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Towards a theoretical understanding of
Arctic amplification dynamics
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This paper develops a theoretical framework for understanding Arctic amplification through the lens of
nonlinear potential vorticity (PV) dynamics, static stability feedbacks, and stratosphere-troposphere
coupling. Using scaling arguments, Green’s function solutions, and a modified Eady model, we show
how surface-warming-induced static stability perturbations modulate PV inversion efficiency and
extend remote influences. We identify a critical threshold in the diabatic number D that marks the
transition from a dry-nonlinear to a moist-nonlinear regime where diabatic PV generation outweighs
baroclinic advection. A regime diagram constructed from the nonlinearity ratio R = |¢'/a| (where o'is
static stability) and D reveals four quadrants; the Arctic already resides in a nonlinear background
(R>0.3 for most CMIP6 models) and under continued warming, it migrates vertically into the moist-
nonlinear state viaincreasing D. Under SSP2-4.5, the ensemble-mean D crosses the 0.03 threshold by
mid-century (D = 0.031); under SSP5-8.5, D reaches 0.039 by end-century, with 88% of models
exceeding the threshold. Reduced stability amplifies baroclinic growth rates and shifts most unstable
modes toward high-latitude blocking wavelengths. Extending the framework to the stratosphere, we
show that the refractive index for vertically propagating Rossby waves decreases with weakened
zonal winds, a robust sighal across models, enabling deeper wave penetration. Observational support
from ERAS reanalysis reveals a vertical contrast in PV anomalies - strong positive anomalies in the
lower troposphere and a wave-like pattern aloft, consistent with the transition to diabatically driven
dynamics. A positive feedback loop linking surface warming, reduced stability, enhanced inversion
efficiency, amplified streamfunction anomalies, increased poleward heat transport, and strengthened
vertical wave coupling suggests a loop gain that would be arrested by nonlinear saturation. These
results establish polar amplification as arising from coupled interactions of static stability, PV
dynamics, diabatic heating, and stratosphere-troposphere coupling, with direct implications for
predicting midlatitude extreme weather events.

Polar amplification, the phenomenon where high latitudes warm dis-
proportionately compared to the global mean, represents one of the most
robust and consequential signatures of anthropogenic climate change'™.
Observational evidence indicates that the Arctic has warmed nearly four
times faster than the global average over recent decades’, with profound

implications for sea ice retreat, permafrost degradation, and ecosystem
transformation®. Figure 1 synthesises observational and model-based evi-
dence for Arctic amplification. Panels (a—c) show the spatial pattern of near-
surface warming from ERAS5 reanalysis, NOAA GlobalTemp, and the
CMIP6 multi-model mean, respectively. Panel (d) displays the
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Fig. 1 | Observed and simulated Arctic amplification. a-c Spatial distribution of
near-surface temperature anomalies (°C) for the period 2006-2024 relative to
1986-2005 from a ERAS5 reanalysis, b NOAA GlobalTemp, and ¢ CMIP6 multi-
model mean under SSP2-4.5. d Zonal mean temperature anomalies from ERA5
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(blue), NOAA (orange), HadCRUT, and GISTEMP (ensemble mean thick green).
All datasets consistently show 2-3x stronger warming north of 60° N compared to
the tropics, with inter-product differences below 0.5° C.

corresponding zonal-mean temperature anomalies, confirming that
warming north of 60°N is approximately 2-3 times stronger than in the
tropics, with remarkable consistency across datasets (inter-product differ-
ences < 0. 5° C). An estimate of the observational uncertainty associated with
the ERA5 data is provided in the Supplementary Information (SI, Fig. 1).
Together, these panels establish the robust, large-scale signature of polar
amplification that motivates the theoretical developments of this study.
While the existence of polar amplification is well-documented across
observations and climate models™, the underlying dynamical and ther-
modynamic mechanisms remain incompletely understood, leaving a critical
gap in our ability to predict future Arctic and midlatitude climate extremes
with confidence’. Traditional explanations have emphasised thermo-
dynamic processes, particularly radiative feedbacks such as the surface
albedo feedback from diminishing ice and snow cover'®, and the
temperature-dependent increase in atmospheric water vapour'. The lapse
rate feedback, wherein the vertical structure of warming modulates outgoing
longwave radiation, has also been identified as a key contributor™"”. How-
ever, these thermodynamic processes alone cannot fully account for the
spatial and temporal patterns of polar warming evident in Fig. 1, nor its
coupling to midlatitude circulation changes'*"”. A growing body of evidence
points to the need for a deeper theoretical foundation that integrates
radiative feedbacks with the dynamics of atmospheric circulation, including

the role of baroclinic eddies, potential vorticity (PV) dynamics, and diabatic
processes such as latent heat release'®"”.

Recent large-scale observational programs, such as the (AC)’ project,
have documented distinct atmospheric moistening, increased regional
storm activity, and amplified winter warming in the Svalbard and North
Pole regions’. These findings underscore the need for theoretical frame-
works capable of explaining not only the magnitude of Arctic warming but
also its vertical structure, seasonal evolution, and connection to extreme
weather events at midlatitudes'®. The substantial inter-model spread in
Arctic climate projections further emphasises that a quantitative process
understanding remains elusive" ™.

This paper develops a theoretical framework that reinterprets polar
amplification through the integrated lens of nonlinear PV dynamics, static
stability feedbacks, diabatic PV generation, Rossby wave resonance, and
stratosphere-troposphere coupling. In doing so, we address several funda-
mental gaps in current understanding. First, while previous studies have
recognised the importance of static stability changes’, the nonlinear feed-
back whereby stability perturbations modulate PV inversion efficiency has
remained largely unexplored. Second, the transition from a dry,
baroclinically-driven regime to a moist, diabatically-dominated one has
been observed® but lacks a theoretical grounding that identifies critical
thresholds and bifurcation structures. Third, the mechanistic links between
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Arctic amplification and the increased persistence of high-latitude blocking
patterns have not been systematically derived from first principles.

Our analysis suggests that Arctic warming involves more than just a
passive thermodynamic response to radiative forcing; it can be understood
as an active dynamical process driven by self-reinforcing feedbacks invol-
ving static stability, wave-mean flow interactions, and diabatic heating. The
framework is built upon three interconnected pillars: (i) nonlinear PV-
stability interactions, captured through the nonlinearity ratio R = |¢’ /3],
which quantifies the background nonlinearity of the system; (ii) diabatic PV
generation through latent heating, quantified through a moist Eady growth
framework that explains how the Arctic transforms from a dry,
baroclinically-driven regime to a moist, diabatically-dominated one despite
weakened meridional temperature gradients; and (iii) the reorganization of
eddy-mean flow interactions, including the emergence of multiple dyna-
mical regimes characterized by a regime diagram with four quadrants.
Within this framework, we show that the critical transition is governed by
the diabatic number D, which increases robustly under warming, pushing
the system from a dry-nonlinear into a moist-nonlinear state.

A key innovation of our study is the introduction of a framework to
derive quantitative thresholds that delineate regime transitions. Using
scaling arguments from baroclinic instability theory, Green’s function
solutions of the PV inversion operator, and linear stability analysis of a
modified Eady model, we quantify how reduced static stability under
warming extends the range of PV influence, amplifies wave growth, and
shifts the most unstable modes toward wavelengths characteristic of high-
latitude blocking (=4000 km). We identify a critical nonlinearity ratio
‘R A 0.3, marking the onset of subcritical instability, where the Landau
coefficient becomes negative; this threshold is already exceeded in the
majority of CMIP6 historical simulations, implying that the Arctic atmo-
sphere is preconditioned for nonlinear amplification. The warming-induced
increase in D then provides the diabatic energy that enables this nonlinear
potential to be realised.

Our theoretical framework further extends to stratosphere-
troposphere coupling” . We show that the refractive index for vertically
propagating Rossby waves decreases with weakening zonal winds, a robust
response to reduced meridional temperature gradients, providing a dyna-
mical explanation for the observed increase in sudden stratospheric
warming (SSW) frequency’®” and its connection to sea ice loss. The com-
bination of strong background nonlinearity (R > 0.3) and vigorous diabatic
forcing (D >0.03) enables a deep stratospheric response, linking Arctic
amplification to stratospheric variability.

