonparametric) regression estimators that may be used in the general estimation
strategies constructed in this article include orthogonal series estimators [24, chapter 1.7], wavelets [1],
penalized splines [25], and neural networks [20].

3. The stubble model and estimation of the increment map

In the Stubble model, we observe many solutions to an ODE with different initial conditions. For each
solution, we have only a few observations. The initial conditions are known and located so that they
cover the domain of interest.

In this section, we first present an explicit estimation procedure for a Lipschitz-continuous class of
model functions with optimal rate of convergence of the mean squared error at a point. The estimation
procedure is based on a local constant estimator for the increment map and a linear interpolation
for the model function. In the second part of this section, we generalize these results: For a general
Hölder-smoothness class, we present a black-box estimation strategy based on an arbitrary multivariate
regression estimator for different increment maps and a univariate polynomial interpolation for the
model function. If the nonparametric estimator enjoys certain optimality criteria with respect to the
standard nonparametric regression problem, it induces an optimal procedure for nonparametric ODE
estimation.

3.1. Lipschitz case

In this specific instance of the general ODE estimation model, we consider Lipschitz-continuous
functions 𝑓 , initial conditions 𝑥 𝑗 on a uniform grid, and an estimation procedure for 𝑓★ that is based
on the local constant estimator for the increments Υ( 𝑓★,Δ𝑡, ·).

3.1.1. Model

The following is a restriction of the standard general model of Section 2.2.
Let 𝑑 ∈ ℕ. Set 𝛽 = 1. Let 𝐿0, 𝐿1 ∈ ℝ>0. Set ℱ := Σ̄𝑑→𝑑 (1, 𝐿0, 𝐿1). Let 𝑓★ ∈ ℱ and 𝑛0 ∈ ℕ. Set

𝑛 := 𝑛𝑑0 . Let 𝑥𝑖 ∈ [0,1]𝑑 for 𝑖 ∈ ⟦𝑛⟧ form a uniform grid in [0,1]𝑑 , i.e.,

{𝑥1, . . . , 𝑥𝑛} =
{︃(︃
𝑘1
𝑛0
, . . . ,

𝑘𝑑
𝑛0

)︃⊤ ⃓⃓⃓⃓
𝑘1, . . . , 𝑘𝑑 ∈ ⟦𝑛0⟧

}︃
.

Let 𝜎 ∈ ℝ≥0. Let 𝜖 𝑗 := 𝜖 𝑗 ,1, 𝑗 ∈ ⟦𝑛⟧ be independent ℝ𝑑-valued random variables such that E[𝜖 𝑗 ] = 0
and E[∥𝜖 𝑗 ∥22] ≤ 𝜎

2. Let Δ𝑡 ∈ ℝ>0. Set

𝑌 𝑗 :=𝑌 𝑗 ,1 :=𝑈 ( 𝑓★, 𝑥 𝑗 ,Δ𝑡) + 𝜖 𝑗 .

We observe 𝑌 𝑗 and know 𝑥 𝑗 and Δ𝑡, but 𝑓★ is unknown and to be estimated. We assume 𝑑, 𝐿0, 𝐿1,
and 𝜎 to be fixed. We are interested in upper bounds for the mean squared error at a point 𝑥0 ∈ [0,1]𝑑
depending on the asymptotics of 𝑛 and Δ𝑡.

3.1.2. Estimator

For 𝑓 ∈ ℱ , Δ𝑡 ∈ ℝ≥0, 𝑥 ∈ ℝ𝑑 , recall the definition of the increment map Υ( 𝑓 ,Δ𝑡, 𝑥) =𝑈 ( 𝑓 , 𝑥,Δ𝑡) − 𝑥
and set 𝜄★(𝑥) := Υ( 𝑓★,Δ𝑡, 𝑥). Let 𝜄 be the componentwise (see Section 2.4) local constant estimator
(Nadaraya–Watson) of 𝜄★ with kernel 𝐾 using the data (𝑥 𝑗 ,𝑌 𝑗 ) 𝑗∈⟦𝑛⟧ and a bandwidth of optimal order.
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See [21, section 3] with 𝛽 = 1, ℓ = 0, 𝑠 = 0 for details on the local constant estimator. For 𝑥 ∈ ℝ𝑑 , define
the scaled increment estimator of 𝑓★ as

𝑓 (𝑥) :=
𝜄(𝑥)
Δ𝑡

. (12)

3.1.3. Result

Assumption 3.1. STRICTKERNEL: The kernel 𝐾 : ℝ≥0 → ℝ is Lipschitz-continuous, nonnegative,
nontrivial (𝐾 ≠ 0), and there is 𝐶ker ∈ ℝ>0 such that 𝐾 (𝑥) ≤ 𝐶ker1[0,1] (𝑥) for all 𝑥 ∈ ℝ≥0.

Theorem 3.2. Use the model of Section 3.1.1 and the estimator of Section 3.1.2. Assume STRICTKER-
NEL. Assume Δ𝑡 ≼ 1. Then

E
[︂⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑥0)

⃦⃦2
2

]︂
≼
(︂
Δ𝑡2𝑛

)︂− 2
2+𝑑 + Δ𝑡2 .

Remark 3.3. By [22, Corollary 3.11], the error rate in Theorem 3.2 is minimax optimal.

The following corollary minimizes the error bound with respect to Δ𝑡, i.e., it shows the asymptotic
behavior of Δ𝑡 that allows the best estimates of 𝑓 for the same amount of data.

Corollary 3.4. Use the model of Section 3.2.1 and the estimator of Section 3.1.2. Assume STRICTK-
ERNEL. Assume Δ𝑡 ≍ 𝑛−

1
4+𝑑 . Then

E
[︂⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑥0)

⃦⃦2
2

]︂
≼ 𝑛−

2
4+𝑑 .

3.1.4. Proof

Lemma 3.5. Assume 𝑓 ∈ ℱ . Let 𝜄 := Υ( 𝑓 ,Δ𝑡, ·). Then 𝜄 ∈ Σ̄𝑑→𝑑 (1, 𝐿̃0, 𝐿̃1) with 𝐿̃0 = Δ𝑡𝐿0 and 𝐿̃1 =
exp(𝐿1Δ𝑡) − 1.

Proof. By the definition of𝑈 and the fundamental theorem of calculus,

𝑈 ( 𝑓 , 𝑥, 𝑡) = 𝑥 +
∫ 𝑡

0
𝑓 (𝑈 ( 𝑓 , 𝑥, 𝑠))d𝑠 .

Plugging this into the definition of 𝜄 yields

𝜄(𝑥) =𝑈 ( 𝑓 , 𝑥,Δ𝑡) −𝑈 ( 𝑓 , 𝑥,0) =
∫ Δ𝑡

0
𝑓 (𝑈 ( 𝑓 , 𝑥, 𝑠))d𝑠 . (13)

Thus, as 𝑓 is uniformly bounded by 𝐿0,

|𝜄(𝑥) | ≤
∫ Δ𝑡

0
| 𝑓 (𝑈 ( 𝑓 , 𝑥, 𝑠)) | d𝑠 ≤

∫ Δ𝑡

0
𝐿0d𝑠 = Δ𝑡𝐿0 .

This is the value of 𝐿̃0. [21, Lemma 5.9] yields the value of 𝐿̃1 by |𝐷𝜄|∞ ≤ exp(𝐿1Δ𝑡) − 1.

Lemma 3.6. Assume Δ𝑡 ≼ 1. Then, for all 𝑥0 ∈ [0,1]𝑑 ,

E
[︂⃦⃦
𝜄(𝑥0) − 𝜄★(𝑥0)

⃦⃦2
2

]︂
≼
(︂
Δ𝑡𝑑𝑛−1

)︂ 2
2+𝑑

.
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Proof. According to Lemma 3.5, 𝜄★ is Lipschitz-continuous with constant 𝐿̃1 = exp(𝐿1Δ𝑡) − 1. As we
consider 𝐿1 to be constant and Δ𝑡 ≼ 1, we obtain 𝐿̃1 ≼ Δ𝑡. By [21, Corollary 3.4] and [21, Proposi-
tion 3.9], the local constant estimator 𝜄 with optimal bandwidth then fulfills

E
[︂⃦⃦
𝜄(𝑥0) − 𝜄★(𝑥0)

⃦⃦2
2

]︂
≼ Δ𝑡

2𝑑
2+𝑑 𝑛−

2
2+𝑑 .

Lemma 3.7. Let Δ𝑡 ∈ ℝ>0. Assume 𝑓 ∈ ℱ . Let 𝜄 := Υ( 𝑓 ,Δ𝑡, ·). Then

sup
𝑥∈[0,1]𝑑

⃦⃦⃦⃦
𝜄(𝑥)
Δ𝑡
− 𝑓 (𝑥)

⃦⃦⃦⃦
2
≤ 1

2
𝐿0𝐿1Δ𝑡 .

Proof. Let 𝑥 ∈ [0,1]𝑑 . With (13), as 𝑓 is 𝐿1-Lipschitz,⃦⃦⃦⃦
𝜄(𝑥)
Δ𝑡
− 𝑓 (𝑥)

⃦⃦⃦⃦
2
=

⃦⃦⃦⃦
1
Δ𝑡

∫ Δ𝑡

0
𝑓 (𝑈 ( 𝑓 , 𝑥, 𝑠)) − 𝑓 (𝑥)d𝑠

⃦⃦⃦⃦
2

≤ 𝐿1
Δ𝑡

∫ Δ𝑡

0
∥𝑈 ( 𝑓 , 𝑥, 𝑠) − 𝑥∥2 d𝑠 .

