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Abstract Trajectories of units moving on networks are relevant for nonlinear dynamical systems as diverse
as polymers, ocean drifters, and human mobility. Although RQA is a well-researched tool with applications
in many areas, it has rarely been used for spatial trajectories on networks. Here, we explore the use of
RQA for paths on networks. We find that path dynamics on networks display recurrence patterns that are
not often described in other applications of recurrence analysis. In particular, the combination of diagonal
lines and perpendicular diagonal lines, indicates backtracking paths. We find that recurrence analysis for
path dynamics on networks can be helpful to (a) better understand the network structure if dynamic and
recurrence plots are known, (b) better understand the dynamics if network and recurrence plots are known,
and (c) understand the interaction between path dynamics and the underlying network.

1 Introduction

Trajectories in discrete or continuous space are the basis of interesting dynamics relevant to very diverse phenomena
from polymer chains [1, 2] to foraging behavior [3, 4] and from ocean drifters [5, 6] to human mobility [7, 8]. The
models for such systems range from random walks [9] to protein contact maps [10]. In general, a trajectory
is defined as the path of a moving object. A trajectory combines a spatial and temporal aspect and could be
described as a time series of spatial locations visited by the object. An important analysis tool for time series and
other complex systems is recurrence quantification analysis (RQA) [11], which has been applied to a wide range
of time series data for classifying dynamics, quantifying determinism and predictability, and detecting transitions
[12]. However, its applications to path trajectories on networks have been surprisingly rare. For polymer chains,
which are conceptually similar but lack the temporal aspect, protein contact maps or protein residue networks
[13-16], are mathematically equivalent to recurrence plots [16] when interpreting the physical chain as the path of
an object moving along the chain. In other words, where contact maps consider recurrences in space, path dynamics
consider recurrences in time. As a consequence, recurrence features, such as vertical lines, are strictly limited by
spatial limitations. In turn, contact maps may feature diagonal and anti-diagonal lines, with interpretations as
protein secondary structure elements.

Here, we systematically explore RQA for trajectories on networks and gain a better understanding of the
interaction of network structure and trajectory dynamics. The contributions of this paper are as follows:

1. comprehensive recurrence quantification analysis of path dynamics on networks
2. distinguishing between network and dynamics effects
3. introduction of node-weighted tools for this analysis

The trajectories are given as lists of nodes, which are visited in order. The trajectories are denoted as T = {uy,
Uq..., ug}, where u; is the numerical identifier of the node visited at time step i. We denote the total length
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of the trajectory as —T—. To account for the spatial aspect of the trajectories, the binary recurrence matrix
is augmented with the node identifier value corresponding to the recurrence, similiar to chromatic, or symbolic
recurrence plots [17, 18]. We introduce the terms node-weighted recurrence matriz and node-weighted recurrence
plot, to account for the spatial nature of the values:

- uiifui:uj
V;’j_{Oifui?éUj ’ <1)

2 Definitions of dynamics and networks

We have selected five network types to understand the impact of the underlying networks on the recurrence
patterns of trajectories (Fig. 1): Ring, line, grid, Erdés—Renyi (ER), and Barabasi-Albert (BA) [19]. The ring and
line networks are selected as examples for basic networks, on which many dynamics can be explored analytically.
Ring and line networks offer limited options for trajectories. Thus, small networks of N = 10 are sufficient to
illustrate the full range of their recurrence patterns. The other three networks were set to sizes of N ~ 50, as a
trade-off between being large enough to show sufficient differences in the interaction patterns but small enough to
allow multiple realizations of all dynamics, fleet sizes, and parameters as well as covering all areas of the networks
multiple times within the simulation time. The square grid (here 7 x 7 nodes) is emblematic for networks embedded
in 2D space. The ER and BA networks, each with 50 nodes, are used as examples of popular network models.
All networks are simple graphs without weights and directed links. The link densities are chosen, so that the two
smaller networks (a and b) and the three larger networks (c, d, and e) have approximately the same number of
links. These networks do not cover all possible network types but span a broad spectrum of common examples,
from 1D to scale-free.