The bifurcation framework captures the transition between dry linear,
dry nonlinear, moist linear, and moist nonlinear regimes. The current Arctic
resides in the dry-nonlinear regime (most models have R > 0.3, D < 0.03)
and under continued warming, it moves into the moist-nonlinear regime
where diabatic forcing dominates. This trajectory explains observed inten-
sifications in diabatic storm processes® and provides a basis for under-
standing why climate models exhibit such a large spread in their
projections—they differ in how they represent the feedback strengths that
govern these regime transitions™.

Our results highlight the importance of representing nonlinear dyna-
mical feedbacks in climate projections, particularly as moisture-dependent
processes become increasingly dominant under continued warming. By
providing testable parameterisations for eddy diffusivity, PV inversion
efficiency, and polar amplification indices, this work aims to reduce the
substantial uncertainty in Arctic climate projections’ and improve assess-
ments of regional climate impacts associated with continued Arctic
warming.

Results

A dynamical phase space for regime transition in Arctic
amplification

The regime diagram (Fig. 2) organises the Arctic atmosphere into four
quadrants defined by two physically grounded dimensionless parameters:
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Fig. 3 | Baroclinic instability response across CMIP6 models. a Split-violin
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end-century (red). Each group shows the kernel density estimate (half-violin),
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values (jittered dots). # denotes the number of CMIP6 models per group. b Moist

|

Historical ~ . 1:’?‘ =34
SSP2-4.5 Mid =34
SSP2-4.5 End =34
SSP5-8.5 Mid - o o ,{0’:0... =34
& Wia S

SSP5-8.5 End A B O B

T T T T T T
1.010 1015 1.020 1.025 1030 1.035

Moist enhancement factor F
(b) Moist enhancement by scenario

enhancement factor F = 0g moist/ Of.dry bY scenario and period. Each row shows
individual model dots, IQR box (shaded), median (white line), and multi-model
mean (diamond). The systematic rightward shift from Historical (F = 1.017) to
SSP5-8.5 end-century (F = 1.027) reflects Clausius-Clapeyron scaling of latent heat
release under warming. Models filtered by R < 1.5 and ogq,y > 0.01 day™'; MCM-
UA-1-0 excluded.

the nonlinearity ratio R = |0’ /3| and the diabatic number D. The non-
linearity ratio quantifies the strength of static stability perturbations relative
to the climatological background; values R >0.3 indicate that nonlinear
PV-stability feedbacks are comparable to or exceed linear processes,
enabling subcritical instability (see the ‘Nonlinear amplitude dynamics and
subcritical instability’ section). The diabatic number D measures the com-
petition between diabatic PV generation and baroclinic advection, derived
from the eddy PV variance budget (Eq. 32). Values D<1 indicate dry
baroclinic dominance; as D approaches and exceeds = 0.03, latent heating
begins to control the PV dynamics, with positive feedbacks amplifying its
dynamical consequences over synoptic timescales.

The diagram is divided by critical thresholds R = 0.3 and D = 0.03,
derived from scaling analysis of the Landau coefficient (see the ‘Nonlinear
PV dynamics and Landau equation’ subsection in Methods). The four
quadrants thus correspond to distinct dynamical regimes: dry linear
(R <0.3, D<0.03), where classical dry baroclinic instability operates; dry
nonlinear (R > 0.3, D < 0.03), where nonlinear PV dynamics are important
but diabatic effects remain weak; moist linear (R <0.3, D> 0.03), where
diabatic processes contribute without triggering subcritical instability; and
moist nonlinear (R >0.3, D >0.03), where both nonlinear PV feedbacks
and vigorous diabatic forcing coexist, enabling subcritical instability and
explosive wave growth.

The historical Arctic (blue symbols in Fig. 2) resides predominantly in
the dry-nonlinear quadrant. The multi-model mean historical R is 0.41
(median 0.38), with 67% of individual models exceeding the R = 0.3
threshold. Historical D averages 0.02 (median 0.021), placing the system
slightly below the diabatic threshold. Under contemporary warming (SSP2-
4.5, orange), the ensemble mean shifts primarily upward: D crosses the 0.03
threshold, indicating that diabatic processes have become dynamically
significant, while R remaining essentially unchanged (median change
AR = —0.014, p = 0.27). Under high-emission scenarios (SSP5-8.5, red),
the trajectory moves decisively into the moist-nonlinear regime, with
D >0.03 for all models and R still near historical values. Individual CMIP6

models (small translucent markers) and reanalysis baselines (ERA5 and
NCEP/NCAR R, black/grey) confirm this systematic vertical migration
across the ensemble, demonstrating the robustness of the increase in D
despite structural uncertainties. The inter-model spread in historical R
(range 0.24-0.86) and D (range 0.015-0.028) is partly explained by model
resolution and model-top height. High-resolution models tend to produce
larger R, while high-top models show somewhat different D distributions
(SL, Fig. 5). Nevertheless, the regime transition, a robust increase in D with
warming, is consistent across all categories. This indicates that the critical
threshold D, &~ 0.03 is not sensitive to model resolution or top height,
supporting its physical relevance.

Thus, the key regime transition under warming is not a crossing of
the R = 0.3 line, which was already crossed in the pre-industrial cli-
mate, but rather a shift from a dry-nonlinear to a moist-nonlinear state
driven by increasing D. This reinterpretation has profound implica-
tions. First, the fact that R > 0.3 is widespread historically implies that
the Arctic atmosphere is inherently preconditioned for nonlinear wave
amplification; subcritical instability is possible even without additional
forcing. Second, the robust increase in D with warming means that
diabatic PV generation now dominates over baroclinic production,
fundamentally altering storm dynamics: cyclones intensify through
latent heat release rather than baroclinic conversion, leading to more
rapid deepening, higher peak intensities, and increased precipitation
efficiency®. Third, the combination of strong background nonlinearity
(R >0.3) and vigorous diabatic forcing (D >0.03) enhances two-way
connectivity between the Arctic and midlatitudes: PV anomalies gen-
erated by diabatic processes in the Arctic propagate equatorward and
modulate jet stream variability, while midlatitude wave activity pene-
trates more deeply into the Arctic stratosphere (see the ‘Rossby wave
propagation and stratospheric coupling’ section). The regime diagram
thus provides a unified dynamical framework for interpreting the
observed intensification of extreme weather under Arctic amplification,
explaining why the system has crossed a qualitative threshold in
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denote mid-century, diamonds end-century; colours distinguish SSP2-4.5 (orange)
and SSP5-8.5 (red). Dashed line: pooled ordinary least-squares regression (r = —
0.11, p = 0.22). The weak correlation indicates that the refractive index reduction is
not driven by changes in R; rather, it reflects the robust weakening of zonal winds
due to reduced meridional temperature gradients. MCM-UA-1-0 and MPI-ESM1-
2-HR were excluded from both panels.

diabatic forcing with consequences for storm behaviour, blocking
persistence, and stratosphere-troposphere coupling.

Baroclinic instability response across CMIP6 models

The contrasting behaviour of dry and moist growth rates has profound
implications for Arctic amplification. Although the dry baroclinic energy
source weakens, the enhanced latent heat release acts as a potent alternative
energy source, enabling storms to intensify through diabatic processes
rather than baroclinic conversion. This shift toward a moist diabatic regime
explains the observed tendency toward “fewer but stronger” cyclones in a
warming Arctic® and aligns with the regime transition identified in Fig. 2.

The multi-model dry Eady growth rate oy = 0.31 (f/N) |du/0z| (Fig. 3a)
decreases systematically from a historical ensemble mean of ~0.305 day ' to
~0.277 day™' under SSP5-8.5 end-century conditions, a reduction of
approximately 9%. This decline is consistent with the theoretical expectation
that polar amplification weakens the meridional temperature gradient and
hence the vertical wind shear that drives baroclinic instability. The moist
Eady growth rate, computed using moist static stability according to the
modified Eady model (see the ‘Eady growth rate diagnostics’ subsection in
‘Methods‘), shows a parallel decline but is systematically offset to higher
values, reflecting the compensating role of latent heat release. The split-
violin distributions reveal tight peaks near the multi-model median with
extended tails toward larger reductions, indicating that while the sign of the
response is robust, its magnitude varies substantially across models.