Using𝑈 ( 𝑓 , 𝑥, 𝑠) = 𝑥 +
∫ 𝑠

0 𝑓 (𝑈 ( 𝑓 , 𝑥, 𝑟))d𝑟 , we obtain∫ Δ𝑡

0
∥𝑈 ( 𝑓 , 𝑥, 𝑠) − 𝑥∥2 d𝑠 ≤

∫ Δ𝑡

0

∫ 𝑠

0
∥ 𝑓 (𝑈 ( 𝑓 , 𝑥, 𝑟))∥2 d𝑟d𝑠

≤
∫ Δ𝑡

0

∫ 𝑠

0
𝐿0d𝑟d𝑠 =

1
2
𝐿0Δ𝑡

2 .

Combining the above inequalities yields⃦⃦⃦⃦
𝜄(𝑥)
Δ𝑡
− 𝑓 (𝑥)

⃦⃦⃦⃦
2
≤ 1

2
𝐿0𝐿1Δ𝑡 .

As this inequality holds for all 𝑥 ∈ [0,1]𝑑 , we have finished the proof.

Proof of Theorem 3.2. Recall the definition of 𝑓 in (12) and combine the bounds in Lemma 3.6 and
Lemma 3.7 to obtain

E
[︂⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑥0)

⃦⃦2
2

]︂
= E

[︄⃦⃦⃦⃦
𝜄(𝑥0) − 𝜄★(𝑥0)

Δ𝑡
+ 𝜄

★(𝑥0)
Δ𝑡

− 𝑓★(𝑥0)
⃦⃦⃦⃦2

2

]︄
≼ 1

Δ𝑡2
E
[︂⃦⃦
𝜄(𝑥0) − 𝜄★(𝑥0)

⃦⃦2
2

]︂
+
⃦⃦⃦⃦
𝜄★(𝑥0)
Δ𝑡

− 𝑓★(𝑥0)
⃦⃦⃦⃦2

2

≼ Δ𝑡−
4

2+𝑑 𝑛−
2

2+𝑑 + Δ𝑡2 .
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3.2. General case

We generalize the Lipschitz setting of Section 3.1 in the following way: We consider an arbitrary
smoothness parameter 𝛽 ∈ ℕ for the model function 𝑓★. The initial conditions are not restricted to a
uniform grid, but must still be uniform enough in some sense. We present an estimation strategy that
can be used with any regression estimator. The convergence rate results are given in a black-box fashion,
i.e., they depend on the convergence rates of the chosen regression estimator. If that estimator achieves
the optimal rate of convergence for a standard nonparametric regression problem, the resulting ODE
estimator is also optimal in a minimax sense.

Notation 3.8.

(i) Let 𝑑 ∈ ℕ. Let 𝛼 ∈ ℕ𝑑0 . Denote |𝛼 | :=
∑︁𝑑
𝑖=1 𝛼𝑖 , and 𝛼! :=

∏︁𝑑
𝑖=1 𝛼𝑖!, For 𝑥 ∈ ℝ𝑑 , denote 𝑥𝛼 :=∏︁𝑑

𝑖=1 𝑥
𝛼𝑖
𝑖 .

(ii) For ℓ, 𝑑 ∈ ℕ, denote 𝒫𝑑,ℓ be the set of all polynomials of degree at most ℓ defined over ℝ𝑑 ,

𝒫𝑑,ℓ :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩𝑝 : ℝ𝑑→ ℝ

⃓⃓⃓⃓
⃓⃓⃓ 𝑝(𝑥) = ∑︂

𝛼∈ℕ𝑑
0 , |𝛼 | ≤ℓ

𝛽𝛼𝑥
𝛼 , 𝛽𝛼 ∈ ℝ

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .
(iii) Let 𝐴 be a set. Denote the indicator function of 𝐴 as 1𝐴(·).

3.2.1. Model

The following is a restriction of the general ODE model of Section 2.2. Let 𝑑 ∈ ℕ, 𝛽 ∈ ℕ, and 𝐿⟦0,𝛽⟧ ⊆
ℝ>0. Let the smoothness class be ℱ𝑑,𝛽 ⊆ Σ̄𝑑→𝑑 (𝛽, 𝐿⟦0,𝛽⟧), see [21, Definition 2.2]. Let 𝑓★ ∈ ℱ𝑑,𝛽 . Let
𝑚 ∈ ℕ and 𝑥1, . . . , 𝑥𝑚 ∈ ℝ𝑑 . Let Δ𝑡 ∈ ℝ>0. Set 𝑛 𝑗 = 𝛽 for all 𝑗 ∈ ⟦𝑚⟧. Set 𝑡 𝑗 ,𝑖 = 𝑡𝑖 = 𝑖Δ𝑡 for 𝑖 ∈ ⟦0, 𝛽⟧.
In the generic general Stubble model, the observations are given as follows: Let 𝔊𝑛 be a set of data
generating processes that give rise to the observations

(𝑌 𝑗 ,𝑖) 𝑗∈⟦𝑚⟧,𝑖∈⟦𝛽⟧ ∼𝐺𝑛
(︂
𝑈
(︁
𝑓★, 𝑥 𝑗 , 𝑖Δ𝑡

)︁
𝑗∈⟦𝑚⟧,𝑖∈⟦𝛽⟧

)︂
. (14)

We define the standard general Stubble model as an instance of the generic one: Let 𝜎 ∈ ℝ≥0. Let
(𝜖 𝑗 ,𝑖) 𝑗∈⟦𝑚⟧,𝑖∈⟦𝛽⟧ be independent ℝ𝑑-valued random variables such that E[𝜖 𝑗 ,𝑖] = 0 and E[∥𝜖 𝑗 ,𝑖 ∥22] ≤
𝜎2. For 𝑗 ∈ ⟦𝑚⟧, 𝑖 ∈ ⟦𝛽⟧, let

𝑌 𝑗 ,𝑖 =𝑈 ( 𝑓★, 𝑥 𝑗 , 𝑖Δ𝑡) + 𝜖 𝑗 ,𝑖 .

In both versions of the general Stubble model, we observe 𝑌 𝑗 ,𝑖 , and know 𝑥 𝑗 and Δ𝑡, but 𝑓★ is unknown
and to be estimated. We assume 𝑑, 𝐿⟦0,𝛽⟧, and 𝜎 to be fixed and we are interested in asymptotic upper
bounds for the mean squared error at a point 𝑥0 ∈ [0,1]𝑑 depending on 𝑛 and Δ𝑡.

Remark 3.9. The results below are the same (up to a multiplicative constant) if we allow 𝑛 𝑗 ≥ 𝛽 as
long as 𝑚 ≍ 𝑛.

3.2.2. Estimation

For 𝑖 ∈ ⟦𝛽⟧, let 𝜄★𝑖 = Υ( 𝑓★, 𝑡𝑖 , ·). Let 𝔊𝑖𝑚 be the set of data generating processes obtained by projecting
the observations (𝑌 𝑗 ,𝑖) 𝑗∈⟦𝑚⟧,𝑖∈⟦𝛽⟧ created according to (14) with 𝐺𝑛 ∈ 𝔊𝑛 to (𝑌𝑖,1, . . . ,𝑌𝑖,𝑚). Let
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𝐿 ∈ ℝ>0. Let ℰ𝑑→𝑑𝑖 be an arbitrary regression estimator for the generic regression model

𝔓𝑖 :=𝔓𝑑→𝑑 (Σ𝑑→𝑑 (𝛽, 𝐿), [0,1]𝑑 ,𝒴, (𝑥 𝑗 ) 𝑗∈⟦𝑚⟧,𝔊𝑖𝑚) ,

see Section 2.4. Estimate the increment maps 𝜄★𝑖 by 𝜄𝑖 := ℰ𝑑→𝑑 ((𝑥 𝑗 ,𝑌 𝑗 ,𝑖 −𝑥 𝑗 ) 𝑗∈⟦𝑚⟧, ·). For convenience,
set 𝜄0 (𝑥) := 𝜄★0 (𝑥) := 0 for all 𝑥 ∈ ℝ𝑑 . Denote the maximal risk of the regression estimator, see (10), as

𝑟 (𝑑, 𝛽, 𝐿,𝔊𝑛, (𝑥 𝑗 ) 𝑗∈⟦𝑚⟧) := max
𝑖∈⟦𝛽⟧

sup
𝑥∈[0,1]𝑑

𝑟 (ℰ𝑑→𝑑𝑖 ,𝔓𝑖 , 𝑥) .

For 𝑥0 ∈ ℝ𝑑 , let 𝑝(𝑥0, ·) := (𝑝1(𝑥0, ·), . . . , 𝑝𝑑 (𝑥0, ·)), where 𝑝𝑘 (𝑥0, ·) ∈ 𝒫1,𝛽 is the (univariate) poly-
nomial of at most degree 𝛽 that interpolates (𝑡𝑖 ,Π𝑘 𝜄𝑖 (𝑥0))𝑖∈⟦0,𝛽⟧. To estimate 𝑓★, we locally ap-
proximate 𝑈 ( 𝑓★, 𝑥0, 𝑡) by 𝑥0 + 𝑝(𝑥0, 𝑡), i.e., we consider ̇̂𝑝(𝑥0, 𝑡) ≈ 𝑓★(𝑥0 + 𝑝(𝑥0, 𝑡)). As 𝑓★(𝑥0) =
𝑓★(𝑥0 + 𝑝(𝑥0,0)), this approach yields the estimator

𝑓 (𝑥0) := ̇̂𝑝(𝑥0,0) . (15)

Remark 3.10.

