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Abstract

Low-dimensional chaotic systems such as the Lorenz-63 model are commonly used to benchmark system-agnostic methods
for learning dynamics from data. This study shows that learning from noise-free observations in such systems can be achieved
up to machine precision: using ordinary least squares regression on high-degree polynomial features with 512-bit arithmetic, a
system-agnostic method is introduced that matches the accuracy of standard 64-bit numerical ODE solvers using the systems’
governing equations. For the Lorenz-63 system, the method achieves valid prediction times of 36 Lyapunov times, and even
up to 105 Lyapunov times with favorable precision configurations, dramatically outperforming prior work, which reaches
13 Lyapunov times at most. The results are further validated on Thomas’ Cyclically Symmetric Attractor, a non-polynomial
chaotic system that is considerably more complex than the Lorenz-63 model, and similar results extend to higher dimensions
using the spatiotemporally chaotic Lorenz-96 model. These findings suggest that forecasting low-dimensional chaotic systems
from noise-free data is effectively a solved problem.

Keywords Chaotic dynamical systems - Data-driven forecasting - Polynomial regression - High-precision arithmetic - Lorenz

attractor

1 Introduction

Chaotic dynamical systems represent a wide range of com-
plex phenomena across many natural systems and scientific
fields [22, 35]. While predicting their behavior is crucial for
understanding these systems, it remains challenging due to
their sensitivity to initial conditions. Recently, data-driven,
system-agnostic methods using machine learning (ML) have
emerged as promising approaches for forecasting chaotic
dynamics, ranging from low-dimensional systems such as the
Lorenz-63 model [23, 24] to global weather forecasting [14,
26]. Researchers typically evaluate such methods using syn-
thetic data generated from known chaotic systems. A com-
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monly used metric to assess prediction quality is the valid pre-
diction time (VPT) [24, 28], which measures how long a fore-
cast stays close to the reference trajectory serving as ground
truth. Throughout the article, the term ground truth denotes
a numerical approximation of a system’s analytical solution.

The Lorenz-63 (L63) system [16]—a three-dimensional
autonomous system of first-order ordinary differential equa-
tions (ODEs) exhibiting chaotic behavior—serves as the
most widely used benchmark in this field. Prior results on
this system are summarized in Table 1, where the state-of-
the-art VPT is approximately 13 Lyapunov times (about 14
system time units). Crucially, these results were obtained
using noise-free training data and initial conditions.

This study introduces PolyProp, a system-agnostic method
to learn and predict chaotic dynamics from noise-free data.
It relies on linear regression to fit high-order polynomi-
als with high numerical precision (512 bit in the main
setting). On low-dimensional systems, it is computation-
ally extremely efficient compared to other state-of-the-art
machine learning architectures. Despite its simplicity and
system-agnostic nature, PolyProp not only vastly outper-
forms previous data-driven approaches but even matches the
precision of numerical ODE solvers that utilize the system’s
governing equations. On the 3-dimensional L63 model, it
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achieves VPT values of 36 Lyapunov times (and up to 105
with favorable precision configurations).

To contextualize this performance, the previous state-of-
the-art VPT of 13 Lyapunov times corresponds roughly to a
normalized root mean squared error (nRMSE) between 1077
and 10~ during the first Lyapunov time unit of the forecast,
with normalization by the system’s standard deviation. In
the same interval, PolyProp achieves an nRMSE of 10710 to
10~13. This is roughly equivalent to 64-bit machine preci-
sion, 2772, and represents an improvement over the state of
the art by a factor of 10°.

To confirm that these findings are not artifacts of the
numerical setup, the experiments are successfully repli-
cated on Thomas’ Cyclically Symmetric Attractor [36], a
3-dimensional chaotic system with considerably more com-
plex dynamics than the L63 model. Furthermore, machine
precision results are achieved also for higher dimensions,
as exemplified with the spatiotemporally chaotic Lorenz-96
model [17].

These findings can be generalized to data with mea-
surement noise, viewing noise as a precision limitation.
In general, PolyProp trained on reduced-precision data
yields a forecast accuracy indistinguishable from that of an
ODE solver starting from the same reduced-precision initial
condition—regardless of whether the reduction stems from
rounding, bit-depth, or noise. This implies that PolyProp
approximates the underlying dynamics so well that the fore-
cast error is dominated by the initial condition error (and not
by the dynamics error), which affects the numerical ODE
solver equally. In this sense, PolyProp yields an optimal fore-
cast (among methods that do not apply data assimilation to
denoise the initial conditions).

Contrary to common belief, these findings suggest that
chaotic systems can, in principle, be predicted over arbi-
trarily long timescales—given measurements that are both
sufficiently numerous and precise, and a suitable learning
algorithm executed with sufficient numerical precision. If
the state dimension is moderate, these requirements can be
fulfilled in practice to the extent that the system-agnostic,
data-driven approach presented here performs at least as
well as a numerical integrator with access to the system’s
governing equations. Thus, the potential disadvantage of not
knowing these equations can be overcome with data. In this
sense, the problem of learning low-dimensional chaotic sys-
tems from noise-free data can be considered solved.

2 Method and Experimental Setup

This section describes the methodology underlying the
results of the previous section. After formalizing the pre-
diction problem and evaluation metric, the three chaotic
benchmark systems used in the experiments are introduced,
followed by a specification of the PolyProp method, a
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description of the numerical precision choices central to its
performance, and a summary of the experimental design.

2.1 Problem setup and evaluation metric

Consider a dynamical system described by a d-dimensional,
first order, autonomous ordinary differential equation

u(t) = fu)), ey

where u: R — R< is a solution and f: R? — R? is the
vector field describing the dynamics of the system. Given
initial conditions u(0) = ug for ug € R4 and assuming f
is sufficiently smooth (e.g., globally Lipschitz continuous),
the solution u of Equation (1) exists and is unique. In prac-
tice, the analytical solution u is typically not available and is
approximated numerically as described in Sect.2.4.