The moist enhancement factor 7 = 0y it/ 0 ary (Fig. 3b) exhibits a
systematic rightward shift from F = 1.017 in the historical period to F ~
1.027 under SSP5-8.5 end-century forcing. This ~ 0.5% increase in F per
degree of Arctic warming is consistent with Clausius-Clapeyron scaling of
latent heat release, confirming the theoretical prediction that diabatic pro-
cesses increasingly compensate for reduced dry baroclinicity. The inter-
model spread narrows under stronger forcing, suggesting convergence in
the moisture response even as models disagree on the magnitude of dry

instability changes. While the absolute increase in F is modest (~1%), it is
statistically robust across the ensemble and aligns with the expected ther-
modynamic response under warming. However, it is the increase in the
diabatic number D, which exhibits 100% model agreement and a clear
threshold crossing (Fig. 2), that marks the qualitative shift to a moist-
dominated regime. The change in F serves as supporting evidence that
moist processes are becoming more important, but the primary indicator of
regime transition remains the robust increase in D.

Rossby wave propagation and stratospheric coupling

The coupling between the troposphere and stratosphere represents a critical
pathway through which Arctic amplification can influence the large-scale
circulation and, in turn, feed back onto surface climate® . Rossby waves
generated in the troposphere can propagate vertically into the stratosphere
when the background flow satisfies the Charney-Drazin criterion™*’: ver-
tical propagation occurs for stationary waves when the zonal wind is wes-
terly and weaker than a critical value, and the refractive index squared n* > 0.
The refractive index governs the vertical and meridional propagation
characteristics of planetary waves; a decrease in the stationary wavenumber
squared K? (which is proportional to #*) implies enhanced poleward wave
focusing and increased vertical penetration, favouring wave breaking in the
stratosphere and the deceleration of the polar night jet, a precursor to SSW
events.

The stationary wave refractive index K| f at 250 hPa (Fig. 4a) exhibits a
robust negative trend across the CMIP6 ensemble: the median percentage
change ranges from —4% (SSP2-4.5 mid-century) to —8% (SSP5-8.5 end-
century), with statistically significant reductions in all four scenario-period
combinations (Wilcoxon signed-rank test, p < 0.05). The strongest signal
emerges under SSP5-8.5 end-century conditions (p < 0.001), confirming
that refractive index changes scale with warming magnitude.

The reduction in K? is primarily attributable to the weakening of the
upper-level zonal wind %-a thermal wind response to the reduced
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Fig. 5 | Variation of the Arctic stratospheric polar vortex. a ERA5 10-hPa geo-
potential height anomaly (m) between recent (1995-2024) and historical
(1941-1970) periods. Hatching indicates areas where the change is not statistically
significant (p = 0.05, Welch ¢-test on annual means). Inset: polar-cap mean (60-90°
N) annual time series showing a significant height decrease of —11.3 m/decade (r =

—0.37,p=5.2x 10"*). b Same as (a) but for temperature (K). The polar-cap mean
cooling trend is —0.30 K/decade (r = — 0.54, p = 9.5 x 10~*); 90% of Northern
Hemisphere grid points show a statistically significant cooling. The combined height
decrease and cooling are the dynamical fingerprint of a strengthened stratospheric
polar vortex.

meridional temperature gradient—rather than to changes in the non-
linearity ratio R. Indeed, the cross-model correlation between historical R
and the projected percentage change in K? is weak and non-significant (r =
—0.11, p = 0.22; Fig. 4b). Within-model changes show a positive correlation
(Spearman p = +0.47, p = 0.007), opposite to the sign expected if increasing
‘R drove stronger K SZ reductions. Thus, while the refractive index decrease is
robust and consistent with deeper wave penetration, it is not causally linked
to R in the multi-model ensemble. Instead, it follows directly from the
thermal wind adjustment, a mechanism well established in previous
literature.

Projected changes in mean sea level pressure provide further evidence
for these dynamical feedbacks under long-term future warming scenarios
(SL Fig. 3). Across all four SSPs, negative pressure anomalies dominate the
Arctic basin, indicating a strengthening of the cyclonic circulation and a
deepening of the polar vortex (i.e. lower geopotential heights in the stra-
tosphere). The magnitude and spatial extent of these anomalies scale sys-
tematically with the strength of radiative forcing: under the highest-
emission SSP5-8.5, pressure drops exceed —2.5 hPa over large areas of the
central Arctic and Barents-Kara Seas, while the low-emission SSP1-1.9
shows more moderate changes within the —1.0 to —1.5 hPa range. Notably,

positive pressure anomalies emerge over the North Atlantic sector in the
higher emission scenarios (SSP3-7.0 and SSP5-8.5), suggesting a dipole
response that may modulate the North Atlantic Oscillation and associated
storm tracks. This pattern aligns with our theoretical prediction that
reduced static stability and enhanced upward wave propagation (Eq. 10)
lead to a deceleration of the polar night jet and a more cyclonic surface
circulation, with the strongest anomalies coinciding with regions of max-
imum sea-ice loss and ocean-atmosphere heat exchange. The expansion of
the negative anomaly footprint from the near-term to the long-term period
demonstrates the cumulative nature of the dynamical feedbacks. These
projected pressure trends have important implications for mid-latitude
weather: a strengthened polar vortex tends to confine cold air to high lati-
tudes, reducing the likelihood of extreme cold outbreaks in Eurasia and
North America, whereas a weakened vortex (positive anomalies) would
favour blocking episodes'*”.

This stratospheric strengthening is independently confirmed by ERA5
10 hPa geopotential height and temperature anomalies (Fig. 5). The figure
shows that 88% of Northern Hemisphere grid points exhibit a statistically
significant height reduction at 10 hPa, with a polar-cap mean weakening
trend of —11.3 m/decade (r = — 0.37, p = 5.2 x 10™*). The accompanying
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Fig. 6 | PV anomalies (PVU) between recent (1995-2024) and historical
(1941-1970) periods from ERA5 reanalysis. a Lower-tropospheric anomalies
(500-1000 hPa). Positive anomalies (red) dominate Arctic regions, with values
ranging from —3 to +2 PVU. Higher values over oceans reflect enhanced diabatic
PV generation from latent heat release. b Upper-tropospheric anomalies

(100-300 hPa). Alternating positive and negative bands in the midlatitudes (colour
scale —1.0 to +1.0 PVU, multiplied by 10~°) indicate shifts in the jet stream and
Rossby wave train patterns associated with altered waveguidance. The vertical
contrast in layer-mean PV—strong low-level positive anomalies coupled with
upper-level wave trains.

stratospheric cooling at 10 hPa shows a polar-cap trend of —0.30 K/decade
(r=—0.54, p=9.5 x 10~*), with 90% of Northern Hemisphere grid points
significant. The combined height decrease and cooling are the dynamical
fingerprint of a strengthened stratospheric polar vortex.

Vertical structure of PV anomalies

The vertical structure of PV anomalies provides critical observational evi-
dence for the regime shift from dry baroclinic to moist diabatic dynamics
under Arctic amplification. According to the theoretical framework devel-
oped in the ‘A dynamical phase space for regime transition in Arctic
amplification’ and ‘Baroclinic instability response across CMIP6 models’
sections, enhanced latent heat release in a warming Arctic should manifest

as positive PV anomalies in the lower troposphere, where condensation
occurs, while the upper-level circulation adjusts to maintain thermal wind
balance, producing characteristic wave train patterns in the midlatitudes.
This vertical contrast in layer-mean PV (i.e. strong positive PV in the lower
troposphere and a wave-modulated pattern aloft) is a direct consequence of
diabatic PV generation: from Ertel’s theorem, latent heating generates PV
through the term (VO x V 0) - k, which is maximised in regions of strong
vertical gradients of heating, precisely where condensation occurs in
ascending air streams. The mcTRSW model (see the ‘Condensation-driven
PV dynamics: insights from the mcTRSW model” subsection in ‘Methods’)
provides a conceptual illustration of this mechanism, showing that con-
densation acts as a positive PV source in the lower layer and a sink aloft,
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initial values A,. Only amplitudes above a critical threshold trigger explosive growth;
smaller disturbances decay. This threshold behaviour mirrors the condition R >0.3
derived from our scaling analysis, providing a dynamical explanation for the tran-
sition from damped to amplified wave regimes under Arctic amplification and for
the explosive growth of planetary waves prior to SSW events.

creating a robust vertical contrast that persists even under varying back-
ground conditions.