(i) The value of 𝐿 is to be specified later and depends on Δ𝑡, 𝛽, and 𝐿⟦0,𝛽⟧. Typically the estimator
ℰ𝑑→𝑑𝑖 does not depend on 𝐿, but the risk 𝑟 (ℰ𝑑→𝑑𝑖 ,𝔓𝑖 , 𝑥) does.

(ii) If we use the standard general Stubble model, set 𝛽 = 1, and use the componentwise local
constant estimator for ℰ𝑑→𝑑 , we obtain the procedure of Section 3.1.

(iii) The polynomial interpolation in the second step can be viewed as an Adams–Bashforth method:
a linear multistep method for solving ordinary differential equations numerically, see [4, Chap-
ter 24].

3.2.3. Result

Theorem 3.11. Use the generic general Stubble model of Section 3.2.1 and the estimator of Sec-
tion 3.2.2. Assume Δ𝑡 ≼ 1. Then

E
[︂⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑥0)

⃦⃦2
2

]︂
≼ Δ𝑡−2𝑟 (𝑑, 𝛽,𝐶Δ𝑡,𝔊𝑛, (𝑥 𝑗 ) 𝑗∈⟦𝑚⟧) + Δ𝑡2𝛽 .

for some constant 𝐶 ∈ ℝ>0 depending only on 𝛽 and 𝐿⟦0,𝛽⟧.

The minimax rate for the squared error in the standard regression problem with smoothness class
Σ𝑑→𝑑 (𝛽, 𝐿) is 𝐿

2𝑑
2𝛽+𝑑 𝑛

− 2𝛽
2𝛽+𝑑 up to some constants. It is achieved, for example, by the local polynomial

estimator with optimal bandwidth under some conditions on 𝑥𝑖 , which are fulfilled by a uniform grid.
See [21, Corollary 3.4]. Using the standard general Stubble model and considering 𝑚 ≍ 𝑛, we then have

𝑟 (𝑑, 𝛽,𝐶Δ𝑡,𝔊𝑛, (𝑥 𝑗 ) 𝑗∈⟦𝑚⟧) ≼ Δ𝑡
2𝑑

2𝛽+𝑑 𝑛
− 2𝛽

2𝛽+𝑑 .

The conditions for the optimal rate for the local polynomial estimator with kernel 𝐾 of [21, section 3]
are as follows.

Assumption 3.12.

• EIGENVALUE: There is 𝐶egv ∈ ℝ>0 such that 𝜆min (𝐵(𝑥))−1 ≤ 𝐶egv for all 𝑥 ∈ [0,𝑇]𝑑 , where 𝐵(𝑥)
is defined in [21, Eq. (5)].
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• COVER: There is 𝐶cvr ∈ ℝ>0 such that

1
𝑛

𝑛∑︂
𝑖=1

1B𝑑 (𝑥,𝑟 )(𝑥𝑖) ≤ max
(︃

1
𝑛
, 𝐶cvr

(︂ 𝑟
𝑇

)︂𝑑)︃
,

for all 𝑥 ∈ [0,𝑇]𝑑 , 𝑟 ∈ ℝ>0.
• KERNEL: The support of the kernel 𝐾 : ℝ≥0→ ℝ fulfills supp(𝐾) ⊆ [0,1]. Furthermore, there is
𝐶ker ∈ ℝ>0 such that 𝐾 (𝑧) ≤ 𝐶ker for all 𝑧 ∈ ℝ≥0.

The following corollary shows the result of Theorem 3.11 using minimax optimal estimators ℰ𝑑→𝑑𝑖
in the standard general Stubble model.

Corollary 3.13. Use the standard general Stubble model of Section 3.2.1. Use the estimator of Sec-
tion 3.2.2 with the componentwise local polynomial estimator of degree ℓ := 𝛽 − 1 with kernel 𝐾
and optimal bandwidth for all estimators ℰ𝑑→𝑑𝑖 . Assume Δ𝑡 ≼ 1. Assume COVER, EIGENVALUE, and
KERNEL. Then, for all 𝑥0 ∈ [0,1]𝑑 ,

E
[︂⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑥0)

⃦⃦2
2

]︂
≼
(︂
Δ𝑡2𝑛

)︂− 2𝛽
2𝛽+𝑑 + Δ𝑡2𝛽 .

Remark 3.14.

(i) Of course, the local polynomial estimator can be replaced by any estimator that achieves the
same (optimal) rate of convergence.

(ii) By [22, Corollary 3.11], the error rate in Corollary 3.13 is minimax optimal for ℱ𝑑,𝛽 =
Σ̄𝑑→𝑑 (𝛽, 𝐿⟦0,𝛽⟧).

The following corollary minimizes the error bound with respect to Δ𝑡, i.e., it shows the asymptotic
behavior of Δ𝑡 that allows the best estimates of 𝑓 for the same amount of data.

Corollary 3.15. Use the setting and assumptions of Corollary 3.13. Assume

Δ𝑡 ≍ 𝑛−
1

2(𝛽+1)+𝑑 .

Then

E
[︂⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑥0)

⃦⃦2
2

]︂
≼ 𝑛

− 2𝛽
2(𝛽+1)+𝑑 .

3.2.4. Proof

For 𝑥0 ∈ ℝ𝑑 , let 𝑝★(𝑥0, ·) ∈ 𝒫1,𝛽 be the (univariate) polynomial of at most degree 𝛽 that interpolates
(𝑡𝑖 , 𝜄★𝑖 (𝑥0))𝑖∈⟦0,𝛽⟧. By the definition of 𝑓 in (15), we can write

𝑓 (𝑥0) − 𝑓★(𝑥0) = ̇̂𝑝(𝑥0,0) − 𝑝★(𝑥0,0) + 𝑝★(𝑥0,0) − 𝑓★(𝑥0) .

Using this, we split the error into two parts,

E
[︂⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑥0)

⃦⃦2
2

]︂
≤ 2E

[︂⃦⃦ ̇̂𝑝(𝑥0,0) − 𝑝★(𝑥0,0)
⃦⃦2

2

]︂
+ 2

⃦⃦
𝑝★(𝑥0,0) − 𝑓★(𝑥0)

⃦⃦2
2 . (16)
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We start with the second part: The polynomial 𝑡 ↦→ 𝑝★(𝑥0, 𝑡) interpolates the translated solution
𝑢̄★(𝑥0, 𝑡) :=𝑈 ( 𝑓★, 𝑥0, 𝑡) − 𝑥0. By [21, Corollary 5.7], we have

⃓⃓
𝐷𝛽+1𝑢̄★(𝑥0, ·)

⃓⃓
∞ ≤ 𝐶𝐿 , where 𝐶𝐿 de-

pends only on 𝛽 and 𝐿⟦0,𝛽⟧. By the definition of 𝑢̄★(𝑥0, 𝑡), it fulfills ̇̄𝑢★(𝑥0,0) = 𝑓★(𝑥0). Thus, [21,
Lemma 4.2] provides a constant 𝐶𝛽 depending only on 𝛽 such that⃦⃦

𝑝★(𝑥0,0) − 𝑓★(𝑥0)
⃦⃦

2 =
⃦⃦
𝑝★(𝑥0,0) − ̇̄𝑢★(𝑥0,0)

⃦⃦
2

≤ 𝐶𝛽𝐶𝐿Δ𝑡𝛽 .

In other words, ⃦⃦
𝑝★(𝑥0,0) − 𝑓★(𝑥0)

⃦⃦2
2 ≼ Δ𝑡2𝛽 . (17)

Let us turn our attention to the first part of the right-hand side of (16): By [21, Corollary 5.12],
⃓⃓
𝐷𝛽 𝜄★𝑖

⃓⃓
∞ ≤

𝐶Δ𝑡 for some constant 𝐶 depending only on 𝑑, 𝛽, 𝐿⟦0,𝛽⟧ and the maximal Δ𝑡 as 𝑓★ ∈ Σ̄𝑑→𝑑 (𝛽, 𝐿⟦0,𝛽⟧)
and Δ𝑡 ≼ 1. As all ℰ𝑑→𝑑𝑖 achieve the rate of convergence 𝑟 (𝑑, 𝛽, 𝐿,𝔊𝑛, (𝑥 𝑗 ) 𝑗∈⟦𝑚⟧) on Σ𝑑→𝑑 (𝛽, 𝐿), we
obtain

E
[︃

max
𝑖∈⟦0,𝛽⟧

⃦⃦
𝜄𝑖 (𝑥0) − 𝜄★𝑖 (𝑥0)

⃦⃦2
2

]︃
≤ (𝛽 + 1) max

𝑖∈⟦𝛽⟧
E
[︂⃦⃦
𝜄𝑖 (𝑥0) − 𝜄★𝑖 (𝑥0)

⃦⃦2
2

]︂
≼ 𝑟 (𝑑, 𝛽,𝐶Δ𝑡,𝔊𝑛, (𝑥 𝑗 ) 𝑗∈⟦𝑚⟧) .