Assume n noise-free observations y; = u(t), i =
1, ..., n, of the trajectory u are made at time points ;. The
observation times start at a negative value and extend up to
t, = 0. These times are assumed to be equally spaced. This
means t; := (i — n)Ar for a fixed step size Ar > 0.

For the prediction task, f and u are assumed to be
unknown, butthe observation time series (y;);=1,...,, and the
step size A¢ are available. The goal is to predict the future
values z; := u(jAr) for j € N given z9 = y,. In this case
the train and test data are sequential. Alternatively, we also
consider the random test mode, in which z; := u(jAr) for
j € N U {0} for a new solution & of Equation (1), where
u(0) = zo is chosen randomly from the system’s attractor.
Note that, after training on (y;);i=1,.. ., only a single state
zp is available to initialize the prediction in the random test
mode.

To evaluate a given forecast (Z i)j=1,..,m» We define the
Valid Prediction Time (VPT) as the maximum time dura-
tion over which the normalized Euclidean distance between
the prediction and the ground truth remains below a given
threshold ¢ > 0. Formally,

VPT:((zj)j=1,...m- (Z)j) j=1....m) 2)
- Atmax{] c {1,...,m}‘\7/j cll,....J)

: Iz — 2, ss}, 3)

(e

where o is the standard deviation of the system, defined as

1 T
= [ lim — 1) — wll? de 4
o \/T1—>m002T 7T||u() w3 4
1 T
ith = lim — 1) dr. 5
with i fim o 0 ®
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Table 1 Valid prediction times in the literature for the Lorenz-63
system. Forecasting performance on L63 is reported as the valid pre-
diction time (VPT) with threshold parameter 0.5, VPT( 5, given in units
of Lyapunov time. For consistency, we estimate VPTg 5 from potentially
different error measures in the reference. The Family column indicates
the algorithmic class to which each prediction method belongs. The
earliest publication uses a multi-layer perceptron (MLP). Reservoir
computing (RC) methods include the Echo State Network [11], Non-
linear Vector Autoregression [7], and related variants. LSTM refers to
the Long Short-Term Memory network [10]. SINDy denotes the Sparse

Identification of Nonlinear Dynamical Systems framework [2], which in
contrast to the other methods is not fully system-agnostic, as it assumes
the system dynamics to be a sparse degree 5 polynomial. For compari-
son, we show the VPT of a numerical solver (Runge Kutta of order 4,
RK4) with access to the system’s governing equations. The method we
present in this study is PolyProp, short for Polynomial Propagator. The
number of training data points is given in column 7, and the temporal
resolution of the data is specified by the time step A¢. Missing entries
reflect cases where these details were not clearly reported in the original
sources

Reference Family n Nt VPT
Elsner and Tsonis [5] MLP 1,000 0.01 1-2
Dubois et al. [4] LSTM 15,000 0.005 3
Jaurigue [12] RC 10,000 0.1 3
Griffith et al. [9] RC 10,000 0.01 4
Koster et al. [13] RC 1,000 0.1 4
Roberts [29] LSTM 1,000 0.01 4
Yu et al. [40] LSTM 4
Viehweg et al. [37] RC 2,000 0.01 5
Gauthier et al. [7] RC 400 0.025 6
Pathak et al. [24] RC 1,000 0.1 6
Wang et al. [39] LSTM 0.05 6
Pathak et al. [23] RC 5,000 0.02 7
Santos and Bollt [30] RC 5,000 0.01 8
Silva et al. [3] SINDy 5,000 0.002 8
Luetal. [18] RC 3,000 0.02 8
Akiyama and Tanaka [1] RC 5,000 0.02 9
Lietal. [15] RC 3,000 0.02 9
Schotz et al. [32] misc 10,000 0.01 >9
Steinegger and Riith [33] RC 2,100 0.02 12
Brunton et al. [2] SINDy 100,000 0.001 13
Mandal and Gottwald [19] RC 50,000 0.01 13
Platt et al. [25] RC 50,000 0.01 13
RK4 (64 bit) ODE solver 1 0.001 32
RK4 (512 bit) ODE solver 1 0.001 35
This Study PolyProp 16,000 0.03 36
This Study PolyProp *33,000 0.002 105

* data is provided at 512-bit precision instead of 64-bit

In practice, o and p are approximated empirically from a
long ground truth trajectory,

Note that the VPT in this definition is translation and scale
invariant.

If the system dynamics are recreated well enough, the
forecast error roughly increases by a factor of Euler’s number
each Lyapunov time. This can be used to translate between
VPT values for different thresholds: Assuming all VPT val-

ues are given in units of Lyapunov time,

VPT,, ~ VPT,, + log(i—?> , )

where log is the natural logarithm and 1, &2 € (0, 1]. Empir-
ically, in the simulation study presented here, this formula is
arough but valid approximation (showing at least one signif-
icant digit to be correctly approximated for well performing
systems; see also the slope in Fig. 5).
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Fig.1 State space view of the Lorenz-63 (1.63), Thomas’ cyclically
symmetric attractor (TCSA), as well as 5-dimensional and 9-
dimensional versions of the Lorenz-96 system (L.96D5 and L.96D9).