We use the following path dynamics: (a) simple unbiased random walk [20]. (b) Levy-flight, which is a random
walk with a power-law probability for long-range jumps [21]. (¢) Shortest path random walk, which travels to
randomly selected points along a shortest path, selecting a new target upon arrival. (d) Minimum Fleet Distance
dispatcher or MFD, which is constructed by simulating a fleet of paths, which are competing for uniformly random

Fig. 1 All path dynamics a) b) )
are evaluated on 5 network

types: a ring (10 nodes),

b line (10 nodes), ¢ grid (49

nodes), d ER network (50

nodes), and e BA network

(50 nodes)
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a) random walk on grid b) Lévy flight on grid c) Shortest path walk on grid d) MFD route 16 on grid e) NDH route 16 on grid
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Fig. 2 Example trajectories on 7 X 7 grid for a random walk, b Levy flight, ¢ Shortest path walk, d ride pooling trajectory
with MFD dispatcher, e ride pooling trajectory with NDH dispatcher
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origin—destination pairs based on minimizing the distance added to the fleet. The OD pairs are generated as a
Poisson process and inserted into one of the paths using a brute-force minimization of the added route length
while not exceeding a delay factor relative to the direct distance between origin and destination [22]. (e) No
Detour Heuristic dispatcher or NDH, which is constructed by simulating a fleet of paths, which are competing
for uniformly random origin—destination pairs based on minimizing the arrival time of the origin—destination pair.
Here, insertions are only permitted if they do not insert distance before the route’s last stop [23]. If no insertion
is possible within a route, the new request is added to the end of the route. Among all paths, the one minimizing
the request’s arrival time is selected. An example trajectory for each dynamic on a square grid is given in Fig. 2.

Low Node Index High Node Index
Fig. 3 Recurrence plots for all combinations of networks and path dynamics (for one path segment of 100 steps each).

White areas indicate no recurrence, dark purple indicates recurrence of low index nodes, yellow indicates recurrence of
nodes with a high node index
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3 Recurrence plots show effects of networks and dynamics

Node-weighted recurrence plots for combinations of networks and dynamics are shown in Fig. 3. The recurrence
plots are shown for one path of length 100. Upon visual examination, a few characteristics are noticeable.

The recurrence plots of the random walk paths (RW) are shown in the top row of Fig. 3. They generally show the
greatest variance with large white areas interspersed with densely colored areas. They also generally stay longer
in each region of the network. These are commonly known features of random walks [11, 24-26].

The Levy flights (c.f. second row) produce similar recurrence plots as the random walks, but with softer transi-
tions and more mixing caused by the jumps. This shows up as smaller white areas, shorter diagonals, and shorter
anti-diagonals.

The recurrence plots of the shortest path walks (SPW), shown in the third row, are more homogeneous and
feature more diagonals and anti-diagonals of varying lengths, especially in the line and ring network. In ER and
BA networks, diagonals and anti-diagonals are less prominent, but the plots appear a little more mixed than the
previous dynamics, covering the network more evenly. On the grid diagonals of lengths between 5 and 10 are
common.

The dynamics of the two bottom rows show significantly longer diagonals, especially on the ring and line
networks, which topologically support periodic motions. On the grid, true diagonals are visible only in the NDH
case with a distance of around 25, which is approximately equal to the outer border of the grid. The MFD
algorithm, on the other hand, appears to show some approximate diagonals with a period around the network
size. suggesting that the route covers the network entirely before starting again. Note, however, that for NDH
and MFD, all 100 routes are constructed simultaneously, with some units arranging into periodicity, while others
remain less structured.

There are also striking commonalities and differences between the different network topologies.

The first column of Fig. 3 shows recurrence plots of all dynamics on a line. As the line structurally only
allows two directions, diagonals of sequences visiting the same nodes in the same order on this topology must be
interspersed with the backtracking route of the same nodes in reverse order, which shows up as perpendicular lines
in the recurrence plot. This pattern is best visible in the MFD and NDH recurrence plots, which show criss-cross
patterns with few or no disturbances. These patterns are also visible in the SPW but barely or not at all for RW
and LF.

The second column shows dynamics on the ring network. MFD and NDH produce the strongest patterns, with
less backtracking than on the line. Some routes occasionally change direction, but diagonals dominate the plots.

The third column shows dynamics on Erdés—Renyi networks. As the network is larger than the line and ring
networks, the overall recurrence rate is lower. Furthermore, due to the short average shortest path lengths, all
dynamics appear highly mixed, covering the network more evenly, with smaller unbroken white areas.