(18)
Applying [21, Lemma 4.3] with the bound (18) yields

E
[︂⃦⃦ ̇̂𝑝(𝑥0,0) − 𝑝★(𝑥0,0)

⃦⃦2
2

]︂
≼ Δ𝑡−2𝑟 (𝑑, 𝛽,𝐶Δ𝑡,𝔊𝑛, (𝑥 𝑗 ) 𝑗∈⟦𝑚⟧) . (19)

We combine (17) and (19) and get

E
[︂⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑥0)

⃦⃦2
2

]︂
≼ Δ𝑡−2𝑟 (𝑑, 𝛽,𝐶Δ𝑡,𝔊𝑛, (𝑥 𝑗 ) 𝑗∈⟦𝑚⟧) + Δ𝑡2𝛽 .

4. The snake model and estimation of the observed solutions

In the Snake model, we observe one (or a few) solution(s) to an ODE. For each solution, we have
many observations. The associated estimation problem depends strongly on how the trajectories of the
solutions are located in the state space.

In this section, we first present an explicit estimation procedure for a Lipschitz-continuous class of
model functions and an upper bound on the maximal risk in sup norm. The estimation procedure is
based on a local linear estimator for the solutions and a nearest neighbor interpolation for the model
function. It is rate-optimal in some settings. In the second part of this section, we generalize these
results: For a general Hölder-smoothness class, we present a black-box estimation strategy based on a
generic nonparametric estimator for the solutions and a multivariate polynomial interpolation for the
model function. If the nonparametric estimator enjoys certain optimality criteria with respect to the
standard nonparametric regression problem, it induces a procedure for nonparametric ODE estimation
that is optimal in some settings.

4.1. Lipschitz case

In this specific instance of the general ODE estimation model, we consider Lipschitz-continuous model
functions 𝑓★ and an estimation procedure 𝑓 that is based on local linear estimators 𝑢̂ and ˆ̇𝑢 for the
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observed solution 𝑈 ( 𝑓★, 𝑥1, ·) and its derivative, and a nearest neighbor interpolation of 𝑢̂(𝑡) ↦→ ˆ̇𝑢(𝑡)
for the model function. We obtain an upper bound on the expected sup norm error. For this, we either
require the trajectories𝑈 ( 𝑓★, 𝑥1, [0,𝑇1]) to cover the fixed domain of interest [0,1]𝑑 in a suitable way
or we adapt our domain of interest to these trajectories, i.e., the upper bound only holds close to the
trajectory.

Notation 4.1. Let 𝑑 ∈ ℕ, 𝑟 ≥ 0, and 𝑧 ∈ ℝ𝑑 . Denote the closed ball with radius 𝑟 around 𝑧 as

B𝑑 (𝑧, 𝑟) :=
{︂
𝑥 ∈ ℝ𝑑

⃓⃓⃓
∥𝑥 − 𝑧∥2 ≤ 𝑟

}︂
.

Let𝒵 ⊆ ℝ
𝑑 . Denote the closed ball with radius 𝑟 around𝒵 as

B𝑑 (𝒵, 𝑟) :=
⋃︂
𝑧∈𝒵

B𝑑 (𝑧, 𝑟) .

4.1.1. Model

The following is a restriction of the general model of Section 2.2. Let 𝑑 ∈ ℕ≥2 and 𝐿0, 𝐿1 ∈ ℝ>0. Set
ℱ := Σ̄𝑑→𝑑 (1, 𝐿0, 𝐿1). Let 𝑓★ ∈ ℱ . Set 𝑚 = 1. Let 𝑥1 ∈ ℝ𝑑 and 𝑛 = 𝑛1 ∈ ℕ. Let Δ𝑡 ∈ ℝ>0 possibly
changing with 𝑛. Set 𝑡1,𝑖 := 𝑡𝑖 := 𝑖Δ𝑡 for 𝑖 = ⟦0, 𝑛⟧ and 𝑇 := 𝑇1 := 𝑛Δ𝑡. Let 𝜎 ∈ ℝ≥0. Let 𝜖𝑖 := 𝜖1,𝑖 , 𝑖 ∈ ⟦𝑛⟧
be independent ℝ𝑑-valued random variables such that E[𝜖𝑖] = 0 and E[∥𝜖𝑖 ∥22] ≤ 𝜎

2. Set

𝑌𝑖 :=𝑌1,𝑖 :=𝑈 ( 𝑓★, 𝑥1, 𝑡𝑖) + 𝜖𝑖 for 𝑖 ∈ ⟦𝑛⟧ .

We observe 𝑌𝑖 and know 𝑥1 and Δ𝑡, but 𝑓★ is unknown and to be estimated. We assume 𝑑, 𝐿0, 𝐿1, and
𝜎 to be fixed. For an estimator 𝑓 , we are interested in asymptotic upper bounds for the mean squared
sup-norm of 𝑓★ − 𝑓 in the domain of interest [0,1]𝑑 depending on the asymptotics of 𝑛 and Δ𝑡.

4.1.2. Estimator

Let 𝑢̂ : [0,𝑇] → ℝ be the componentwise local linear estimator (as described in [21, Eq. (8)] with
ℓ = 1, 𝑠 = 0, 𝑑 = 1) of 𝑢★ :=𝑈 ( 𝑓★, 𝑥1, ·) using the data (𝑡𝑖 ,𝑌𝑖)𝑖∈⟦𝑛⟧. Similarly, denote by ˆ̇𝑢 the local
linear estimator of the first derivative of 𝑈 ( 𝑓★, 𝑥1, ·) (ℓ = 1, 𝑠 = 1, 𝑑 = 1 in terms of [21, section 3]).
We assume that the bandwidth ℎ is chosen of optimal order for the error bound in sup-norm, see [21,
Corollary 3.7]. Let 𝑓 be the nearest neighbor interpolation of (𝑢̂, ˆ̇𝑢): For 𝑥 ∈ ℝ𝑑 and a continuous
function 𝑢 : [0,𝑇] → ℝ

𝑑 , let

𝑡NN (𝑢,𝑇, 𝑥) ∈ arg min
𝑡∈[0,𝑇 ]

∥𝑢(𝑡) − 𝑥∥2

with an arbitrary choice if the minimizer is not unique. Then, for 𝑥 ∈ ℝ𝑑 , we define the estimator of 𝑓★,

𝑓 (𝑥) := ˆ̇𝑢(𝑡NN(𝑢̂,𝑇, 𝑥)) . (20)

4.1.3. Result

For our results in sup-norm, we require the noise to be sub-Gaussian, which is a standard assumption
for regression results in sup-norm, see [24, section 1.6.2].
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Definition 4.2 (Sub-Gaussian). A real-valued random variable 𝑍 is called sub-Gaussian if E[|𝑍 |] <∞
and there is 𝑣 ∈ ℝ>0 such that

P( |𝑍 −E[𝑍] | ≥ 𝑡) ≤ 2 exp
(︃
− 𝑡

2

2𝑣

)︃
for all 𝑡 ∈ ℝ>0. In this case, 𝑣 is called variance parameter.

Assumption 4.3. SUBGAUSSIAN: In each component, the noise 𝜀𝑖 is sub-Gaussian with variance
parameter 𝜎2.

For 𝒳 ⊆ ℝ
𝑑 and a function 𝑢 : [0,𝑇] → ℝ

𝑑 , define 𝛿NN (𝑢,𝑇,𝒳) as smallest radius so that the ball
around 𝑢([0,𝑇]) includes 𝒳:

𝛿NN (𝑢,𝑇,𝒳) := sup
𝑥∈𝒳

inf
𝑡∈[0,𝑇 ]

∥𝑢(𝑡) − 𝑥∥2 .

The results come in two versions with respect to the domain of interest: We either fix the domain of
interest, e.g.,𝒳 = [0,1]𝑑 and make the error bound depend on 𝛿NN (𝑢★,𝑇,𝒳), or we fix 𝛿 (or a sequence
𝛿 = 𝛿𝑛) and adapt our domain of interest to be 𝒳 = B𝑑 (𝑢★([0,𝑇]), 𝛿).

Theorem 4.4. Use the model of Section 4.1.1 and the estimator of Section 4.1.2. Assume STRICTKER-
NEL, SUBGAUSSIAN. Assume (︃

𝑛

log(𝑛)

)︃− 1
4
≼ 𝑇 ≼ 𝑛 log(𝑛)

1
4 . (21)

(i) Let 𝛿 ∈ ℝ≥0, potentially changing with 𝑛. Let 𝒳 := B𝑑 (𝑢★([0,𝑇]), 𝛿). Then

E
[︃
sup
𝑥∈𝒳

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2

]︃
≼ 𝛿2 +

(︃
𝑇 log𝑛
𝑛

)︃ 2
5
.

(ii) Let 𝛿 = 𝛿NN (𝑢★,𝑇, [0,1]𝑑). Then

E

[︄
sup

𝑥∈[0,1]𝑑

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2

]︄
≼ 𝛿2 +

(︃
𝑇 log𝑛
𝑛

)︃ 2
5
.

Remark 4.5.