Figure 6 compares lower- and upper-tropospheric PV anomalies
between recent (1995-2024) and historical (1941-1970) periods from ERA5
reanalysis. The lower-tropospheric anomalies (500-1000 hPa, panel a)
exhibit strong positive values dominating the Arctic region, with magni-
tudes reaching +2 PVU over the Barents—Kara Seas, the Labrador Sea, and
the Bering Strait. These positive anomalies are particularly pronounced over
oceanic areas, consistent with enhanced latent heat release from increased
moisture availability and cyclonic activity. The spatial pattern aligns
remarkably well with regions of maximum sea-ice loss and ocean-
atmosphere heat exchange documented in recent observational studies’,
providing direct evidence for the coupling between surface warming,
moisture increase, and diabatic PV generation.

In striking contrast, the upper-tropospheric anomalies (100-300 hPa,
panel b) exhibit a complex, wave-like pattern with alternating positive and
negative bands across the midlatitudes. This structure, with anomalies
scaled by 107° PVU, reflects shifts in the jet stream and changes in Rossby
wave guidance associated with altered refractive indices (see the ‘Rossby
wave propagation and stratospheric coupling’ section). The wave train
pattern, extending from the North Pacific across North America to the

North Atlantic, indicates that Arctic-amplified diabatic forcing is not con-
fined to high latitudes but projects onto planetary-scale teleconnection
patterns. This provides observational confirmation of the enhanced two-
way connectivity between the Arctic and midlatitudes predicted by our
regime diagram for the moist nonlinear regime (the ‘A dynamical phase
space for regime transition in Arctic amplification’ section). The wave-like
pattern is further supported by the zonal-mean PV profile (SI Fig. 2), which
shows a clear vertical contrast consistent with a forced Rossby wave train.
The vertical contrast in layer-mean PV shows strong low-level positive
anomalies coupled with upper-level wave trains. Under dry baroclinic
instability, PV anomalies are typically equivalent barotropic or have
opposite signs in the upper and lower troposphere associated with baroclinic
growth. Here, the observed pattern is fundamentally different: low-level PV
is generated diabatically and locally, while the upper-level response is
dominated by Rossby wave propagation and adjustment. This vertical
contrast serves as a fingerprint of the regime shift identified in our theore-
tical framework, suggesting that the Arctic has entered a state where diabatic
processes play a dominant role in shaping the large-scale circulation. The
qualitative consistency between the observed PV anomalies and the con-
ceptual illustration provided by the mcTRSW model (the ‘Condensation-
driven PV dynamics: insights from the mcTRSW model’ subsection) further
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supports the mechanistic link between condensation, PV generation, and
the vertical contrast in PV. The zonal-mean PV profile (SI Fig. 2) illustrates
this vertical contrast more directly.

The projected changes in Arctic precipitation (SI, Fig. 4) provide
additional evidence for the moistening of the Arctic atmosphere and its
coupling to the dynamical feedbacks described above. Across all five SSP
scenarios, widespread increases in daily accumulated precipitation dom-
inate the Arctic basin, with the magnitude and spatial extent scaling sys-
tematically with emission strength. Under the highest-emission SSP5-8.5,
precipitation anomalies exceed 0.8 mm day ' over the Barents-Kara Seas,
the central Arctic Ocean, and coastal Greenland, regions coinciding with
maximum sea-ice loss and enhanced ocean-atmosphere heat exchange. The
mcTRSW model further elucidates this mechanism, demonstrating how
condensation processes directly enhance PV through the coupling of
moisture, diabatic heating, and circulation dynamics under future warming
scenarios (Eq. 36). The spatial heterogeneity, with drying tendencies over
the North Atlantic sector in higher emission scenarios, illustrates the non-
linear redistribution of moisture by altered storm tracks and blocking pat-
terns, consistent with the regime transition discussed in the ‘A dynamical
phase space for regime transition in Arctic amplification’ section. These
precipitation changes have profound implications for diabatic PV genera-
tion: enhanced latent heat release during condensation acts as a direct source
of cyclonic PV anomalies in the lower troposphere (Eq. 34), reinforcing the
positive feedback loop that accelerates Arctic amplification.

Nonlinear amplitude dynamics and subcritical instability

The transition from linear to nonlinear regimes identified in the phase space
of Fig. 2 has profound implications for the temporal evolution of wave
amplitudes. To understand how nonlinearity saturates—or, conversely,
amplifies—wave growth under different values of the nonlinearity ratio R,
we turn to the Landau equation, which emerges from a weakly nonlinear
expansion of the quasi-geostrophic PV equation (see the ‘Nonlinear PV
dynamics and Landau equation’ subsection in ‘Methods’ for the full deri-
vation). This amplitude equation captures the essential competition
between linear growth and nonlinear feedback, and provides a conceptual
bridge between the steady-state regime diagram and the transient dynamics
that govern individual wave events. The Landau equation takes the form

‘;—‘? =0, A —y|AI*A, 0]
where A represents the complex amplitude of the most unstable linear
mode, oy its linear growth rate, and y the nonlinear coefficient that encodes
the effect of wave-mean flow interactions and the stability feedback ¢’. The
sign of y is critical: for y > 0, the nonlinear term opposes the linear growth,
leading to saturation at a finite equilibrium amplitude A, = /0, /y, a
behaviour known as supercritical bifurcation. For y < 0, however, the
nonlinear term reinforces the linear growth, producing finite-time blow-up
whenever the initial amplitude exceeds a threshold. This is the hallmark of
subcritical instability: even when the basic state is linearly stable (0, < 0), a
sufficiently large finite-amplitude perturbation can trigger explosive growth.

Our scaling analysis (the ‘Nonlinear PV dynamics and Landau equa-
tion” subsection) shows that y is controlled by the nonlinearity ratio R =
lo’ /5| according to y & y,(Cpean — XR), With x = 3 — 4 arising from the
enhanced vertical curvature of Arctic eigenmodes under bottom-heavy
warming. Consequently, y changes sign when R exceeds a critical value
R, ~ 0.3. For R <0.3 the dynamics are supercritical and waves saturate;
for R > 0.3 the system enters the subcritical regime, where finite-amplitude
perturbations can grow explosively even if the linear growth rate is weak.
Notably, the CMIP6 historical ensemble has a mean R = 0.4 and a median
of 0.38, with 67% of models exceeding R . This conclusion is supported by
the multi-model regime diagram (Fig. 2), the robust decrease in K2 (Fig. 4),
and the Landau analysis itself (Fig. 7). Thus, the Arctic atmosphere is already
preconditioned for subcritical instability; the warming-induced increase in

D provides the diabatic energy that allows this instability to be realised more
frequently and intensely.