The fourth column shows the recurrence in the dynamics on Barabasi—Albert networks. With its yet shorter
average shortest path lengths, the recurrent points are very well-distributed across the plot. For all dynamics, the
dominating color is dark blue, indicating low node indices. The low indices mark the oldest nodes of the network,
which are most likely the most central ones with the largest degrees.

The fifth column shows the recurrence plots for dynamics on the grid. This topology has a larger average shortest
path length and no dead ends. Grid networks support periodicity, which can be seen as visible diagonals in SPW,
MFD, and NDH dynamics.

4 Recurrence measures can classify paths and networks

To evaluate more than a small slice of a single trajectory, we compute a range of recurrence measures and search
for clusters. The measures are selected to correspond to the heuristic findings we observe in Fig. 3 and include
several common RQA measures along with a new measure.

The recurrence rate RR is defined as

N
1
RR= <3 > Vi) ui, (2)

i, j=1

where N is the length of the trajectory, V; ; is the value-weighted recurrence matrix and w; is the value of the
time series at time i. Dividing by u; removes the node index, treating all recurrences equally.
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Table 1 Average values for the five recurrence measurements from 100 realizations on each of the five networks with each
of the five different walk types

Network  Walk L RR w SW AL

Line RW 0.00162 £+ 1e—09 0.10711 £ 1e—05 0.00415 £ 2e—08 1.91794 4+ 0.002 0.00163 £ 1e—09
LF 0.00122 £ 1e—10 0.10836 £ 5e—06 0.0041 £+ 5e—09 2.82437 £ 0.0005 0.00122 + 1le—10
SPW  0.00246 + 1e—08  0.12101 + 5e—06  0.00362 + 5e—09  2.26608 + 0.001 0.00247 £+ 1e—08
MFD 0.01492 + 0.001 0.13379 £ 0.0005 0.03342 £+ 0.01 2.15462 £+ 0.05 0.03193 4+ 0.01
NDH  0.20937 £+ 0.05 0.10535 £ 5e—07  0.02241 £ 5e—08  2.28764 + 0.0005  0.2179 + 0.05

Ring RW 0.0015 + 2e—11 0.1012 + 1e—06 0.00442 £ 5e—09 2.15257 £+ 0.001 0.00151 &+ le—11
LF 0.00119 + 5e—11  0.10059 + 2e—07  0.00445 + 5e—10  2.96538 + 0.0005  0.0012 + 5e—11
SPW 0.00205 £ 5e—09 0.10045 £ 2e—07 0.00446 £ 5e—10 2.4724 + 0.0002 0.00202 &+ 2e—09
MFD 0.01441 £ 0.001 0.10878 £ 0.001 0.06473 £ 0.02 1.97929 + 0.1 0.01249 4+ 0.002
NDH  0.18147 4+ 0.05 0.10017 £ 5e—08  0.03098 + 2¢e—08  0.84109 + 0.2 0.06434 £+ 0.005

ER RW 0.00118 £+ 2e—10  0.02519 + 5e—07  0.01899 + 5e—07  4.02505 + 0.002 0.0012 £+ 1e—10
LF 0.00108 + 5e—11  0.02416 + 5e—07  0.0198 + 2e—07 4.43067 £+ 0.001 0.0011 £ 5e—11
SPW 0.00131 £ 5e—10 0.02802 £ 5e—07 0.01706 £ 2e—07  4.18948 £ 0.002 0.0013 £ 5e—10
MFD  0.00163 £+ 5e—08  0.02863 £+ 1le—06  0.02197 £ 5e—06  4.16131 + 0.005 0.00166 + 5e—08
NDH  0.00317 4+ 2e—08  0.02927 + 2e—06  0.03907 £+ 5e—06  4.03754 + 0.005 0.00325 £+ 2e—08

BA RW 0.00118 & 5e—11  0.03472 + 5e—06  0.01373 £ 5e—07  3.68532 + 0.005 0.0012 £ 1le—10
LF 0.00108 =+ 5e—11 0.02951 £+ 1e—06 0.01619 £+ 5e—07  4.20135 + 0.002 0.00109 =+ 5e—11
SPW  0.0012 + 1le—10 0.0541 + 5e—06 0.00867 £ 1e—07  3.31998 + 0.005 0.00119 £+ le—10
MFD  0.00196 4+ 5e—08  0.04492 + 5e—06  0.01711 £+ 5e—06  3.52286 + 0.005 0.00199 + 5e—08
NDH  0.00395 4+ 2e—08  0.04805 + 1le—05  0.03074 + 5e—06  3.39816 + 0.01 0.00405 4 2e—08