(i) Compare the upper error bound in Theorem 4.4 (ii) with the lower error bound [22, Corol-
lary 4.11] (for simplicity, we here ignore all factors in the error bounds that are polynomial in
log(𝑛)):

𝛿 + 𝛿
𝑑−1
4+𝑑

(︃
𝑇

𝑛

)︃ 1
4+𝑑

≼ E

[︄
sup

𝑥∈[0,1]𝑑

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2

]︄ 1
2

≼ 𝛿 +
(︃
𝑇

𝑛

)︃ 1
5
.

Direct calculations yield(︃
𝑇

𝑛

)︃ 1
5
≤ 𝛿 ⇔

(︃
𝑇

𝑛

)︃ 1
5
≤ 𝛿

𝑑−1
4+𝑑

(︃
𝑇

𝑛

)︃ 1
4+𝑑

⇔ 𝛿
𝑑−1
4+𝑑

(︃
𝑇

𝑛

)︃ 1
4+𝑑
≤ 𝛿 .
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Thus, the error rate in Theorem 4.4 (ii) is minimax optimal if(︃
𝑇

𝑛

)︃ 1
5
≼ 𝛿 , (22)

ignoring log-factors.
(ii) Note that [22, Corollary 4.11] uses 𝑚 ≻ 1 many solutions. But in [22, Appendix E], it is argued

that 𝑚 = 1 suffices.
(iii) One can think of (22) as the requirement of large distances between temporally different parts

of trajectory. If this is not the case, then the estimator seems suboptimal: For the estimation of 𝑢̂
and ˆ̇𝑢, it ignores information from observations that are distant in time but close in state space.
An estimator that is optimal for regimes where different trajectory parts are not well-separated,
must not ignore this information.

Corollary 4.6. Use the model of Section 4.1.1 and the estimator of Section 4.1.2. Assume STRICTK-
ERNEL, SUBGAUSSIAN.

(i) Let 𝛿 ∈ ℝ≥0, potentially changing with 𝑛. Let 𝒳 := B𝑑 (𝑢★([0,𝑇]), 𝛿). Assume 𝑇 ≼
(︂
𝑛

log𝑛

)︂ 𝑑−1
4+𝑑

and 𝛿 ≼
(︂
𝑛

log𝑛

)︂− 1
4+𝑑 . Then

E
[︃
sup
𝑥∈𝒳

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2

]︃
≼
(︃
𝑛

log𝑛

)︃− 2
4+𝑑

.

(ii) Let 𝛿 = 𝛿NN (𝑢★,𝑇, [0,1]𝑑). Assume 𝑇 ≼
(︂
𝑛

log𝑛

)︂ 𝑑−1
4+𝑑 and 𝛿 ≼

(︂
𝑛

log𝑛

)︂− 1
4+𝑑 . Then

E

[︄
sup

𝑥∈[0,1]𝑑

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2

]︄
≼
(︃
𝑛

log𝑛

)︃− 2
4+𝑑

.

Remark 4.7. The conditions on 𝑇 and 𝛿 ensure an optimal trade-off between the ability to reconstruct
𝑢★ and coverage of [0,1]𝑑 . They can be fulfilled for certain 𝑓 , but it is rather restrictive. Furthermore,
to cover the hypercube [0,1]𝑑 with B𝑑 (𝑢([0,𝑇]), 𝛿), where 𝑢 has a speed bounded by 𝐿, we require
𝑇 ≽ 𝛿−(𝑑−1) . Hence, the conditions on 𝛿 and 𝑇 in Theorem 4.4 are tight in the sense that one variable
determines the other up to a constant.

4.1.4. Proof

Lemma 4.8. Let 𝛿 > 0. Let 𝑥0 ∈ B𝑑 (𝑢★([0,𝑇]), 𝛿). Then⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑥0)

⃦⃦
2 ≤ 𝐿1

(︄
𝛿 + 2 sup

𝑡∈[0,𝑇 ]

⃦⃦
𝑢̂(𝑡) − 𝑢★(𝑡)

⃦⃦
2

)︄
+ sup
𝑡∈[0,𝑇 ]

⃦⃦
ˆ̇𝑢(𝑡) − 𝑢̇★(𝑡)

⃦⃦
2 .

Proof. Recall 𝑢★ =𝑈 ( 𝑓★, 𝑥1, ·). Denote 𝜏★ := 𝑡NN (𝑢★,𝑇, 𝑥0) and 𝜏̂ := 𝑡NN (𝑢̂,𝑇, 𝑥0). Using the triangle
inequality and the definition of 𝑓 (20) and 𝑢̇★, we obtain⃦⃦

𝑓 (𝑥0) − 𝑓★(𝑥0)
⃦⃦

2 ≤
⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑢★(𝜏))

⃦⃦
2 +

⃦⃦
𝑓★(𝑢★(𝜏)) − 𝑓★(𝑥0)

⃦⃦
2

=
⃦⃦

ˆ̇𝑢(𝜏) − 𝑢̇★(𝜏)
⃦⃦

2 +
⃦⃦
𝑓★(𝑢★(𝜏)) − 𝑓★(𝑥0)

⃦⃦
2 .
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Let us consider the second term of the last line. As 𝑓★ is 𝐿1-Lipschitz, we have⃦⃦
𝑓★(𝑢★(𝜏)) − 𝑓★(𝑥0)

⃦⃦
2 ≤ 𝐿1

⃦⃦
𝑢★(𝜏) − 𝑥0

⃦⃦
2 .

We use the triangle inequality in
⃦⃦
𝑢★(𝜏) − 𝑥0

⃦⃦
2 ≤

⃦⃦
𝑢★(𝜏) − 𝑢̂(𝜏)

⃦⃦
2 + ∥𝑢̂(𝜏) − 𝑥0∥2 and bound

∥𝑢̂(𝜏) − 𝑥0∥2 ≤
⃦⃦
𝑢̂(𝜏★) − 𝑥0

⃦⃦
2

≤
⃦⃦
𝑢̂(𝜏★) − 𝑢★(𝜏★)

⃦⃦
2 +

⃦⃦
𝑢★(𝜏★) − 𝑥0

⃦⃦
2 ,

where we used the minimizing property of 𝜏 and again the triangle inequality. Putting all previous
bounds together, we obtain⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑥0)

⃦⃦
2 ≤

⃦⃦
ˆ̇𝑢(𝜏) − 𝑢̇★(𝜏)

⃦⃦
2 + 𝐿1(

⃦⃦
𝑢★(𝜏) − 𝑢̂(𝜏)

⃦⃦
2 +

⃦⃦
𝑢̂(𝜏★) − 𝑢★(𝜏★)

⃦⃦
2 +

⃦⃦
𝑢★(𝜏★) − 𝑥0

⃦⃦
2).

The claim follows by taking supremum over all possible values of 𝜏★, 𝜏 ∈ [0,𝑇] and noting the definition
of 𝑥0 and 𝜏★.

Proof of Theorem 4.4. As 𝑓★ ∈ Σ̄(1, 𝐿0, 𝐿1), we have 𝑢★ ∈ Σ̄(2,∞, 𝐿0, 𝐿̃1), where 𝐿̃1 depends on 𝐿0
and 𝐿1, by [21, Corollary 5.7]. We want to apply [21, Corollary 3.7] to obtain bounds on the sup-norm
of the error for 𝑢̂ and ˆ̇𝑢. STRICTKERNEL together with the uniform grid 𝑡𝑖 = 𝑖Δ𝑡 implies KERNEL,
EIGENVALUE, and COVER by [21, Proposition 3.9]. SUBGAUSSIAN is assumed and (21) implies [21,
Eq. (9)]. Thus, [21, Corollary 3.7] yields

E

[︄
sup

𝑡∈[0,𝑇 ]

⃦⃦
𝑢̂(𝑡) − 𝑢★(𝑡)

⃦⃦2
2

]︄
≼
(︃
𝑇 log(𝑛)

𝑛

)︃ 4
5

and E

[︄
sup

𝑡∈[0,𝑇 ]

⃦⃦
ˆ̇𝑢(𝑡) − 𝑢̇★(𝑡)

⃦⃦2
2

]︄
≼
(︃
𝑇 log(𝑛)

𝑛

)︃ 2
5
.

Together with Lemma 4.8, we obtain

E

[︄
sup

𝑥∈[0,1]𝑑

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2

]︄
≼ 𝛿2 +E

[︄
sup

𝑡∈[0,𝑇 ]

⃦⃦
𝑢̂(𝑡) − 𝑢★(𝑡)

⃦⃦2
2

]︄
+E

[︄
sup

𝑡∈[0,𝑇 ]

⃦⃦
ˆ̇𝑢(𝑡) − 𝑢̇★(𝑡)

⃦⃦2
2

]︄

≼ 𝛿2 +
(︃
𝑇 log(𝑛)

𝑛

)︃ 4
5
+
(︃
𝑇 log(𝑛)

𝑛

)︃ 2
5
≼ 𝛿2 +

(︃
𝑇 log(𝑛)

𝑛

)︃ 2
5
.

4.2. General case

We now want to consider estimation under higher-order smoothness. We generalize the estimation
procedure of Section 4.1.2 as follows: We replace the local linear estimation of the solution 𝑢★ and
its derivative 𝑢̇★ by arbitrary regression estimators ℰ1→𝑑 and ˜︁ℰ1→𝑑 , respectively. E.g., this could be
local polynomial estimators of the appropriate degree. Furthermore, the nearest neighbor interpolation
is replaced by multivariate polynomial interpolation of the appropriate degree. The convergence rate
results are given in a black-box fashion, i.e., they depend on the convergence rates of the chosen
regression estimators ℰ1→𝑑 and ˜︁ℰ1→𝑑 .