Figure 7 illustrates these different dynamical regimes through
numerical solutions of the Landau equation. The parameters have been
chosen to illustrate the qualitative behaviour of the Landau equation in a
regime relevant to Arctic amplification. The linear growth rate o =0.3 day '
is consistent with the range of dry Eady growth rates diagnosed from CMIP6
models (approximately 0.28-0.31 day '; Fig. 3a). The nonlinear coefficient y
is taken as 10° s, which yields a saturation amplitude A, = /0, /y of
order unity for the supercritical case and a threshold amplitude A, =
v/lo1/1yl of similar magnitude for the subcritical case-values that are
plausible for large-scale atmospheric waves. Panel (a) shows the sensitivity
to the linear growth rate o; for a fixed positive y: larger growth rates produce
faster saturation and higher equilibrium amplitudes. Panel (b) demonstrates
the crucial role of the sign of y: for y > 0 the amplitude saturates; for y = 0 it
grows linearly without bound; and for y < 0 it exhibits finite-time blow-up,
the signature of subcritical instability. Panel (c) presents the corresponding
phase portraits, highlighting the bifurcation structure: when y > 0 a pair of
stable fixed points appears (supercritical bifurcation); when y < 0, these fixed
points vanish, and all trajectories with sufficiently large initial amplitude
diverge. Panel (d) focuses on the subcritical regime (y = — 1 x 107°s™") and
reveals the threshold behaviour that is central to our interpretation of Arctic
amplification. Only amplitudes above a critical value A, = +/|g;|/|y|
trigger explosive growth; smaller disturbances decay. This threshold beha-
viour mirrors precisely the condition R >0.3 derived from our scaling
analysis, confirming that when the nonlinear stability perturbation ratio
exceeds this critical value, the system transitions from a damped to an
amplified wave regime. The positive feedback loop (surface warming
— reduced static stability — enhanced PV inversion efficiency — amplified
streamfunction anomalies — increased poleward heat transport — further
surface warming) is central to Arctic amplification. A linear stability analysis
of a reduced coupled system representing this loop (see the ‘Nonlinear PV
dynamics and Landau equation’ subsection in ‘Methods’) indicates that the
loop is linearly unstable under plausible Arctic parameters, meaning that
infinitesimal perturbations would grow exponentially in the absence of
nonlinear effects. However, such exponential growth is not sustained; it is
ultimately arrested by nonlinear saturation. Within the Landau framework
(Eq. 16), the nonlinear term —y|A|*A counteracts linear growth when y > 0,
leading to a finite equilibrium amplitude (supercritical bifurcation). For y <
0 (subcritical regime, R > 0.3), the nonlinear term reinforces growth, but the
system then undergoes explosive growth that is limited by other physical
constraints or by the transition to a different dynamical regime. Thus, the
loop gain estimate represents a theoretical possibility based on linearised
scaling arguments, not a validated quantitative prediction, and the eventual
arrest of growth is a direct consequence of the nonlinear PV-stability
feedbacks captured by the Landau equation.

The relevance of this result for Arctic amplification is twofold. First, it
provides a mechanistic explanation for the observed explosive growth of
planetary waves prior to SSW events™*’": in the subcritical regime (R > 0.3),
a modest increase in wave amplitude above the threshold can trigger run-
away growth, rapidly depositing momentum and heat into the stratosphere
and decelerating the polar night jet. Second, it establishes a direct link
between the steady-state regime diagram (Fig. 2) and the transient dynamics
of extreme events. The moist-nonlinear quadrant of the phase space cor-
responds to the parameter region where R >0.3 and D >0.03; while the
former condition is already satisfied historically, the latter is reached only
under warming. Thus, as the Arctic trajectory moves vertically into the
moist-nonlinear quadrant (Fig. 2), we expect not only a statistical increase in
SSWs but also a qualitative change in their dynamics: they should become
more explosive and more sensitive to the precise amplitude of the triggering
wave. The framework offers a potential explanation for the dynamics of such
extreme events, for example, the 2023/24 double-SSW event”. The Landau
framework, therefore, serves as a dynamical backbone for understanding
how the nonlinear regime transitions identified in this work manifest in the
real atmosphere.
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Discussion

We have developed a unified dynamical framework that reinterprets Arctic
amplification as an emergent property of nonlinear PV dynamics, coupled
with thermodynamic feedbacks and stratosphere-troposphere interactions.
The cornerstone of this framework is the regime diagram (Fig. 2), which
organises the Arctic atmosphere into four dynamical quadrants defined by
two physically grounded dimensionless parameters: the nonlinearity ratio
R = |0’ /0] and the diabatic number D. This phase space provides a novel
lens through which to understand the observed intensification of extreme
weather, the increased frequency of SSWs, and the evolving connectivity
between the Arctic and midlatitudes.

The key results of our study can be synthesised into three inter-
connected findings. First, the multi-model analysis of CMIP6 projections
reveals that the historical Arctic resides in a dry-nonlinear state (R = 0.4,
D =~ 0.02), with 67% of models already exceeding the R = 0.3 threshold
for subcritical instability. Under continued warming, the system migrates
vertically into a moist-nonlinear regime (2 >0.03), while R remaining
essentially unchanged. This transition is driven by a robust increase in
diabatic PV generation, as measured by D (100% of models show positive
change, p < 107'°), and represents a qualitative shift from dry baroclinic to
moist diabatic dominance. Second, the dry Eady growth rate declines by
approximately 9% under high-emission scenarios, yet this reduction is
increasingly compensated by latent heat release, as evidenced by the sys-
tematic increase in the moist enhancement factor F (Fig. 3). While the
absolute change in F is modest (~1%), it is statistically robust and consistent
with Clausius-Clapeyron scaling, supporting the interpretation that moist
processes are becoming more important. However, it is the increase in D
that marks the qualitative shift to a moist-dominated regime. Third, the
stationary wave refractive index K2 exhibits a robust decrease across the
CMIP6 ensemble (Fig. 4), consistent with the weakening of upper-level
zonal winds due to reduced meridional temperature gradients. This path-
way provides a mechanistic link between Arctic amplification and the
observed increase in SSW frequency since 2000”°”, independent of
changes in R.

Observational support for this dynamical reorganisation is provided by
ERAS5 reanalysis (Fig. 6), which reveals a striking vertical contrast in PV
anomalies: strong positive anomalies dominate the lower troposphere over
Arctic oceanic regions, consistent with enhanced latent heating, while the
upper troposphere exhibits wave-like patterns indicative of altered Rossby
wave guidance. This vertical contrast is qualitatively consistent with the
conceptual illustration provided by the mcTRSW model (the ‘Condensa-
tion-driven PV dynamics: insights from the mcTRSW model’ subsection in
‘Methods’), which shows how condensation can generate a PV contrastin a
simplified setting. The consistency between theory, models, and observa-
tions strengthens the case that Arctic amplification is not merely a passive
thermodynamic response but an active dynamical process that funda-
mentally reorganises the large-scale circulation.

The critical thresholds identified in this study, R, ~ 0.3 for the
onset of subcritical instability and D, & 0.03 for the transition to dia-
batic dominance, offer quantitative benchmarks for monitoring the
evolving Arctic system. These thresholds are not arbitrary but emerge
from the competition between stabilising mean-flow feedbacks and
destabilising stability feedbacks in the Landau coefficient (the ‘Non-
linear PV dynamics and Landau equation’ subsection in ‘Methods’).
The Landau framework further illustrates that for R > 0.3, the system
enters a subcritical instability regime where finite-amplitude pertur-
bations can grow explosively even when the linear growth rate is weak
(Fig. 7). Because this condition is already met in the historical climate,
the increase in D under warming provides the diabatic energy that
enables this instability to be realised more frequently and intensely. The
projected reduction in lower-tropospheric static stability (Fig. 2)
amplifies baroclinic growth rates (Fig. 3) and enhances diabatic heating
from latent heat release, together leading to larger-amplitude tropo-
spheric waves. These waves carry increased upward wave activity flux
into the stratosphere, favouring more frequent SSWs. However, the

long-term stratospheric cooling (Fig. 5b) strengthens the mean polar
vortex, which would oppose SSW occurrence. The net response of SSW
frequency to increasing radiative forcing thus depends on the compe-
tition between enhanced upward wave driving (favouring more SSWs)
and a stronger, more resilient vortex (favouring fewer SSWs). A multi-
model assessment™ found no statistically significant future change in
SSW frequency, consistent with the idea that these opposing effects may
cancel.

Three novel contributions distinguish our framework from previous
studies. First, the R-D phase space (Fig. 2) provides a two-dimensional
classification of Arctic dynamics—a -regional division- into four quadrants
based on objective dimensionless parameters, enabling identification of
qualitative regime transitions rather than gradual trends. Second, the
Landau analysis yields the first quantitative threshold R, = 0.3 for the
onset of subcritical instability in the Arctic, extending classical baroclinic
instability theory to the nonlinear regime. Third, the K? diagnostic (Eq. 10)
quantitatively connects surface-driven static stability changes to strato-
spheric wave propagation, providing a mechanistic link for stratosphere-
troposphere coupling. Unlike previous studies that emphasised thermo-
dynamic feedbacks or observational pattern recognition (e.g. ref. 18), our
framework highlights nonlinear PV dynamics and wave-mean flow inter-
actions as an organising principle.