2.2 Chaotic benchmark systems

We focus on three chaotic dynamical systems: the Lorenz-
63 system (L63) [16], Thomas’ cyclically symmetric attrac-
tor (TCSA) [36], and the Lorenz-96 system (L96) [17], see
Fig. 1. Further systems are shown in Supplementary Section
8. For L63, the standard parameters are used, so that the
dynamics are described by the vector field
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L63, L96DS5, and L96D9 are integrated for 20 and TCSA for 200 sys-
tem time units, and the state space is projected to 2 dimensions using
principal component analysis

uy 10(uz — uy)
Sllu || = w128 —u3)—uy | . (8)
us uiuy — Sus

For TCSA,

ui sin(ug) — bu1
flu2| ]| =|sin(us) —bus |, ©)
us sin(uy) — bus
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with b = 0.208. For L96, the standard forcing value F = 8
is used, yielding

uy [ (w2 —ug—1ug —up +8
f | wi = | (Wiy1 —ui—2)ui—1 —u; +8| . (10)
uq L (1 —ug—2)ug—1 —ug +8

The name L96Dd, with d replaced by 5, 6, 7, 8 or 9, indicates
the d-dimensional version of L96.

L63 and TCSA are (d = 3)-dimensional; for .96, d can
be chosen freely, with chaotic behavior obtained for d > 5.
The vector fields for L63 and L96 are (sparse) polynomials
of degree 2; for TCSA the vector field is non-polynomial
but smooth. The largest Lyapunov exponent of L63 is about
0.906 [38]; for TCSA we estimate it to be 0.0153. For L96
with d = 5,6,7,8,9, we estimate the largest Lyapunov
exponents to be 0.467, 0.946, 1.265, 1.592, 1.216, respec-
tively. See Supplementary Section 9 for details. Time values
in units of Lyapunov time are calculated as system time mul-
tiplied by the largest Lyapunov exponent.

2.3 PolyProp

To create a forecast (Z;)j=1,..m from the observations
(¥i)i=1.....n, the propagator ®: RY — R4, u(t) — u(t +
Ar) is first estimated. The learned propagator is then applied
repeatedly starting from a given state zo, which is either the
last observed state zo = y, (sequential test mode) or a new
randomly chosen state on the attractor of the system (random
test mode).

The propagator is estimated using ordinary least squares
(OLS) linear regression with multivariate monomials as fea-
tures. That is, for a given state vector s = (s, ..., Sg7) € R4
and a fixed maximal degree p € N, a feature vector x € RP
is created using the feature function £, : R? — R? such that

d
x =§&p(s) 1= (1_[ S:k

k=1

d
oAy ag €{0,..., rh Zakip) . (11)
For example,

2.2 2
&2(s1, 52, 83) = (1,S1,Sz,S3,S1S2,S2S3,S1S3,S1,82,S3> .

(12)
The number of features is
d d !
p_(dtry_W¥tp' (13)
d d! p!

For example, in d = 3 dimensions, D = 165 features are
obtained using maximal degree p = 8, and D = 969 using
p = 16. The feature function is applied to the observations
Vs, Yn_1 € R toobtainxq, ..., x,_1 € RP. Then OLS
linear regression is applied to the data (x;, yi+1)i=1,...n—1 tO
obtain the regression coefficients B e RPxd, By stacking
the feature vectors and targets row-wise into matrices X €
RO=DxD and y e RO=D*4 respectively, the coefficients
can be expressed as

B=XX)"'XxTy (14)

assuming the matrix X'X € RP*P is invertible. The esti-
mated propagator is

dp: R RY 515 BlEL(s). (15)

The forecast (Z;) j—1,....m is defined by

2= daGi1) (16)

with a known initial state Z := zo.

While PolyProp is conceptually simple, executing it for
high polynomial degrees presents a numerical challenge,
as systems of linear equations given by potentially ill-
conditioned matrices must be solved. We address this issue
through appropriate data normalization and high precision
arithmetic, as described in Sect. 2.4 below.

Polynomial regression for learning dynamical systems
has recently been employed [7] with a focus on time
delay embedding with relatively low-degree polynomials and
Ridge regression (i.e., Tikhonov regularization). In contrast,
PolyProp emphasizes high-degree polynomials without time
delay embedding and achieves its results without regular-
ization, i.e., using OLS. Note that regularization is typically
used to reduce variance of parameters estimated from noisy
data at the cost of an induced bias; here the data is noise-
free, and we have found that using regularization makes the
results worse due to the introduced bias. A predecessor to
this method appears in a recent simulation study [32] (called
LinPo6 therein), but it is limited to degree 6 polynomials
and standard 64-bit precision.

The backbone of PolyProp, OLS with polynomial fea-
tures, can be traced back to the 19th century [8, 34]. Machine
learning for L63 was first explored in the early 90s [5]. Given
that 64-bit computing architectures became widely avail-
able in the mid-2000s, it is remarkable that—even though
the standard-precision version of this method (VPT of 21
Lyapunov times on L63) was both conceptually and techno-
logically available—it has not been discovered and presented
in the literature for nearly two decades.
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2.4 Numerical precision and implementation

Executing the procedures described above numerically is
necessarily an approximation to the mathematically exact
calculations. Its precision is influenced by implementation
choices, such as data normalization, the algorithm used for
solving linear equations, and the amount of information used
for storing a single number.

On a standard machine with standard operations, a num-
ber is represented with 64 bit, which roughly translates to
15 significant digits. By using the C libraries MPLAPACK
[20] and MPFR [6], numbers are represented with 512 bit
of information, which allows for more than 150 significant
digits. The specific value of 512 bit is not a tight require-
ment; it is simply the power of 2 closest to a tenfold increase
in information over 64 bit, chosen to ensure operation well
above the precision threshold at which ill-conditioning of the
linear systems involved in polynomial fitting dominates. Any
sufficiently high precision would yield qualitatively equiva-
lent results. We run different experiments in which different
processing steps are executed with either single precision (32
bit), double precision (64 bit) or multi precision (512 bit).