Grid RW 0.00121 £ 1e—10 0.02273 £+ 1e—06 0.02107 £ 5e—07 3.53532 £ 0.005 0.00123 + 1e—10
LF 0.00109 £ 2e—11 0.02226 £ 2e—07 0.0215 + 2e—07 4.42 4+ 0.001 0.00111 &4 5e—11
SPW  0.00157 £ 2e—09  0.02211 + 2e—07  0.02164 £+ 2¢e—07  4.10701 4+ 0.0005  0.00158 + 2e—09
MFD  0.00297 4+ 2e—07  0.02215 £ 5e—07  0.0501 + 5e—05 3.92875 £ 0.002 0.00305 4+ 2e—07
NDH 0.00678 £ 5e—07 0.02196 £ 2e—07 0.08623 £ 5e—06 3.91223 £ 0.01 0.00668 4+ 2e—07

The mean diagonal line length L is defined as

Zl]:iin lPl (l)

(3)

IO

where Pj(l) is the length distribution of the diagonal lines of any non-zero value and we select l,,;, = 2 as the
minimal diagonal line length. In determining the diagonal line lengths, we again ignore node index or recurrence
plot color.

The white vertical line length W, also known as recurrence time [27] is defined as

SN wPy,(w)
W == 9 (4)
Yooy Pu(w)

where P, (w) is the distribution of white vertical line lengths.
The white vertical entropy Sy is defined as

Y Py(w)
SW = —
wz::l 25:1 Py (w)
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Fig. 5 Node-based recurrence measures vary with centrality. a) Node recurrence rate increases with node betweenness.
Across all networks, central nodes are more frequently visited by all dynamics. For the routing algorithm, this effect is
weakest, with NDH and MFD showing the most mixed behaviour out of all dynamics. b) Node mean diagonal line lengths
for 10 realizations (and their average in black) of SPW on BA network plotted over node betweenness show a decreasing
behaviour. Central nodes are part of shorter diagonals than the outer nodes. The averages are shown as node colors on the
graph in the inset. ¢) Node mean diagonal line lengths over node recurrence rate shows that less recurrent nodes are part
of longer diagonals. d) node mean anti-diagonal line length and node mean diagonal line length are positively correlated,
but diagonals are slightly longer on average than anti-diagonals

To describe the common appearance of perpendicular diagonals in the plots of Fig. 3, we define the average
anti-diagonal line length AL as

>, @Pala)

Gmin

AL = ,
Sl Pala)

(6)

which is defined analogously to the average diagonal line lengths but based on the distribution P,(a) of anti-
diagonal line segments a of non-zero values in the recurrence plot, again selecting a,,;n = 2.

This pattern indicates time reversal in the time series, or backtracking of the walker in our case. While reversals
are relatively common for trajectories on sparse networks, they are less widespread in spatially embedded dynamical
systems.

The average for each measure across all eligible realizations of all combinations, (100 simulations were performed
but 58 trajectories from MDH dispatcher on the ring were too short for consideration), is shown in Table 1. Closely
examining the recurrence measure values and comparing all pairs of lines, we find that they are distinguishable.
With five recurrence measures and the route length, the 25 combinations can also be distinguished well by training
a random forest classifier with 300 trees. The 100 trajectories for each combination are split 80:20 into training
and test sets. For each trajectory we calculate the six measures, resulting in 2442 input vectors (58 trajectories
from the MFD tests are too short to compute meaningful recurrence measures). The average cross-validation score
is 99.6% with a standard deviation of 0.5%. Figure 4 shows the confusion matrix of the 25 combinations, revealing
that only the MFD routes on the ring are misclassified in 11% of the routes. The misclassification is likely related
to the lower number of realizations in this case. The MFD and NDH dispatchers were simulated for a fleet of
100 walkers. However, the MFD optimization reduces the driven distance by assigning requests to fewer routes,
leaving some walkers standing still. In the route analysis, we have chosen to neglect the empty routes. For all
other combinations, the classifier has learned to correctly predict them. Route classification on larger networks of
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N =~ 1000 was done in the supplemental material. While accuracy is still good, there it only reaches an average of
94%.