Our findings have implications for climate modelling and prediction.
The narrowing of inter-model spread in the moist enhancement factor 7
under stronger forcing (Fig. 3b) indicates that the thermodynamic response
to warming (Clausius-Clapeyron scaling) is more robustly captured across
models than the dynamical changes in dry baroclinicity. This suggests that
model projections of future storm tracks and blocking frequencies may be
more sensitive to the representation of moisture-dynamics coupling than to
the precise magnitude of dry baroclinic weakening. Consequently, tradi-
tional diagnostics based solely on cyclone counts or dry Eady growth rates
may underestimate the true extent of dynamical change. Instead, metrics
that capture the amplitude and persistence of PV anomalies, vertically
integrated eddy kinetic energy, diabatic heating rates, and crucially, the
diabatic number D itself, will be essential for monitoring and projecting
climate variability in a warming world.

Several limitations of this study warrant acknowledgement. A fully
rigorous demonstration of subcritical instability would require numerical
continuation of the full primitive equation system, which lies beyond the
present scope. Likewise, the ageostrophic corrections estimated in 'Methods'
rely on scaling arguments that should be verified with high-resolution
simulations that explicitly resolve moist processes and boundary layer
dynamics. The simplified Eady model, while capturing the essential com-
petition between dry and moist processes, omits the effects of vertical wind
shear variations and the detailed structure of diabatic heating profiles.
Future work should address these limitations through idealised numerical
experiments and through the analysis of convection-permitting simulations
that can better represent the small-scale processes underlying diabatic PV
generation.

Despite these caveats, the coherence of the multi-model evidence, the
consistency with observational data, and the qualitative agreement with
theoretical predictions provide strong support for the proposed dynamical
pathway. The regime diagram presented here offers a unifying framework
for interpreting a wide range of phenomena, from storm intensification and
blocking persistence to SSWs and Arctic-midlatitude teleconnections, as
manifestations of a fundamental reorganisation of atmospheric dynamics
under polar amplification. By identifying the critical thresholds that govern
this reorganisation, our work provides testable hypotheses for future
observational and modelling studies and offers quantitative targets for
evaluating and improving climate model projections.

Ultimately, polar amplification represents more than a simple ther-
modynamic response to radiative forcing; it is a harbinger of a planetary-
scale dynamical transition. The Arctic is entering a regime where non-
linearity and diabatic processes dominate, with consequences that extend far
beyond the high latitudes. Improving the representation of the
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interconnected processes identified in this study—nonlinear PV dynamics,
static stability feedbacks, diabatic PV generation, and stratosphere-
troposphere coupling—is crucial for reducing uncertainty in projections
of both polar and midlatitude climate and for developing accurate assess-
ments of regional climate impacts associated with continued Arctic
warming.

Methods

Data and preprocessing

We analyse 38 CMIP6 models from the historical experiment (1980-2000)
and two Shared Socioeconomic Pathway scenarios: SSP2-4.5 and SSP5-8.5,
each evaluated at mid-century (2040-2060) and end-century (2080-2100)
windows. Monthly mean fields of air temperature (fa), zonal and meridional
wind (ua, va), and specific humidity (hus) are retrieved on native model
grids and regridded to a common 2° x 2° latitude-longitude grid using
bilinear interpolation. All fields are annual means for each model and
period; no seasonal filtering is applied. Quality filters exclude MCM-UA-1-0
(corrupt pressure-level data) from all diagnostics and MPI-ESM1-2-HR
from wave diagnostics due to an anomalous historical deformation radius
(~50 km vs ensemble mean ~375 km). Observational baselines are provided
by ERA5™ and NCEP/NCAR Reanalysis 1, each evaluated over three
overlapping 30-year windows (1961-1990, 1981-2010, 1991-2020) to
characterise internal variability.

Statistical testing

Paired percentage changes (future minus historical, per model) are
assessed using the Wilcoxon signed-rank test with the null hypothesis
that the median change equals zero. Significance levels are denoted p <
0.05,p <0.01, p < 0.001. Cross-model relationships are quantified using
Pearson correlation with associated p-values from a two-tailed t-test;
ordinary least-squares regression lines are computed on pooled
scenario-period data.

Quasi-geostrophic PV formulation
The QG pseudo-PV in pressure coordinates (x, y, p) is given by refs.

35,36,
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where y = ¢/fy is the geostrophic streamfunction, ¢ the geopotential, f, the
reference Coriolis parameter, and @(p) the background static stability.
Following Holton 7/, static stability is defined as

RT 06
o(p) = —Ega (3)

with units m* s> Pa~>. This formulation captures ~85-90% of PV variability
at synoptic scales in the Arctic tropopause region™.

Nonlinearity ratio and diabatic number
The nonlinearity ratio R = (|o’|) /7 is computed from the static stability
parameter o(p) defined in Eq. (3). The background stability o and pertur-
bation magnitude (|o’|) are obtained as pressure-weighted vertical averages
over the 500-850 hPa layer and area-weighted spatial averages over the
60-90° N polar cap. This ratio directly compares the magnitude of stability
perturbations induced by warming to the climatological background sta-
bility; values exceeding 0.3 indicate that nonlinear effects dominate the PV
dynamics (see scaling analysis below).

The diabatic number D is defined as the ratio of diabatic PV generation
to baroclinic advection:

[ Ly Dy
_ %G (4)
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For practical computation from climate model output, we employ a
column-integrated scaling form:

LP
D= oty fy L ®
where P is the domain-mean precipitation rate (representing the net latent
heating), [0T/0y| is the 500 hPa meridional temperature gradient between
40-60° N and 60-80° N, L, is the Rossby deformation radius, and H is the
pressure scale height. This formulation captures the essential competition
between diabatic heating and baroclinic eddy generation.

The threshold values R, = 0.3 and D, = 0.03 are derived from
scaling analysis of the eddy PV variance equation (see the ‘Nonlinear PV
dynamics and Landau equation’ subsection below). R, corresponds to the
point where the destabilising stability feedback overcomes the stabilising
mean-flow feedback in the Landau coefficient, while D, marks the transition
where diabatic PV generation becomes comparable to baroclinic produc-
tion. These thresholds are consistent with observed climatological values
and with the systematic model shifts evident in Fig. 2.

Bifurcation framework for regime transition

A minimal conceptual model for the transition between dry and moist
regimes is provided by a Landau-type potential for an order parameter y
(e.g. eddy kinetic energy or diabatic heating rate):

1 1

where y = aAT + g — . measures the distance from criticality, with « =
0.15K " and = 0.3 kg' m’ estimated from reanalysis composites, and A >
0. The critical threshold y, separates the dry (4 < 0) and moist (4 > 0)
regimes. This bifurcation structure underlies the regime diagram of Fig. 2,
with R and D acting as observable proxies for the control parameters.

Eady growth rate diagnostics

The dry Eady growth rate is computed as o = 0.31 (f/N) [0u/dz|, where the
Brunt-Viisild frequency N and vertical wind shear [0u/0dz| are evaluated as
pressure-weighted averages over the 500-850 hPa layer and area-weighted
averages over 50-70°N. A floor of N, = 5x 10™*s™" isapplied to prevent
division by zero at weakly stable grid points. To account for the reduction of
effective stratification by latent heat release in saturated ascent, the moist
Eady growth rate is obtained by replacing the dry static stability with moist
static stability. Following the modified Eady model™”, the moist Eady
growth rate can be approximated as

OE moist = O X F(RH, T), (7)

with the enhancement factor

L,q, (RH\’
RH,T) =1+ (——
FRET) +CPT (100)’ ®

where g; is the saturation specific humidity, RH the relative humidity, and y
~ 0.5-0.8 an empirical exponent. This expression arises from linearising the
thermodynamic equation, including latent heating and reflects Clausius-
Clapeyron scaling (a detailed derivation is given in the Supplementary
Information). The moist enhancement factor is then defined as F = 0g mojst/
OF,dry- Domain-mean values of g, 0pmoist- and F are computed for each
model, scenario and time period. Models with R > 1.5 or 0g 4, < 0.01 day ™
are excluded as unphysical outliers.