First, a Runge Kutta ODE solver of order 4 (RK4) is used
with a solver time step of Arg = 2710 2 0.001 for L63 and
L96 to create a long trajectory of the system. For TCSA,
Ny = 276 ~ 0.016 is used, as it has a larger characteristic
timescale. A starting point is then randomly chosen on the
long trajectory, and temporal sub-sampling (taking every k-th
element of the trajectory) is performed to create the training
and test data with the desired step size A, number of obser-
vations n, and a sufficiently large number m of states in the
test set. The term ground truth denotes a numerical approx-
imation of this type to the system’s analytical solution.

When using single or double precision for the polynomial
forecaster, the results depend on whether and how the data is
normalized. The training data y; may first be transformed to
y; by normalizing it to mean 0 and covariance matrix equal
to the identity matrix, i.e.,

. ol O -~ . .
ji=% Wﬁ—M%E=ZtTZ;%—MX%—Mﬂ
1=

%Zm (17)

i=1

>

where $7 is the matrix square root of the symmetric pos-
itive definite matrix 3 and %2 is its inverse. As this full
normalization is not common in the literature, we also com-
pare it with the more common diagonal normalization, where
each dimension is scaled by the inverse of its standard devi-
ation individually without changing correlations between
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variables, i.e.,

. Al oA
yi=82(i— ), S= ,

. I ¢ X
&= i n) (18)

When normalizing the training data, the output of the esti-
mated propagator has to be scaled back to the original scale
before comparing it with the test data. When using multi-
precision arithmetic (512 bit), we do not normalize the data,
as numerical instability does not arise in this case.

We implement the simulation study in the R programming
language [27]. To evaluate Equation (14), systems of linear
equations need to be solved. If the matrix XX is numerically
close to being singular (not invertible), numerical instabil-
ities can cause inaccurate results. Thus, this is a crucial
part of the implementation. While the standard approach
in R relies on the LAPACK routine DGESV, we found
improved numerical performance by using the Armadillo
library [31] for our single and double precision implementa-
tions. Specifically, we employ Armadillo’s solve function
with the options refine, equilibrate,allow_ugly,
and 1ikely_sympd, which typically yields more accurate
results in this context. For the multi-precision implementa-
tion (512 bit), we use the MPLAPACK [20] routine RGESV.

2.5 Experimental design

If not mentioned otherwise, we run experiments with train-
ing set size n = 23 24 .. 215 and polynomial degrees
p=1,2,...,16. For L63, we use the time step sizes Ar =
2-10 2=9 . 273 for L96, we use &r = 279, ...,27°
and restrict to p = 1,2,...,8; for TCSA, we use & =
276,275 .., 2! Additionally, L96 is run withn = 216, 217,
and TCSA with Ar = 272, p = 23,24, 25, and n = 216,217,
Each experiment is repeated 100 times with a different ran-
dom trajectory sample. In each case, VPTy 5 is calculated. In
the results section, we report the mean over the resulting 100
VPT values.

For reference, we estimate the accuracy of the RK4 solver
in terms of VPT( s, starting from differently rounded initial
conditions and using calculations of different precision inter-
nally. Averaging over 10* repetitions with randomly chosen
initial conditions on the systems’ attractor yields the values
given in Supplementary Section 10.

Computational resources used in this study are described
in Supplementary Section 11. Details of all experimental
results are given in Supplementary Section 12.
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3 Forecasting results

This section evaluates PolyProp on the three chaotic bench-
mark systems introduced in Sect.2. PolyProp consistently
matches the accuracy of the ODE solvers used to generate
the data, thereby surpassing previous limits on prediction
accuracy in low-dimensional chaotic systems.

3.1 Lorenz-63 with Default Setup

For the L63 model, the dynamics of the three state dimensions
x(t), y(¢), and z(t) depending on time ¢ are given by the
ordinary differential equation (ODE)

. . . 8
leo(y_x)s )’:x(zg_z)_)’, sz)’_gz, (19)

where the dot above a variable denotes its temporal deriva-
tive.

Since the L63 system models a physical process, it is
appropriate to use the most accurate available approxima-
tion to the exact solution for data generation. Here, this
corresponds to the output of a high-precision (512-bit) fourth-
order Runge—Kutta (RK4) ODE solver. To reflect typical
computational practice, the data is assumed to be stored in
double precision (64 bit). The dataset is then split into train
and test sets. The train set is used to fit the PolyProp fore-
casting model. Given that PolyProp is not computationally
intensive, there is no need to artificially limit its compu-
tational precision. Therefore, a 512-bit implementation of
PolyProp is used for prediction and evaluated on the test set.
This default configuration is illustrated in Fig. 2.

An example trajectory is shown in Fig.3, while results
for the best-performing polynomial degree p € {1, ..., 16}
across different numbers of observations n and time steps A
are presented in Fig. 4. Note that this section shows the results
for a sequential test mode, i.e., the forecast is started from the
last training observation. The results for a random test mode,
in which the test set is a new randomly chosen time series on
the attractor, are almost identical, see Supplementary Section
1.

The optimal polynomial degree is observed to increase
with the number of observations n and step size Ar. This is
expected, as with larger n more complex models can be fitted,
and with larger Ar the true propagator function increases in
complexity.

There seems to be a trade-off regarding data efficiency in
the step size, with the medium value Ar = 27> 2 0.03 show-
ing the best performance for most values of n. We interpret
this as follows: for smaller step sizes, the target function of the
regression—the propagator map—becomes simpler, allow-
ing a precise fit with a small amount of data. In general, this is
counteracted to some extent by the need for more prediction

steps to achieve the same forecast time. But potentially more
importantly, the state space is not sufficiently explored for a
fixed n if the step size is too small.