Notation 4.9.

(i) Let 𝐴 ⊆ ℝ
𝑑 . Denote the diameter of 𝐴 as diam(𝐴) := sup𝑎,𝑎′ ∈𝐴 ∥𝑎 − 𝑎′ ∥2.
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(ii) Let 𝐴 ⊆ ℝ
𝑑 . Denote the convex hull of 𝐴 as

ch(𝐴) :=

{︄
𝐾∑︂
𝑘=1

𝑤𝑖𝑎𝑖

⃓⃓⃓⃓
⃓𝐾 ∈ ℕ, 𝑎1, . . . , 𝑎𝐾 ∈ 𝐴, 𝑤1, . . . , 𝑤𝐾 ∈ [0,1],

𝐾∑︂
𝑘=1

𝑤𝑖 = 1

}︄
.

(iii) Let 𝐴 ⊆ ℝ
𝑑 , 𝜇 ∈ ℝ≥0. Denote the relative 𝜇-interior of the convex hull of 𝐴 as

ch𝜇 (𝐴) :=
{︂
𝑥 ∈ ℝ𝑑

⃓⃓⃓
B𝑑 (𝑥, 𝜇 diam(𝐴)) ⊆ ch(𝐴)

}︂
.

4.2.1. Model

The following is a restriction of the general ODE model of Section 2.2. Let 𝑑 ∈ ℕ≥2, 𝛽 ∈ ℕ≥2, and
𝐿⟦0,𝛽⟧ ⊆ ℝ>0. Let ℱ𝑑,𝛽 ⊆ Σ̄𝑑→𝑑 (𝛽, 𝐿⟦0,𝛽⟧), see [21, Definition 2.2]. Let 𝑓★ ∈ ℱ𝑑,𝛽 . Set 𝑚 = 1. Let
𝑥1 ∈ ℝ𝑑 and 𝑛 = 𝑛1 ∈ ℕ. Let 𝑇 := 𝑇1 ∈ ℝ>0 possibly changing with 𝑛. Set 𝑡1,𝑖 := 𝑡𝑖 ∈ [0,𝑇] for 𝑖 ∈ ⟦0, 𝑛⟧
with 0 = 𝑡0 ≤ · · · ≤ 𝑡𝑛 = 𝑇 . The values of 𝑡𝑖 may change with 𝑛. In the generic general Snake model,
the observations are given as follows: Let 𝔊𝑛 be a set of data generating processes that give rise to the
observations

(𝑌𝑖)𝑖∈⟦𝑛⟧ := (𝑌1,𝑖)𝑖∈⟦𝑛⟧ ∼𝐺𝑛
(︂
𝑈
(︁
𝑓★, 𝑥1, 𝑡𝑖

)︁
𝑖∈⟦𝑛⟧

)︂
. (23)

We define the standard general Snake model as an instance of the generic one: Let 𝜎 ∈ ℝ≥0. Let
𝜖𝑖 := 𝜖1,𝑖 , 𝑖 ∈ ⟦𝑛⟧ be independent ℝ𝑑-valued random variables such that E[𝜖𝑖] = 0 and E[∥𝜖𝑖 ∥22] ≤ 𝜎

2.
Set

𝑌𝑖 :=𝑌1,𝑖 :=𝑈 ( 𝑓★, 𝑥1, 𝑡𝑖) + 𝜖𝑖 for 𝑖 ∈ ⟦𝑛⟧ .

In both versions of the general Snake model, we observe 𝑌𝑖 and know 𝑥1 and 𝑡𝑖 , but 𝑓★ is unknown
and to be estimated. We assume 𝑑, 𝐿⟦0,𝛽⟧, and 𝜎 to be fixed. For an estimator 𝑓 , we are interested in
asymptotic upper bounds for the sup-norm of 𝑓★ − 𝑓 in the domain of interest [0,1]𝑑 in probability
depending on the asymptotics of 𝑛 and 𝑇 .

Remark 4.10.

(i) It does not matter whether 𝑥1 is known or not: Below, we derive upper bounds on the estimation
error for the potentially more difficult problem of unknown 𝑥1. The lower bounds from [22,
Corollary 4.11] are formulated with known 𝑥1, which are then also lower bounds for the case
of unknown 𝑥1.

(ii) This model and following estimation procedure can easily be generalized to larger 𝑚 as long
as min 𝑗∈⟦𝑚⟧ 𝑛 𝑗 ≻ 1 fast enough and the 𝑡 𝑗 ,𝑖 behave in an appropriate way.

4.2.2. Multivariate polynomial interpolation

The estimation strategy for the model described in Section 4.2.1 uses multivariate polynomial interpo-
lation. In this section, we introduce some basics of polynomial interpolation and some further objects
that are required to describe the ODE estimator. Recall Notation 3.8 on polynomials.

Definition 4.11 (Polynomial interpolation). Let ℓ, 𝑑x, 𝑑y ∈ ℕ.

(i) Set

𝑁 := 𝑁𝑑x ,ℓ := dim(𝒫𝑑x ,ℓ ) =
(︃
ℓ + 𝑑x
𝑑x

)︃
.



1900 C. Schötz

(ii) For 𝑥 ∈ ℝ𝑑x , denote the vector of monomials of degree at most ℓ in 𝑑x dimensions as

𝜓(𝑥) := 𝜓ℓ (𝑥) := (𝑥𝛼) |𝛼 | ≤ℓ ∈ ℝ𝑁 .

For 𝑀 ∈ ℕ, x = (𝑥1, . . . , 𝑥𝑀 ) ∈ (ℝ𝑑x)𝑀 , denote Ψ(x) := Ψℓ (x) := (𝜓(𝑥1), . . . , 𝜓(𝑥𝑀 ))⊤ ∈
ℝ
𝑀×𝑁 .

(iii) For 𝑥 ∈ ℝ𝑑x , x ∈ (ℝ𝑑x )𝑁 with Ψ(x) ∈ ℝ𝑁×𝑁 , y ∈ (ℝ𝑑y )𝑁 = ℝ
𝑁×𝑑y , denote the componentwise

polynomial interpolation as

𝐼 (x,y, ·) := 𝐼ℓ (x,y, ·) : ℝ𝑑x → ℝ
𝑑y , 𝑥 ↦→

{︄
𝜓(𝑥)⊤Ψ(x)−1y if Ψ(x) is invertible,
0 otherwise.

Remark 4.12.

(i) Let x = (𝑥1, . . . , 𝑥𝑁 ) ∈ (ℝ𝑑x )𝑁 and y = (𝑦1, . . . , 𝑦𝑁 ) ∈ (ℝ𝑑y )𝑁 . The function 𝐼 (x,y, ·) is an
interpolation as 𝐼 (x,y, 𝑥𝑘) = 𝑦𝑘 . It is polynomial as 𝑥 ↦→ Π𝑘 𝐼 (x,y, 𝑥) ∈ 𝒫𝑑x ,ℓ for each 𝑘 ∈

⟦︁
𝑑y
⟧︁
.

It is componentwise as

𝐼 (x,y, 𝑥) = (𝐼 (x, (Π𝑘𝑦1, . . .Π𝑘𝑦𝑁 ) , 𝑥))𝑘∈⟦︁𝑑y
⟧︁ .

(ii) The definition of 𝐼 (x,y, ·) = 0 if Ψ(x) is not invertible is for convenience only. The value 0 is
not of importance.

(iii) If 𝑑x = 1, the matrix Ψ(x) ∈ ℝ𝑁×𝑁 is also called Vandermonde matrix. It is invertible if and
only if all 𝑥𝑘 ∈ ℝ are distinct. In the multivariate case, conditions for invertibility of Ψ(x)
(and hence, unique existence of the polynomial interpolation) are more complex, see [16,
Theorem 4.1].

The geometric configuration of the base points x for the multivariate polynomial interpolation
influences the approximation quality. We next define a normalization that removes location and scale
from x to isolate the geometric configuration.

Definition 4.13 (Normalization). Let 𝑑, 𝑁 ∈ ℕ. For x = (𝑥1, . . . , 𝑥𝑁 ) ∈ (ℝ𝑑)𝑁 with diam(x) > 0, let

𝜂x : ℝ𝑑→ ℝ
𝑑 , 𝑥 ↦→

𝑥 − 1
𝑁

∑︁𝑁
𝑘=1 𝑥𝑘

diam(x) .

Furthermore, denote 𝜂x (x̃) = (𝜂x (𝑥1), . . . , 𝜂x (𝑥𝑀 )) for x̃ = (𝑥1, . . . , 𝑥𝑀 ) ∈ (ℝ𝑑)𝑀 , 𝑀 ∈ ℕ.

Next, we define the set ℋ of sets of base points x that can be used in a polynomial interpolation to
suitably approximate the function value at 𝑥, the set 𝒢 of points 𝑥 withℋ ≠∅, and an (almost) optimal
choice 𝜒 of x ∈ ℋ .