Wave diagnostics

The Rossby deformation radius is computed as L;= NH/(fym), where Nis the
domain-mean Brunt-Viisald frequency over 500-850 hPa and 55-75° N, H
is the scale height, and f; is the Coriolis parameter at 65° N. The stationary
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wavenumber squared is computed as K2 = " /u,, at 250 hPa over 50-70°
N, where 7, is the zonal-mean zonal wind and the meridional gradient of
absolute vorticity is computed with the full spherical metric:

_2Qcosp 1 d cos du ©)
T a a2 cos o dy ¢ do)’

Percentage changes in L;and K? are computed relative to each model’s own
historical-period value.

ﬂ*

Theoretical framework for refractive index modification under Arctic
amplification. The refractive index squared for stationary Rossby waves
in the log-pressure coordinate formulation is given by ref.””:

L SRR i
n(z)_a k

4AN?H?’ (10)

whereq, = dg/dy is the meridional gradient of PV, % the zonal-mean zonal
wind, k the zonal wavenumber, N the buoyancy frequency, and H the scale
height. Vertical propagation occurs where n’ > 0; waves are evanescent
where n* < 0.

Under Arctic amplification, the dominant modification to #* is the
weakening of % due to reduced meridional temperature gradients, which
decreases the denominator in the first term and thus reduces K? = n? + k2.
This thermal-wind response is a robust feature across CMIP6 models and
provides a direct mechanistic link between surface warming and enhanced
vertical wave penetration. Changes in static stability (quantified by R) can,
in principle, modulate g, through nonlinear terms, but in the CMIP6
ensemble, this effect is secondary to the robust thermal-wind response. The
refractive index decrease is therefore interpreted primarily as a consequence
of the thermodynamic response to warming, independent of the precise
value of R.

Nonlinear PV dynamics and Landau equation

Nonlinear perturbation PV equation. To capture leading-order non-
linear effects, we introduce a small perturbation to the relevant fields as
o(p) + ' (x,y,p, 1), v = ¥/ (x,y,p, t) (with background streamfunction
taken as zero), and g, = By + q,,. Expanding the inverse of static stability
to first order and substituting into the QG PV equation yields the non-
linear form of the perturbation PV equation:

’ 2.,/ 2 d 1 al// 2 d (o al//
The first two terms constitute the linear QG PV operator applied to ', while
the third term represents a feedback where static stability perturbations (¢”)
modulate PV inversion efficiency through nonlinear coupling. This
mechanism exhibits particular potency in the Arctic due to the climatolo-
gically weak background stability and the amplified magnitude of warming-
induced stability perturbations.

Relation between stability perturbations and flow curvature. Using
the hydrostatic relation and the definition of static stability, one can
derive that the stability perturbation is proportional to the vertical cur-
vature of the streamfunction:

, oY
0« o

(12)

where the proportionality factor depends on background state variables.
The sign of ¢’ is controlled by the vertical curvature of ¥': a concave-up
profile (3%y'/dp?>0) implies o’ >0 (increased stability), whereas a
concave-down profile (9%’ /9p? < 0) implies o’ < 0 (destabilisation). Under
typical Arctic conditions, where dy’/dp <0, the nonlinear PV equation

implies that warming reduces static stability (¢’ <0), which weakens the
polar vortex and enhances wave activity.

Nonlinear timescale and comparison with advective processes.
Scaling the nonlinear term in Eq. (11) as N, yinear ~ fo RV /(GAp?) and
the linear PV tendency as dq, /9t ~ wg, ~ wfsw,/(GAp?) yields a non-
linear timescale

1 ~ TWBVC
Rw

(13)

i ~
Tnonlinear

R )
indicating that nonlinear effects accumulate over multiple wave cycles.
Comparing the nonlinear term with advective processes gives a non-
linearity parameter A' ~ R - Ro™!, where Ro = U/(f,L) is the Rossby
number. For Arctic conditions (Ro ~ 0.1, R ~ 0.2), N ~ 2, indicating
that nonlinear stability effects become comparable to or exceed
advective processes.

Dimensionless parameter hierarchy and composite interaction
parameter. The dynamics are governed by a hierarchy of dimensionless
parameters: Rossby number Ro ~ 0.1, Froude number Fr ~ 0.3, non-
linearity ratio R ~ 0.2, and baroclinicity parameter 3 ~ 5. A composite
nonlinear interaction parameter Z =R -Ro™'-Fr' measures the
dominance of the nonlinear PV-stability feedback; for the Arctic,
Z ~6.7>1, confirming the importance of nonlinear dynamical
feedbacks.

Weakly nonlinear expansion and Landau equation. We perform a
systematic weakly nonlinear expansion of Eq. (11) to derive an amplitude
equation for the most unstable linear mode. Introducing a small para-
meter ¢ < 1 and a slow time T = €’t, we write

,0 =e€0, + €0, +e0, o,
(14)

with g,,  9*,,/9p”. At O(€) we obtain the linear eigenvalue problem Ly, =
0 with solution

l/’/261/’1"‘621/’2"‘631/’3"""

¥, = A(T) $(y, p) ¢ + cc, (15)

where ¢ is the eigenfunction and ¢; = Im(w) the linear growth rate. At
O(€?), quadratic interactions force a mean-flow correction ¥, and a second
harmonic 1[/(22) . At O(¢€?), a solvability condition yields the Landau equation

dA

== 0. A — ylAPA, (16)

where the nonlinear coefficient y is given by an integral involving the
eigenfunction, the adjoint, and the second-order fields.

Scaling estimate for the critical threshold R.. The numerator of y
contains two competing contributions: a mean-flow feedback (typically
stabilising, o« C,,..,,) and a stability feedback (destabilising, o« YR), where
X = 3 — 4 arises from the enhanced vertical curvature of the eigenmode
under bottom-heavy Arctic warming. Balancing these gives
Y~ Po(Crnean — XR). Thus, y changes sign when yR>C With

mean*

Crnean ~ 0.5 — 1.5 and y ~ 3 — 4, the critical nonlinearity ratio satisfies
Cmean
R, ~ ~0.12— 0.5, 17)
X

and we adopt a conservative value R . ~ 0.3, consistent with observational
and model data (Fig. 2). This threshold marks the transition to subcritical
instability, where y < 0 enables explosive wave growth even when o7, < 0.

npj Climate and Atmospheric Science (2026) 9:173

12


www.nature.com/npjclimatsci

https://doi.org/10.1038/s41612-026-01439-z

Article

Bifurcation structure and subcritical instability. For y > 0, the Landau
equation has a stable finite-amplitude equilibrium at |[A| = /0, /y when
0, > 0 (supercritical bifurcation). For y < 0, the equation becomes

A
=0, A+ |ylIAPPA, (18)

d

dt
which exhibits finite-time blow-up for any initial condition when o > 0.
When o, < 0, the origin is linearly stable, but perturbations with
|A| > /|0, |/|y| experience unbounded growth, the hallmark of subcritical
instability. The threshold amplitude A, = /|0, |/|y| defines a separatrix.
Under Arctic conditions with R > 0.3, our scaling estimate yields y < 0,
implying that such a subcritical bifurcation structure may be realised,
consistent with the explosive growth observed in SSW events.

Lapse rate feedback and static stability

Lapse rate definition and linearization. The lapse rate I' = — 0T/dz
combines the dry adiabatic gradient and the stability-dependent com-
ponent:

Tz ¢, 09z ¢ ¢, olnp” (19)

Linearising about a background state yields the scaling for the lapse rate
anomaly:

(20)

where the relationship ¢’ o« 9%y’ /dp? has been incorporated.

Moist thermodynamic framework. Within moist thermodynamics, the
relevant conserved quantity is the moist static energy h = ¢, T + gz + L,g,.
The moist adiabatic lapse rate I',, deviates from the dry adiabatic lapse
rate I'; = g/c, due to latent heat release:

Lag
L+ 5T
r,=T,——4&—,

d €12
vy
1+ ¢R,T?

@1

where € = Ry/R, = 0.622. Differentiating with respect to specific humidity
shows dI',,,/dq, < 0 for all tropospheric temperatures, i.e. the moist adiabatic
lapse rate decreases monotonically with increasing specific humidity.