Recall that the ground truth is generated by a 512-bit RK4
solver. Due to the sensitive dependence on initial conditions,
a 512-bit RK4 prediction initialized with data rounded to
64-bit precision inevitably diverges from this ground truth.
A value of VPTos = 34.7 Lyapunov times is measured for
this effect. Given n > 212 noise-free observations of the
ground truth trajectory rounded to 64-bit with a suitable
time step, PolyProp matches and even slightly exceeds this
value. Only the largest time steps do not reach this precision,
likely because higher polynomial degrees would be required
to fit the higher complexity of the propagator that comes
with taking larger steps. In the best case, PolyProp reaches
VPTop5 = 35.7 on average for n = 215 ~ 33,000 obser-
vations, a time step of Ar < 275 ~ 0.03, and polynomial
degree p = 15. This suggests that PolyProp successfully
learns the underlying dynamics from the rounded data and
compensates for the initialization error more effectively than
the RK4 ODE solver.

An example of the evolution of the error between pre-
diction and ground truth is shown in Fig.5. In contrast to
the defining property of chaos, a constant error is observed
for about 8 Lyapunov times when rounded to 64 bit. This,
of course, does not break the chaotic behavior. It rather
shows that, internally, the polynomial forecaster has a high-
precision representation of the system state that is more
accurate than the 64 bit at which the train and test data are
stored. After the initial period of seemingly constant error,
the Euclidean distance grows by a factor of Euler’s num-
ber each Lyapunov time—the same as it would when using
the exact L63 system (by definition of Lyapunov time and
Lyapunov exponent).

3.2 Variations on numerical precision

We explore the effect of single (s, 32-bit), double (d, 64-
bit), and multi (m, 512-bit) precision in the system- (the
RK4 ODE solver), data- (storage of train and test data), and
method- (PolyProp) parts of the processing pipeline for L63.
The results are shown in Fig. 6. If the source data lacks pre-
cision, the prediction accuracy is also limited. To achieve
the best results for given data, the method precision needs to
be larger than the effective data precision (the minimum of
system and data precision). This is because solving systems
of linear equations to fit polynomial propagators—especially
for higher-degree polynomials—can involve ill-conditioned
matrices, where numerical errors amplify and lead to a loss
of accuracy beyond the nominal precision of the arithmetic
used.

Figure 6 shows that PolyProp achieves predictive fidelity
comparable to, or better than, numerical integration with
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Fig.2 Data processing diagram for the default setup. The ODE sys-
tem is solved with a multi precision (512-bit) RK4 solver. The train and
test data are then stored at double precision (64 bit). The polynomial

40 -
30-
20 -
10-

1
-10 0 10

propagator method internally calculates with multi precision. The eval-
uation and calculation of the error metric is executed at standard double
precision

x(t)

\\f M) Mm

y(t)

20

g

40

Time ¢ [Lyapunov times]

—— Training

Fig. 3 An example illustrating the forecast abilities of the polyno-
mial propagator introduced in this study. The L63 system is solved
with an RK4 ODE solver calculating at 512-bit precision with time
step 2710 ~ 0.001 (system time). The result is stored only at 64-
bit precision. It is sub-sampled to obtain a time series with time step
N =279 2 0.016. The first n = 2!9 = 1024 samples (red) are used
as training data (16.0 system time units or 14.5 Lyapunov times) to fit
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— Test Truth

—— Prediction

a polynomial of degree 9 to the propagator using 512-bit arithmetic.
The resulting prediction (blue) is compared with the ground truth of
the ODE solver (green). The prediction is valid for about 32 Lyapunov
times (dark gray vertical line), more than twice the duration of the
training data. Further examples, including one with explicit regression
coefficients, can be found in Supplementary Section 2



Machine-precision prediction of low-dimensional chaotic... Page9of16 1000
RK4 ODE solver 512bit
n RK4 ODE solver 64bit
Q 30-
=
2 JAYS
§- @ 9—10
-9
g 12} 2
=Log- @ 2-8
g fal 27
= _
5 ok
2 RK4 ODE solver 32bit faf 23
-6 @, 2—4
o)
& faf 27
°
s

Fig. 4 Valid prediction times (VPT) for the L63 system using
PolyProp with optimal degree under the default setup. The setup
uses a multi-precision solver (512-bit), double-precision data storage
(64-bit), and a multi-precision implementation of PolyProp. The data
time step A¢ is indicated by color. Label boxes within the plot denote

10000

1000

the degree (between 1 and 16) of the optimal polynomial for each case.
Gray horizontal lines show the performance of ODE solvers at various
precisions, using the system’s governing equations and (rounded) 64-bit
initial conditions. The VPT (with threshold 0.5) values on the vertical
axis are given in multiples of the Lyapunov time
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&
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>
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Forecast Time [Lyapunov times]

Fig.5 Euclidean distance between forecast and ground truth of a
single L.63 run. This is the best-performing repetition of the default
setup (L63, 512-bit system, 64-bit data, 512-bit method, sequential test
mode, n = 215, At = 277, p = 9). The horizontal locations of the
vertical green lines mark time points of the forecast with numerically
perfect prediction (&(z) = u(t) in 64-bit arithmetic). The blue line is the

linear fit between forecast time in Lyapunov times and the natural loga-
rithm of the Euclidean distance; it has almost the theoretically predicted
slope 1 of a perfectly emulated L63 system. The red lines show the VPT
calculation; here, VPTy s = 42.6 is obtained, which is a positive outlier
compared to 90% of runs in this setting yielding VPT( 5 between 33.0
and 39.0
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Fig.6 Valid prediction time (VPT) for L63 using PolyProp with best
polynomial degree and best time step in different precision setting.
The precision is encoded by three letters. The first letter represents the
system (ODE solver), the second the data storage, and the third the fore-
casting method. For each position, s, d, and m indicate single (32-bit),
double (64-bit), and multi (512-bit) precision, respectively. Multiple let-
ters in brackets indicate that the choice of any of these precisions for the

RK4.Based on 95% confidence intervals for PolyProp’s VPT
value from 100 repetitions, we highlight the following spe-
cific comparisons:

(a) The prediction of double-precision PolyProp trained on
data (n > 2'0) produced by a single-precision RK4 ODE
solver diverges at about the same time as the trajectories
produced by a single- and a double-precision RK4 ODE
solver. (Precision setting sdd or sdm, VPTps = 12.0
Lyapunov times).