5 Node-based diagonal counts

The above selection of recurrence measures only uses the unweighted recurrence matrix. Here, we introduce three
new measures that make use of the node information encoded in V; ;.
We define the node recurrence rate NRR(n) of node n as

1 N
NRR(n) = 55 > 0(Viy = n), (7)

where the §-function is 1 if n = V; ; and 0 otherwise. Thus, NRR counts the recurrence rate of each node separately.
We further define the average node diagonal line length NL(n) of node n as

S 1P(n, 1)

NL(n) = ZfilPl(n, D ,

(8)

where Pj(n, l) is the length distribution of diagonals including node n and I, = 2.
Similarly, the average node anti-diagonal line length NAL(n) of node n is defined as

N
NAL(n) = M (9)

Z(ILV:1 Py(n, a) ’

where P,(n, a) is the length distribution of anti-diagonals including node n and a, = 2.

These measures are shown in various combinations in Fig. 5. The NRR is plotted over node betweenness in
Fig. 5 for trajectory lengths of 2000, averaged over 100 realizations for all 25 combinations. The node recurrence
rate increases with node centrality across all networks and dynamics, indicating that paths use the most central
nodes more frequently than the less central ones. This effect is weakest for the two routing algorithms, which show
a wider distribution of NRR with betweenness.

In contrast, the average node anti-diagonal line length is negatively correlated with node betweenness, shown
in Fig. 5b for SPW dynamics on a Barabasi—Albert graph. Although peripheral nodes incur fewer visits to the
paths, those visits have a higher likelihood of being part of a longer repetitive pattern. This suggests that reaching
peripheral nodes necessitates passing through one of a few sequences of nodes before and/or after.

Together, the findings in Fig. 5a, b imply that node recurrence rate and node mean diagonal line length are
anti-correlated, again for SPW dynamics on a Barabasi-Albert graph (Fig. 5¢). The node mean diagonal line
length and node mean anti-diagonal line length are correlated for the same setting (Fig. 5d).

6 Conclusions and discussion

In this work, we explore the use of node-weighted recurrence plots and RQA for five distinct types of walks
across five networks. This analysis counts returns of a path to the same node and encodes it as a weight or color
in the recurrence plot. Although chromatic/symbolic recurrence analysis is conceptually similar in its use of a
weight or color to encode additional information, here the additional information is spatial or topological, and
thus partially dependent on the temporal dimension via path lengths. As a result, the patterns observed in the
node-weighted recurrence plots are structurally distinct from the patterns observed in the chromatic/symbolic
recurrence plots, which are dominated by rectangular structures and vertical/horizontal lines [17, 18]. Node-
weighted recurrence plots show a broad spectrum of patterns, including diagonal lines and anti-diagonal lines, but
few or no vertical/horizontal lines.

While diagonal lines are common in recurrence plots from dynamical systems, anti-diagonals result from time-
reversal, which is common for paths on small networks with dead ends, but less common for spatially embedded
dynamical systems. We find that for most dynamics and networks, diagonals and anti-diagonals are approximately
equal in length. Analyzing 100 realizations of each combination of dynamics and networks using standard RQA
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measures (Egs. 2-6), we have shown that the RQA measures are sufficient to distinguish between the trajectories
through direct comparison to the means of each combination or a random forest classifier.

All results discussed so far were based on existing color-agnostic recurrence measures. To account for the addi-
tional information encoded in the recurrence matrix weights, we have introduced the node recurrence rate, the
average diagonal line length, and the average anti-diagonal line length. These measures only count the recurrent
elements that match a given node. This reveals that the most central nodes have a higher recurrence rate, but
relatively lower diagonal and anti-diagonal line lengths. This indicates that peripheral nodes are less often visited,
but if they are, it is more frequently along the same paths. In a human mobility setting, this would indicate a
higher predictability.

Our results show that node-weighted recurrence analysis improves our understanding of differences across dynam-
ics and networks, as well as within nodes in the same network. These insights could be crucial for improving the
routing for pooled ride-hailing services. Further research is needed to connect our findings to routing research to
avoid jamming and to extend the analysis to track higher-dimensional processes, such as disease spreading. In
addition, further research is needed to verify the analysis for larger or inhomogeneous networks.
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