Definition 4.14. Let 𝑑, ℓ ∈ ℕ, 𝑁 = dim(𝒫𝑑,ℓ ). Let 𝒳 ⊆ ℝ
𝑑 and 𝑠, 𝛿 ∈ ℝ>0.

(i) Let 𝜇 ∈ ℝ≥0. Define ℋℓ,𝑠,𝜇 (𝒳, 𝑥) as the set of all sets x ∈ 𝒳𝑁 such that 𝑥 ∈ ch𝜇 (x) and⃦⃦
Ψ(𝜂x (x))−1⃦⃦

op ≤ 𝑠.
(ii) Fix a constant 𝐷 ∈ (1,∞). Fix a constant 𝜇 ∈ (0,1/𝑁). Define 𝒢ℓ, 𝛿,𝑠 (𝒳) as the set of all

points 𝑥 ∈ ℝ𝑑 with following property: There is a set of points x ∈ ℋℓ,𝑠,𝜇 (𝒳, 𝑥) with 𝐷−1𝛿 ≤
diam(x) ≤ 𝐷𝛿.
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(iii) Let 𝜒ℓ,𝑠 (𝒳, 𝑥) be an element x0 ∈ ℋℓ,2𝑠,0(𝒳, 𝑥) such that⃦⃦
Ψ(𝜂x0 (x0))−1⃦⃦

op diam(x0)ℓ+1 ≤ 2 min
x∈ℋℓ,2𝑠,0 (𝒳,𝑥)

⃦⃦
Ψ(𝜂x (x))−1⃦⃦

op diam(x)ℓ+1 .

Remark 4.15. The parameters 𝜇, 𝑠, 𝐷 are fixed and do not change with 𝑛. They ensure the stability of
the multivariate polynomial interpolation and are used in some technical arguments of the main proof.

(i) For the polynomial interpolation, we have to solve a system of linear equations given by the
matrix Ψ(x). The requirements

⃦⃦
Ψ(𝜂x (x))−1⃦⃦

op ≤ 𝑠 and diam(x) ≤ 𝐷𝛿 ensure stability and
precision of the obtained approximation.

(ii) The lower bound on the diameter of the interpolation base points, 𝐷−1𝛿 ≤ diam(x), ensures
the stability of the normalization 𝜂x, where we divide by diam(x).

(iii) Multivariate polynomial approximation results are known for points 𝑥0 ∈ ℝ𝑑 in the convex
hull of the base points x ∈ (ℝ𝑑)𝑁 , see [21, Lemma 4.6]. To ensure that 𝑥0 belongs also to the
convex hull of sufficiently accurate estimates of the base points x̂, we employ the concept of
the 𝜇-interior of the convex hull: Specifically, 𝑥0 ∈ ch𝜇 (x) with 𝜇 > 0 implies 𝑥0 ∈ ch(x̂) if the
estimation error is small enough relative to diam(x).

4.2.3. Estimator

Let 𝐿 ∈ ℝ>0. Let ℰ1→𝑑 and ˜︁ℰ1→𝑑 be arbitrary regression estimators for the regression function and
its derivative in the generic regression model 𝔓 := 𝔓1→𝑑 (Σ1→𝑑 (𝛽 + 1, 𝐿), [0,𝑇], (𝑡𝑖)𝑖∈⟦𝑛⟧,𝔊𝑛), see
Section 2.4. With these estimators, we estimate the observed ODE-solution and its derivative,

𝑢̂(𝑡) := ℰ1→𝑑
(︂
(𝑡𝑖 ,𝑌𝑖)𝑖∈⟦𝑛⟧, 𝑡

)︂
and ˆ̇𝑢(𝑡) := ˜︁ℰ1→𝑑

(︂
(𝑡𝑖 ,𝑌𝑖)𝑖∈⟦𝑛⟧, 𝑡

)︂
.

Denote the maximal sup-norm risk in probability of the regression estimators, see (11), as

Γ := Γ(𝑛, 𝛽 + 1, 𝐿,𝑇) := 𝑟pr,sup
0 (ℰ1→𝑑 ,𝔓) and Λ := Λ(𝑛, 𝛽 + 1, 𝐿,𝑇) := 𝑟pr,sup

1 (˜︁ℰ1→𝑑 ,𝔓) .

Let ℓ := 𝛽 − 1, 𝑠 ∈ ℝ>0, and 𝑥 ∈ ℝ𝑑 . Assume 𝜒ℓ,𝑠 (𝑢̂([0,𝑇]), 𝑥) exists. Let x̂(𝑥) := (𝑢̂(𝜏1), . . . , 𝑢̂(𝜏𝑁 )),
where 𝜏𝑖 is chosen so that x̂(𝑥) = 𝜒ℓ,𝑠 (𝑢̂([0,𝑇]), 𝑥). Let ŷ(𝑥) := ( ˆ̇𝑢(𝜏1), . . . , ˆ̇𝑢(𝜏𝑁 )). Define the estimator

𝑓 (𝑥) := 𝐼ℓ (x̂(𝑥), ŷ(𝑥), 𝑥) . (24)

Remark 4.16. The estimator is only defined for 𝑥 ∈ 𝒢ℓ,∞,𝑠 (𝑢̂([0,𝑇])), which is a subset of the convex
hull of 𝑢̂([0,𝑇]). If it is not defined, a fallback such as nearest neighbor (see Section 4.1) could be
applied in practice.

4.2.4. Results

For 𝒳 ⊆ ℝ
𝑑 and a function 𝑢 : [0,𝑇] → ℝ

𝑑 , define

𝛿ℓ,𝑠NN (𝑢,𝑇,𝒳) := inf
{︁
𝛿′ ≥ 0: 𝒳 ⊆ 𝒢ℓ, 𝛿′ ,𝑠 (𝑢([0,𝑇]))

}︁
.

Theorem 4.17. Use the generic general Snake model of Section 4.2.1 and the estimator of Sec-
tion 4.2.3. Let 𝛿 ∈ ℝ≥0, potentially changing with 𝑛. Assume 𝑇 ≺ 𝑛, Γ ≺ 1, Γ ≺ 𝛿, Γ ≼ Λ ≼ 1. Set
𝐿 := 𝛽! sup𝑘∈⟦𝛽⟧ 𝐿𝑘𝛽+1.
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(i) Set 𝒳 := 𝒢ℓ, 𝛿,𝑠 (𝑢★([0,𝑇])). Then

sup
𝑥∈𝒳

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2 = OP

(︂
𝛿2𝛽 +Λ(𝑛, 𝛽 + 1, 𝐿,𝑇)2

)︂
.

(ii) Set 𝛿 := 𝛿ℓ,𝑠NN (𝑢
★,𝑇, [0,1]𝑑). Then

sup
𝑥∈[0,1]𝑑

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2 = OP

(︂
𝛿2𝛽 +Λ(𝑛, 𝛽 + 1, 𝐿,𝑇)2

)︂
.

The proof of this result can be found in [21, section 6]. In the standard general Snake model, we want to
use the componentwise local polynomial estimators of [21, section 3] as the estimators ℰ1→𝑑 and ˜︁ℰ1→𝑑

([21, section 3]: 𝑑 = 1, ℓ = 𝛽, and 𝑠 = 0 and 𝑠 = 1, respectively). We assume KERNEL, EIGENVALUE,
and COVER for the observation times 𝑡𝑖 and SUBGAUSSIAN for the noise 𝜀𝑖 . Furthermore, we require
[21, Eq. (9)]. Then, assuming 𝐿 ≍ 1, [21, Corollary 3.7] yields

Γ(𝑛, 𝛽 + 1, 𝐿,𝑇) ≼
(︃
𝑇 log𝑛
𝑛

)︃ 𝛽+1
2(𝛽+1)+1

and Λ(𝑛, 𝛽 + 1, 𝐿,𝑇) ≼
(︃
𝑇 log𝑛
𝑛

)︃ 𝛽
2(𝛽+1)+1

.

Corollary 4.18. Use the standard general Snake model of Section 4.2.1 and the estimator of Sec-
tion 4.2.3 with the componentwise local polynomial estimator of degree 𝛽 (see [21, section 3]) as ℰ1→𝑑

and ˜︁ℰ1→𝑑 . Let 𝛿 ∈ ℝ≥0, potentially changing with 𝑛, and assume(︃
𝑇 log𝑛
𝑛

)︃ 𝛽+1
2(𝛽+1)+1

≺ 𝛿 .

Assume KERNEL, EIGENVALUE, COVER, where the symbols 𝑑 and 𝑥𝑖 in the assumptions are 𝑑 = 1 and
𝑥⟦1,𝑛⟧ = 𝑡⟦1,𝑛⟧. Assume SUBGAUSSIAN and(︃

log(𝑛)
𝑛

)︃ 1
2(𝛽+1)

≼ 𝑇 ≺ 𝑛 .

(i) Set 𝒳 := 𝒢ℓ, 𝛿,𝑠 (𝑢★([0,𝑇])). Then

sup
𝑥∈𝒳

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2 = OP

⎛⎜⎝𝛿2𝛽 +
(︃
𝑇 log𝑛
𝑛

)︃ 2𝛽
2(𝛽+1)+1 ⎞⎟⎠ .