(b) Consider ground truth data produced by a double- or
multi-precision RK4 ODE solver. The prediction of
double-precision PolyProp trained on ground truth data
(n > 2" rounded to single precision is about as accurate
as that of an RK4 ODE solver starting from single-
precision initial conditions. (Precision setting dsd or
msd, VPTg 5 = 15.7 Lyapunov times).

(c) The prediction of multi-precision PolyProp trained on
data (n > 2'3) produced by a double-precision RK4
ODE solver diverges at about same time as the trajec-
tories produced by a double- and a multi-precision RK4
ODE solver. (Precision setting ddm, VPTy 5 = 32.1 Lya-
punov times).

(d) Consider ground truth data produced by a multi-precision
RK4 ODE solver. The prediction of multi-precision
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sd[dm]

given part of the processing pipeline yields almost the same results. For
each precision setting and value of n, the VPT( 5 (in Lyapunov times)
averaged over 100 repetitions is taken and maximized over the polyno-
mial degree p (given in label boxes) and the data time step Ar > 2A¢
(not shown). The gray horizontal lines show the accuracy of RK4 ODE
solvers in different precision setups for reference

PolyProp trained on ground truth data (n > 2'2) rounded
to double precision is at least as accurate as that of an RK4
ODE solver starting from double-precision initial condi-
tions. (Precision setting mdm, VPTy 5 = 34.7 Lyapunov
times for the ODE solver and VPTy s = 35.7 Lyapunov
times for PolyProp).

The impact of numerical accuracy in solving linear
systems is also evident when comparing different data nor-
malization schemes for single- and double-precision methods
(see Supplementary Section 3). In general, normalization
enhances results, with more sophisticated schemes outper-
forming default approaches.

Without artificially limiting the precision of the training
data, much higher VPT values can be achieved, see Fig.7.
The limit of about 105 Lyapunov times shown in the plot is
likely due to the constraint p < 16, with even higher VPT
values possible for higher degrees. Note that with the data
time step equal to the solver time step, i.e., &t = 2710 =
Ar, extremely high VPT values are achieved with degree 8
polynomials (more than 322 Lyapunov times for n = 213;
not shown in the plot).

This can be explained as follows: applying k steps of the
RK4 ODE solver to the L63 model yields a polynomial propa-
gator of degree Fuj42, where Fy is the £-th Fibonacci number.
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This is shown in Supplementary Section 4. Thus, one RK4
solver step of the L63 system amounts to a polynomial prop-
agator of degree F = 8. Hence, the fits can become near
perfect in this case if p > 8. This is not a concern for larger
time steps, as two RK4 solver steps for L63 already require
degree F1p = 55 to be fully represented as a polynomial.

Further experiments using high-precision ODE solvers are
detailed in Supplementary Section 5. Notably, when using
a Taylor Integrator with extreme precision (absolute tol-
erance 107%0) as the ground truth, PolyProp—trained and
initialized with rounded 64-bit data—achieves a VPT of
35.6 Lyapunov times. This performance is statistically indis-
tinguishable from that of the Taylor Integrator itself when
initialized with a rounded 64-bit state (35.8 Lyapunov times).

Finally, Supplementary Section 6 investigates PolyProp’s
performance on noisy data, viewing observational noise as a
stochastic limitation on precision analogous to deterministic
rounding. Consistent with the findings in Fig. 6, PolyProp’s
forecast accuracy matches that of the ODE solver when both
are initialized with the same noisy state. This demonstrates
that PolyProp achieves the optimal predictive fidelity possi-
ble when no data assimilation is applied to denoise the initial
state.

3.3 Thomas’ cyclically symmetric attractor

One may still wonder whether the success of PolyProp is
due to the polynomial nature of the L63 vector field and
the corresponding RK4 solution (even if the degree in that
case is extremely high). To remove such doubts, the machine
precision results shown for L63 in the standard setting (512-
bit system, 64-bit data, 512-bit method) are replicated for
Thomas’ Cyclically Symmetric Attractor (TCSA), a chaotic
dynamical system, governed by non-polynomial dynamics
given by

z = sin(x) — bz,
(20)

X =sin(y) —bx, y =sin(z) — by,

where b = 0.208.

The results are presented in Fig.8. Using the standard
setup with up to n = 2!3 observations and a polynomial
degree of up to p = 16, VPTp5 = 25.9 Lyapunov times
is achieved. This is lower than the reference value of 37.4
obtained from a 512-bit ODE solver initialized with data
rounded to 64 bit. By extending the setup to include poly-
nomial degrees p = 23,24,25 and observation counts
n = 210 217 for the time step At = 272, the result
improves to VPTo 5 = 38.0, with a 95% confidence inter-
val of [36.8, 39.3], thereby matching the performance of the
multi-precision ODE solver and outperforming the double-

precision solver (VPTps = 32.2) when starting on initial
conditions rounded to double precision.

3.4 Lorenz-96 system

To investigate how PolyProp performs in higher dimensions,
consider the Lorenz-96 (L96) system [17],

Xi = (Xip1 —Xi—2)Xi—1 —x; +8 (2D

fori = 1,....d with x_1 = x4-1, X0 = X4, Xg+1 =
x1. Instead of using 512-bit arithmetic to achieve double-
precision (64-bit) accuracy as in the default setting, the goal
here is single-precision (32-bit) machine accuracy on the
Lorenz-96 system, using standard double-precision compu-
tations for PolyProp.