Boundary layer and convective instability. In a convective equilibrium
framework, the net radiative cooling Qg ~ 1 — 2Kday™' must be
balanced by convective heating when the lapse rate exceeds a critical
value. The onset of convection follows from the moist Brunt-Vaisild

frequency:
90, g (oT L,oq
N2 =£J=7 _— T — Y v
" =9,z T(az+ 17 az>’

with 6, the virtual potential temperature. Convection occurs when N2, <0,
yielding a critical stability threshold
L,o
_ %1l
¢, 0z

, _ R
0 <04 =0 I_E I,

For typical Arctic conditions (RH ~ 80%, T ~ 260 K), o ~ 0.70. As
warming reduces ¢ and increases g,, 0. decreases, making convection
more likely and creating a positive feedback.

(22)

(23)

Vertical structure and Sturm-Liouville analysis. The linearised ther-
modynamic equation with variable static stability leads to a
Sturm-Liouville eigenvalue problem:

2 ’
2 (LY

p \o(p) op
where A is the eigenvalue. The eigenfunctions ¢,(p) form a complete
orthogonal basis. Under polar amplification, o(p) decreases in the lower
troposphere, shifting eigenvalues and increasing the amplitude of higher
baroclinic modes (n21), explaining the observed surface-amplified
warming structure. A 20% reduction in stability generates a lapse rate
anomaly of I7 ~ —0.3 Kkm™', which enhances near-surface warming,

increases downward longwave radiation, and reduces the Rossby deforma-
tion radius.

(24)

Eddy PV variance equation

The eddy PV variance equation, which underpins the definition of the
diabatic number D and the interpretation of the regime transition, is derived
from the quasi-geostrophic PV equation including diabatic sources'**:

Dyq
25
Dt S (5)

where g is the QG PV, D/Dt = 9, + v, - V is the material derivative following
the geostrophic flow, and S represents diabatic and frictional sources.
Decomposing fields into a background state (denoted by an overbar) and a
perturbation (denoted by a prime) as ¢ =7 +4, v, =V, +V,, and
S =8+ 8, and subtracting the mean state, yields the perturbation PV
equation:

e q+v Vﬁ—}—v Vq—v v .Vg=¢. (26)

ot

Multiplying by q" and averaging gives the eddy PV variance equation:

2 . —_— —
2@ b5 ) = v Va+ N +9F. @)

where N = =V, - Vq' — v, - Vq' represents nonlinear eddy-eddy interac-
tions. The term —q'v, - Vq is the baroclinic production rate, while g'S’
represents diabatic generation or dissipation.

For Arctic amplification, the dominant diabatic process is latent heat
release. Following Hoskins et al. '°, the diabatic PV tendency can be

expressed in terms of the diabatic heating rate 6

8
S —f +¢ + frictionalterms.

28
s (28)

The diabatic heating rate is given by
(p}9 /P)(L, /¢ ,ID(Dr, /Dt) + radiativeterms, where x = R/c,, I =
(p /Po Y% is the Exner function, and Dr,/Dt is the net condensation rate.

Linearizing and retaining the latent heating contribution yields:
“L, (Dr,)\
p ¢, 1T\ Dt

For synoptic-scale eddies, the vertical derivative can be approximated
by a finite difference over the depth of the heating layer. Assuming heating
concentrated in the mid-troposphere (700-400 hPa) and that the vertical

f+¢a

S %—6 %

(29)
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structure is dominated by the first baroclinic mode gives:

(30)

where Ap is the pressure thickness of the heating layer. Substituting into the
variance equation and focusing on the diabatic contribution yields:

Il /f+( LvDrv/
95 =4 Dt )

(1)

For the purposes of the main text, we drop the overbar notation for
ensemble averages and absorb nonlinear transfers into the material deri-
vative, yielding the compact form:

/f+( LV DTV)/
¢,I1 Dt ’

D(q/z) Va4
Day_ .
Dt 2 NGRS TR

baroclinicproduction

(32)

diabaticintensification

This equation partitions eddy PV variance growth into baroclinic produc-
tion and diabatic intensification, providing the theoretical foundation for
the diabatic number D and the regime diagram of Fig. 2.

Ertel PV theorem and diabatic source. The material derivative of Ertel
PV Ggra = ({ + o (with 0 = — 96/9p) is given by

D Ertel —

1 .
—(VOxV 0) - k + frictionalterms,
Dt p

(33)

where 0 is the diabatic heating rate'®. For condensation heating, 8 is positive

and has a strong vertical gradient in the lower troposphere. The cross
product VO x V 6 then generates a positive PV anomaly in the lower layer,
directly linking latent heat release to PV production. This term is the basis
for the diabatic intensification in Eq. (32). A similar mechanism is explicitly
represented in the moist-convective Thermal Rotating Shallow Water
(mcTRSW) model (Eq. 36).

Parameterisation of diabatic PV generation. The diabatic PV tendency
in the Arctic can be parameterised through an amplification factor that
captures the nonlinear enhancement due to warming and sea ice loss:

% =A ]ﬂ L, Dr, Ls% (34)
Dt diabatic Arctic 0 CPH Dt CPH Dt |’

with Ap,ic = 1 + a(T — Ty) + B(SIC, — SIC), where a = 0.07 K" and 8
~ 0.02% " are empirical coefficients derived from reanalysis composites.
This parameterisation reflects the increased efficiency of diabatic PV gen-
eration under warmer and more ice-free conditions, and is used in the
interpretation of projected precipitation changes (the “Vertical structure of
PV anomalies’ section).

Condensation-driven PV dynamics: insights from the

mcTRSW model

The mcTRSW model is used here as an idealised framework to illustrate the
qualitative dynamics of condensation-induced PV contrast in the lower and
upper layer"”. This two-layer reduced model incorporates prognostic
equations for layer thickness h;, horizontal velocity v;, buoyancy b;, and
humidity g;, offering a simplified tool for understanding the dynamical
consequences of moist processes.

Condensation parameterization. Condensation is parameterised via a
Betts—Miller-type relaxation scheme:

c=2"%ne, - Q)

c

(35)

where 7, is a relaxation timescale, Q the saturation value, and H the Hea-
viside step function. This formulation ensures that condensation occurs
only when the lower-layer humidity exceeds saturation, releasing latent heat
and modifying buoyancy.

PV evolution equation. The nondimensional PV evolution equation for
each layer takes the form:

1 1
@ +vi- Q= Tl b) = -Qiz;, (36)

where Q; is the PV in layer i, 7 is the Jacobian operator capturing nonlinear
interactions between thickness and buoyancy fields, and z; encapsulates
condensation and diabatic forcings.

Source terms and vertical structure. The source terms for the lower
and upper layers are given explicitly by:

2, =1 —y(—C+D)— (1 —y"F, (37)

z,=(1-y(C~D)~(1—y")F, (38)

where y and y" are parameters regulating convective and external thermal
forcing, F; represents external heating, and downdrafts D ensure mass
conservation. These expressions illustrate that condensation (C) acts as a
positive PV source in the lower troposphere and a sink in the upper layer,
while downdrafts have the opposite effect.

This condensation-induced vertical PV contrast, positive anomalies at
low levels and weaker anomalies aloft, is qualitatively similar to the vertical
structure observed in ERAS5 reanalysis (Fig. 6) and directly supports the
diabatic intensification term in the eddy PV variance equation (Eq. 32).
Even in the absence of potential temperature effects, a similar mechanism
operates”, demonstrating the robustness of condensation-driven PV
source/sink behaviour. The mcTRSW model thus provides a conceptual
illustration of how condensation processes can enhance PV through the
coupling of moisture, diabatic heating, and circulation dynamics, a
mechanism that becomes increasingly important under future warming
scenarios.

Data availability

The CMIP6 model output used in this study is publicly available through the
Earth System Grid Federation (ESGF; https://esgf-node.1Inl.gov/). ERA5
reanalysis data are available from the Copernicus Climate Data Store
(https://cds.climate.copernicus.eu/). Processed diagnostic fields derived
from these datasets are available from the corresponding author upon
reasonable request.

Code availability

The analysis code used to produce the figures and diagnostics in this study is
available on ZENODO at https://zenodo.org/records/20166650 and on
GitHub at https://github.com/bijanf/arctic-regime-diagram.
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