(ii) Set 𝛿 := 𝛿ℓ,𝑠NN (𝑢
★,𝑇, [0,1]𝑑). Then

sup
𝑥∈[0,1]𝑑

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2 = OP

⎛⎜⎝𝛿2𝛽 +
(︃
𝑇 log𝑛
𝑛

)︃ 2𝛽
2(𝛽+1)+1 ⎞⎟⎠ . (25)

Remark 4.19.

(i) From [22, Corollary 4.11], we obtain

E

[︄
sup

𝑥∈[0,1]𝑑

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2

]︄
≽ 𝛿2𝛽 +

(︃
𝛿𝑑−1𝑇 log(𝑛)

𝑛

)︃ 2𝛽
2(𝛽+1)+𝑑

.
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if log(𝑛) ≍ log(𝛿−(𝑑−1)𝑛𝑇−1) and

max

(︄(︃
𝑇

𝑛

)︃2𝛽+𝑑+1
,𝑇−1

)︄
≼ 𝛿𝑑−1 ≼ min

(︂
1,
𝑛

𝑇

)︂
.

Thus, for ℱ𝑑,𝛽 = Σ̄𝑑→𝑑 (𝛽, 𝐿⟦0,𝛽⟧), the rate given in (25) is minimax optimal if 𝛿2𝛽 is the
dominating term the error bound, i.e., if

𝛿 ≽
(︃
𝑇 log𝑛
𝑛

)︃ 1
2(𝛽+1)+1

.

This condition is fulfilled in the setting of Corollary 4.20 below. See Remark 4.5 for a discussion
of the condition for 𝛽 = 1.

(ii) In Section 4.1, we can extrapolate beyond the convex hull of 𝑢̂([0,𝑇]) in the case of 𝛽 = 1
using nearest neighbors. In contrast, our general results are only available for interpolation,
i.e., for 𝑥 ∈ ch(𝑢̂([0,𝑇])) — to be precise, only for the even more restrictive assumption
𝑥 ∈ 𝒢ℓ, 𝛿,𝑠 (𝑢★([0,𝑇])). Extrapolation seems also possible using polynomials of degree > 0,
but the technicalities seem more difficult.

(iii) In practice, finding 𝜒ℓ,𝑠 may be computationally demanding. Furthermore, using only results of
interpolation may be inconveniently restrictive. Thus, one may want to replace the polynomial
interpolation step by a polynomial regression step on the 𝑘 ≥ 𝑁 nearest neighbors of 𝑢̂(𝜏𝑗 )
for some chosen time points 𝜏1, . . . , 𝜏𝐽 ∈ [0,𝑇]. Another alternative to polynomials would
be Gaussian process interpolation (or regression) [19], potentially also restricted to 𝑘 nearest
neighbors for performance reasons.

The lowest upper bound on the error is obtained if the two terms in (25) are balanced. Additionally,
we require 𝑇𝛿𝑑−1 ≽ 1 to be able to cover the domain of interest with B𝑑 (𝑈 ( 𝑓★, 𝑥1, [0,𝑇]), 𝛿), which is
necessary for [0,1]𝑑 ⊆ 𝒢ℓ, 𝛿,𝑠 (𝑢★([0,𝑇])).

Corollary 4.20. Use the setting and assumptions of Corollary 4.18. Set 𝛿 := 𝛿ℓ,𝑠NN (𝑢
★,𝑇, [0,1]𝑑).

Assume 𝑇 ≼
(︂
𝑛

log𝑛

)︂ 𝑑−1
2(𝛽+1)+𝑑 and 𝛿 ≼

(︂
𝑛

log𝑛

)︂− 1
2(𝛽+1)+𝑑 . Then

sup
𝑥∈[0,1]𝑑

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2 = OP

⎛⎜⎝
(︃
𝑛

log𝑛

)︃− 2𝛽
2(𝛽+1)+𝑑 ⎞⎟⎠ .

5. Discussion

In this section, we revisit our main results obtained for the Snake and Stubble models, presenting a
direct comparison between them. For a broader discussion—including how these models relate to other
well-known frameworks, possible extensions of the results introduced here, and open problems—see
Supplement Section 1.

So far, we have derived upper bounds on the error for estimating the model function of an autonomous,
first-order ODE in two distinct settings:
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1. In the Stubble model, characterized by 𝑚 ≍ 𝑛 short (𝑛 𝑗 ≍ 1) trajectories with equidistant measure-
ment times, we established a bound on the pointwise mean squared error (Corollary 3.13),

E
[︂⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑥0)

⃦⃦2
2

]︂
≼
(︂
Δ𝑡2𝑛

)︂− 2𝛽
2𝛽+𝑑 + Δ𝑡2𝛽 ,

which is minimax optimal. For optimal asymptotics of Δ𝑡 (Corollary 3.15), we have

E
[︂⃦⃦
𝑓 (𝑥0) − 𝑓★(𝑥0)

⃦⃦2
2

]︂
≼ 𝑛

− 2𝛽
2(𝛽+1)+𝑑 .

2. In the Snake model, involving a single trajectory (𝑚 = 1) with 𝑛1 ≍ 𝑛 measurements and a
flexible time-step design under sub-Gaussian noise, we derived a bound on the sup-norm error in
probability (Corollary 4.18),

sup
𝑥∈[0,1]𝑑

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2 = OP

⎛⎜⎝𝛿2𝛽 +
(︃
𝑇 log𝑛
𝑛

)︃ 2𝛽
2(𝛽+1)+1 ⎞⎟⎠ ,

which is minimax optimal if 𝛿 ≽
(︂
𝑇 log𝑛
𝑛

)︂ 1
2(𝛽+1)+1 . For optimal asymptotics of 𝑇 and 𝛿 (Corol-

lary 4.20), we have

sup
𝑥∈[0,1]𝑑

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2 = OP

⎛⎜⎝
(︃
𝑛

log𝑛

)︃− 2𝛽
2(𝛽+1)+𝑑 ⎞⎟⎠ .

Thus, although the two models are complementary, they yield the same error rate (up to a log-factor) in
the case of optimal asymptotics.

The error bounds in the Stubble model can be extended to the sup-norm loss, yielding a bound of the
form

E

[︄
sup

𝑥∈[0,1]𝑑

⃦⃦
𝑓 (𝑥) − 𝑓★(𝑥)

⃦⃦2
2

]︄
≼
(︃
Δ𝑡2

𝑛

log𝑛

)︃− 2𝛽
2𝛽+𝑑

+ Δ𝑡2𝛽 .

This extension is obtained by adapting the proof of Theorem 3.11, replacing pointwise error bounds with
sup-norm error bounds and substituting the pointwise maximal risk 𝑟 with its sup-norm counterpart.
A suitable minimax optimal regression estimator for the increment maps 𝜄★ is provided in [21, Theo-
rem 3.6]. It should be noted that achieving the optimal rate also necessitates assuming SUBGAUSSIAN,
akin to the Snake model.

In the Snake model, the sup-norm error bound also applies to the pointwise error. However, one might
anticipate the possibility of eliminating the log𝑛 factor from the error when considering pointwise error,
as observed in standard nonparametric regression [21, Section 3]. Yet, in the ODE context, this appears
more challenging because the proof requires bounding the maximal error in the first regression step
independently of the target error measure.

The estimation strategies, like the models themselves, are complementary. In the Stubble model, the
procedure begins with a nonparametric regression to estimate the increment map ℝ

𝑑→ ℝ
𝑑 , followed by

polynomial interpolation ℝ→ ℝ
𝑑 , from which we obtain an estimate of the model function. In contrast,

in the Snake model, we first estimate the ODE solution and its derivative via nonparametric regression
ℝ→ ℝ

𝑑 , and then apply polynomial interpolation ℝ
𝑑→ ℝ

𝑑 to estimate 𝑓 .
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Each model comes with its own advantages and limitations, both in terms of practical applicability
and theoretical assumptions.

The primary advantage of the Stubble model is that it yields a complete and coherent estimation
procedure within the framework presented in this article. For each smoothness order, the estimator
is practical and achieves minimax optimality under relatively mild conditions. We require that the
initial conditions adequately cover the domain of interest. As discussed in Section 2.3, such a covering
assumption is unavoidable in general. On the downside, the Stubble model may be seen as less practical
in certain settings, as it relies on having access to many trajectories with precisely known initial
conditions.

In contrast, in the Snake model, all state vectors may be observed noisily. However, the theoretical
results for the Snake model are currently incomplete: they do not fully cover regimes characterized
by dense spatial coverage (small 𝛿). When the domain of interest is fixed, ensuring that a trajectory
adequately covers the entire region can also be restrictive, though such coverage assumptions are gen-
erally unavoidable. Additionally, the Snake estimator becomes impractical in settings with higher-order
smoothness, as the required multivariate polynomial interpolation introduces considerable computa-
tional complexity. In contrast, the estimator in the Lipschitz case is feasible.

In summary, the Stubble model offers a theoretically clean and computationally practical approach
under controlled data collection conditions. The Snake model, by contrast, is—in some aspects—more
flexible in terms of the observational setup, but its error bounds are not optimal in all regimes, and the
proposed estimator for higher-order smoothness is impractical.

Supplementary Material

Supplement to “Nonparametric estimation of ordinary differential equations: Snake and stubble”
(DOI: 10.3150/25-BEJ1936SUPP; .pdf). The supplement [21] provides extended discussion of the
models and results, reviews notation for multivariate calculus and smoothness classes, and contains
proofs omitted from the main text.
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