Single-precision machine accuracy is demonstrated in two
ways: 1) a double-precision ODE solver is used to generate
the ground truth, and the data is rounded to single precision
before training; and 2) the data is generated directly using
a single-precision solver. In both cases, the training data is
single-precision, but the underlying dynamics are computed
at either single or double precision.

To evaluate prediction quality, the VPT of PolyProp (exe-
cuted in double precision) is compared with that of a double-
precision ODE solver initialized with the single-precision
data. In all tested settings, the best results from PolyProp are
statistically indistinguishable from the solver’s, as shown in
Fig.9 and Supplementary Section 7. This demonstrates that
PolyProp reaches single-precision machine accuracy.

This holds across all tested dimensions d = 5,...,9.
Higher dimensions require more training data, but no con-
sistent trend in the required polynomial degree is observed.
Notably, for fixed polynomial degree, higher dimensions nat-
urally yield more input features.

3.5 Additional results

We evaluate PolyProp also on seven additional chaotic
dynamical systems to illustrate the generality of our results,
see Supplementary Section 8. For each setting we achieve
machine precision in the same precision setups as previously
used for the Lorenz-96 system.

4 Enabling factors, comparisons, and
limitations

The results in the previous section raise three natural
questions. Why do existing data-driven methods not reach
machine precision? What allows PolyProp to achieve it? And
how far does the approach scale? These are addressed in turn.

@ Springer
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Fig. 7 Valid Prediction Time (VPT) for L63 using PolyProp with
best polynomial degree for maximum precision throughout the
processing pipeline. The setup uses multi-precision (512-bit) for the
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and n, the VPT( s (in Lyapunov times) averaged over 100 repetitions is
taken and maximized over the polynomial degree p (given in the label
boxes). For the setting A = At (blue), only results for n < 210 are
shown. Note that the polynomial degree p is limited to p < 16
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Fig. 8 Valid prediction times (VPTs) for the TCSA system using
PolyProp with optimal degree under the default setup. The setup
uses a multi-precision solver (512-bit), double-precision data storage
(64-bit), and a multi-precision (512-bit) implementation of PolyProp.
The data time step A¢ is indicated by color. Label boxes within the
plot denote the degree of the optimal polynomial for each case. Gray
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1e+05

horizontal lines show the performance of ODE solvers at various pre-
cisions, using the system’s governing equations and (rounded) 64-bit
initial conditions. The VPT( s values on the vertical axis are given in
Lyapunov times. In addition to the default settings (n < 215, p < 16),
p =23,24,25 and n = 2'%,2'7 are added for Ar =272
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Fig.9 Valid prediction time (VPT) for the Lorenz-96 (1.96) system
using PolyProp and RK4 ODE solvers. For the two precision settings
and dimensions d = 5, ..., 9 for L96, the VPT (averaged over 100
repetitions) of PolyProp trained on n = 2!7 observations and time step
N = 277 is reported. The mean and 95% confidence interval for the
optimal polynomial degree p € {1, ..., 8} are shown. These are com-

4.1 Limitations of existing methods

To place PolyProp in the context of existing work, three
classes of approaches for forecasting low-dimensional chaotic
dynamical systems that have been widely used in the lit-
erature are identified: Sparse Identification of Nonlinear
Dynamical Systems (SINDy) [2], Long Short-Term Mem-
ory networks (LSTMs) [10], and Reservoir Computers [11].

To predict a system &t = f(u), the SINDy algorithm uses
estimates of the derivative u(¢) to fit the model function f
and then uses an ODE solver to create a forecast. The model
function f is assumed to be a sparse linear combination of a
predefined set of features. For example, in the standard ver-
sion of SINDy [2], this set of features are the monomials
up to degree 5. Thus, the algorithm is not fully system-
agnostic, as some information about the target system must be
encoded in the feature set. (In contrast, PolyProp fits the typ-
ically non-polynomial propagator @ s, rather than fitting the
model function f, and is effective for any sufficiently smooth
ODE.) SINDy achieves a VPT of up to 13 Lyapunov times for
L63 (Table 1), but would not be able to accurately recover
systems such as TCSA, where f includes non-polynomial
components like sine functions. Furthermore, the necessity of
estimating derivatives from data introduces error (increasing
with larger time steps Ar). Even if the feature set is suffi-
ciently expressive, these derivative estimation errors prevent

pared to the mean VPT from 10* trajectories computed with a 64-bit
RK4 solver initialized from 32-bit initial conditions randomly sampled
from the system’s attractor. The RK4 mean VPT values have 95% con-
fidence intervals all smaller than 0.3 Lyapunov times and are not shown.
All VPT values are expressed in units of the system’s Lyapunov time

SINDy from achieving forecasts at or near machine preci-
sion.

LSTMs, a class of recurrent neural networks, are trained
using gradient-based optimization to minimize prediction
error over sequences of data. While they can, in principle,
approximate complex temporal dynamics, matching the pre-
cision of ODE solvers would require their parameters to be
tuned with near-exact accuracy—a level of precision that is
unrealistic for gradient descent methods, which are inher-
ently approximate and prone to local minima, saddle points,
and vanishing gradients. Accordingly, the best VPT that has
been achieved with LSTMs for the L63 system is 6 Lyapunov
times (Table 1).

Unlike LSTMs, most Reservoir Computers, such as the
Echo State Network (ESN) [11], are typically trained by
solving a linear system of equations, which allows for more
precise weight estimation. Similar to LSTMs, Reservoir
Computers predict the next state u (¢ + A¢) based on the cur-
rent state u(¢) and an internal memory state r(¢), known as the
reservoir. Up to 13 Lyapunov times VPT have been achieved
with Reservoir Computers (Table 1). However, in the setup
considered here, where the system evolves deterministically
as u(t + Ar) = D (u(t)), the use of an auxiliary memory
is unnecessary and complicates the learning task. Moreover,
RCs commonly use regularization during training to reduce
variance and improve numerical stability, although some
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can be trained without regularization in well-conditioned
regimes [30]. While beneficial with noisy data, regularization
introduces bias that limits forecasting accuracy, preventing
performance at machine precision. Finally, some RCs such
as the ESN rely on randomly initialized neural networks to
construct features. Compared to structured polynomial bases,
this random approach is less efficient for precise function
approximation and, without regularization, would lead to
numerical instability when the resulting features are nearly
linearly dependent.

4.2 Factors enabling machine precision forecasting

The propagator @ of a smooth ODE is itself a smooth
function, and smooth functions can be approximated by
polynomials—Ilocally via Taylor’s theorem, and uniformly
on compact sets via the Weierstrass approximation theorem.
The best-fit polynomial of a given degree can be found by
least squares. Hence, with sufficient data and sufficient poly-
nomial degree, the propagator of any smooth ODE can be
approximated to arbitrary accuracy. Two key ingredients are
needed to realize this in practice: high-degree polynomials
and multi-precision arithmetic.

High-degree polynomials are traditionally viewed with
skepticism in machine learning, often associated with over-
fitting. However, in the absence of noise, this concern does
not apply: since the training data is noise-free, there is no
noise to overfit to. In the simulation study presented here,
polynomials of degree up to 25 are used effectively.

Fitting such high-degree polynomials, in turn, requires
multi-precision arithmetic. To exploit the full range of sig-
nificant digits provided by noise-free data, the linear systems
involved in polynomial fitting must be solved in a numerically
stable way. For high-degree polynomials, the design matrix
X T X in (14) becomes severely ill-conditioned [30], so that
standard double-precision solvers fail to preserve these dig-
its. Using 512-bit arithmetic provides enough margin that,
after the conditioning-induced loss, a useful number of dig-
its remains. To a smaller but non-negligible extent, 512-bit
arithmetic also reduces the per-step rounding error in iterated
state propagation, which contributes to the near-perfect short-
term predictions visible in Fig.5. The specific value 512 is
not a tight requirement—it is simply the power of 2 closest to
a tenfold increase in precision over 64 bits. Any sufficiently
high precision would yield qualitatively equivalent results.

Note that modern machine learning frameworks, such as
PyTorch and TensorFlow, do not support numerical precision
beyond double precision (64 bit) on either CPU or GPU.
Moreover, they are typically optimized for single precision
(32 bit) on GPU, rendering them unsuitable for the multi-
precision (512-bit) experiments conducted in this study.
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4.3 Scalability and robustness

PolyProp faces challenges related to the curse of dimen-
sionality. For a system with dimension d, the number of
parameters D in a multivariate polynomial of degree p
scales as D = O(d?). Since fitting PolyProp requires solv-
ing a linear system with a computational complexity of
O(D?), the method becomes computationally prohibitive
for high-dimensional settings, even with moderate polyno-
mial degrees. Dimension reduction techniques may help to
alleviate this scalability issue. Alternatively, in the context
of Partial Differential Equations, one may apply localiza-
tion strategies—using only local spatial patches as input—to
reduce the effective input dimension [19].

While this study demonstrates how extremely accurate
predictions of chaotic systems can be achieved, the main
simulation setup is clearly artificial. In practical scenarios,
noise-free observations with the 15-digit precision character-
istic of 64-bit floating-point arithmetic are rare, found only in
specialized domains such as atomic clock measurements (up
to 10~!8 relative precision) Nicholson et al. [21]. Far more
commonly, measurements are corrupted by noise, rendering
even leading digits unreliable.

In such settings, PolyProp yields an optimal result among
non-denoising methods, matching the forecast accuracy of
numerical ODE solvers initialized with noisy data, as shown
in Supplementary Section 6. Yet, despite this relative opti-
mality, forecast accuracy deteriorates rapidly in the presence
of noise—a limitation shared by many other learning tech-
niques for dynamical systems [32].

5 Conclusion

This study has shown that system-agnostic polynomial
regression, trained with suitable numerical precision on suf-
ficiently accurate data, can match the accuracy of ODE
solvers when predicting chaotic dynamics from the same
initial state. This result was explicitly demonstrated for
the 3-dimensional polynomial Lorenz-63 system, the 3-
dimensional non-polynomial Thomas Cyclically Symmetric
Attractor, and the Lorenz-96 system in dimensions up to
d = 9. These findings suggest that PolyProp generalizes to a
broad class of dynamical systems governed by autonomous
first-order ODEs. From this perspective, the problem of
forecasting chaotic systems from noise-free data may be con-
sidered effectively solved, and standard benchmarks such
as the noise-free Lorenz-63 model are no longer adequate
for distinguishing methods—they have become trivial under
these conditions.

The cornerstones of PolyProp—multi-precision arith-
metic and high-degree polynomials—are well suited to the
noise-free setting but ill-suited to overcome noise, which



Machine-precision prediction of low-dimensional chaotic...

Page 150f 16 1000

remains the dominant obstacle in practical applications.
Matching forecast accuracy under noise requires denoising of
the initial conditions rather than higher precision or higher
polynomial degree. Given that noise is ubiquitous in real-
world data, future research on learning dynamical systems
should focus on methods that inherently integrate denoising
capabilities.

Supplementary Information  The online version contains supplemen-
tary material available at https://doi.org/10.1007/s11071-026-12915-
9.
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