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Abstract Recurrence analysis techniques based on recurrence plots (RPs) have become a standard tool for
the study of dynamical systems, offering means to quantify nonlinear characteristics from time series and
to apply machine-learning methods in their analysis. Among recent developments, recurrence microstates
analysis (RMA) is emerging as a complementary approach, enabling the estimation of typical quantifiers
from recurrence quantification analysis (RQA) using the microstate distributions, as well as the use of
these distributions as input features for machine-learning models. In this work, we introduce a Python
library designed to provide the computational efficiency required for the optimized application of RMA
techniques. The proposed methodology and performance benchmarks demonstrate a substantial reduction
in computation time, making the library sustainable and energy efficient, especially for large-scale data
analysis, and aligned with green computing principles.

1 Introduction

Recurrence microstates analysis (RMA) is emerging as an efficient tool for studying dynamical systems. One
important advantage is the possibility to estimate typical quantifiers of recurrence quantification analysis (RQA) [1]
at low computational costs. The distribution of microstates can also be used as input features for simple machine-
learning models—i.e. multi-layer perceptrons (MLPs) [2]—instead of convolutional neural networks (CNNs), which
are the standard approach when working directly with recurrence plots (RPs) [3–5]. Furthermore, RMA enables
the analysis of stochastic behavior using triangle motifs, as proposed by Hirata [6], or through the disorder
quantification proposed by Flauzino et al. [7]. It also facilitates the extraction of underlying dynamical properties
from univariate or multivariate time series, such as the geometry of attractors in terms of involution symmetry
quantification [8].

RMA is based on recurrence plots (RPs), an approach introduced by Eckmann et al. [9] for studying recur-
rences in time series, enabling the qualitative visualization and analysis of dynamical systems. The RPs and their
quantification (recurrence quantification analysis, RQA) [10] have already been applied in many scientific and
technological fields, such as climate [11], health [12, 13], physics [14], and even image analysis [15]. The RMA is
a completely new approach that aims to extracts information from the distribution of small structures identified
within the RP. These structures, referred to as recurrence microstates or recurrence motifs, were first introduced
by Corso et al. [16] to define recurrence entropy.
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Given a trajectory �xi ∈ R
d, where i ∈ {1, 2, ..., K}, d denotes the dimension of the coordinate space, and K is

the length of the analyzed time series, the RP is constructed from the recurrence matrix R, defined as

Ri, j = Θ(ε − ‖�xi − �xj‖), (1)

where Θ is the Heaviside function, ‖·‖ denotes an appropriate norm, and ε is the threshold parameter that defines
the maximum distance at which two states are considered ε-recurrent.

Based on R, a motif is a small structure composed of ones (recurrences) and zeros (non-recurrences) with a
specific constrained shape. For example, for a given position (m, n) ∈ {1, 2, ..., K − (k − 1)}2, where k denotes
the motif size, a square-shaped motif can be defined as

M(m, n) =

⎛
⎜⎝

Rm,n · · · Rm,n+k−1

...
. . .

...
Rm+k−1,n · · · Rm+k−1,n+k−1

⎞
⎟⎠. (2)

Initially, these recurrence motifs were defined using square-shaped templates. However, as the method evolved, it
became evident that variations in motif shape can be used to extract different types of information from the RP.
For instance, triangular motifs have been employed to analyze stochastic properties [6], while diagonal and line
motifs are useful for estimating determinism (DET) and laminarity (LAM) [17].

Moreover, the strategy used to define the positions (m, n) from which each motif is extracted can vary depending
on the research objective. For example, in the computation of involution symmetry [8], a column-wise sampling
approach is adopted to obtain the required information.

Motivated by the growing development of the RMA field, we adapted the methodology implemented in our
Julia package, RecurrenceMicrostatesAnalysis.jl [17], into a Python library that enables the use of RMA
techniques with an optimized computational process. This library was written in C++, using pybind11 [18] as a
binding interface to integrate the code with the Python interpreter. Despite the increased complexity of the source
code, we preserved our original goal of designing a user-friendly library for recurrence microstates analysis (RMA).

2 Theoretical basis

The Python library is organized into two components:

(i) Core—responsible for computing the distributions; and
(ii) Quantification functions—which use the distributions to calculate RQA.

2.1 Motifs

The main objective of our method as a fast computational process is to compute the probability distributions
without explicitly constructing the RP. Building an RP can be computationally expensive, especially for long time
series. Therefore, calculating the recurrence motif distributions directly from the trajectory provides an efficient
and memory-conscious alternative.

This approach avoids the overhead of allocating large memory blocks—as an RP for a time series of length
K contains K × K elements—and reduces computation time, since in most cases, only about 5% of the total
number of motifs in the RP need to be processed for RMA applications. As a result, the library aligns with the
principles of green computing [19], minimizes both memory usage and energy consumption, contributing to more
environmentally sustainable scientific computing.

With this in mind, the core of the library aims to compute each motif from a trajectory and count the occurrences
of each identified motif to construct a histogram. Since a motif is a binary structure—a small structure from an
RP—it is possible to represent each motif as a binary number formed by linearizing its elements. Using, as an
example, a square 2 × 2 motif, defined as

(
ξ0, 0 ξ0, 1
ξ1, 0 ξ1, 1,

)
(3)

where each element is defined by ξp, q := Rm+p,n+q for given indices (m, n) as in Eq. (2), we can represent this
motif as the binary number ξ0, 0ξ0, 1ξ1, 0ξ1, 1.
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Since it is uncommon in computation to use binary values directly as indices—because doing so can make the
code harder to understand—it is good practice to convert these binary representations to decimal numbers. The
library uses an interface IShape to define how this conversion process is performed. Each supported motif shape
inherits from this interface, using object properties to simplify the implementation.

When a shape is defined, it is necessary to calculate the number of elements inside the motif’s constrained
structure to define the power vector. For a square-shaped motif, this value is equal to σ = k × k. From it, we
construct the power vector, P, as a vector with σ elements written as

Ps = 2s−1, s ∈ {1, 2, . . . , σ}. (4)

This process is done in the class constructor, such as demonstrated into Listing (1), where the function
compute_area() is responsible for computing σ.

The process of constructing a motif and identifying it as a decimal number is handled by the function
get_index([arguments]). This function receives a position (m, n) provided by the sampling structure and con-
structs the motif from the trajectory based on this position, following the corresponding combinations of (p, q).
For example, using k = 3, we can define square, triangular, and diagonal motifs constrained as

⎛
⎝

ξ0, 0 ξ0, 1 ξ0, 2
ξ1, 0 ξ1, 1 ξ1, 2
ξ2, 0 ξ2, 1 ξ2, 2

⎞
⎠,

⎛
⎝

ξ0, 0 ξ0, 1 ξ0, 2
ξ1, 1 ξ1, 2

ξ2, 2

⎞
⎠,

⎛
⎝

ξ0, 0
ξ1, 1

ξ2, 2

⎞
⎠. (5)

The function associates each of these positions with an index s of the power vector P, that is, using ξs ↔ ξp, q, we
can rewrite the matrices from Eq. (5) as

⎛
⎝

ξ1 ξ2 ξ3
ξ4 ξ5 ξ6
ξ7 ξ8 ξ9

⎞
⎠,

⎛
⎝

ξ1 ξ2 ξ4
ξ3 ξ5

ξ6

⎞
⎠,

⎛
⎝

ξ1
ξ2

ξ3

⎞
⎠. (6)

Based on this structure, we compute the index I that represents the motif as

I(m, n) =
σ∑

s=1

Rm+ps,n+qsPs, (7)

where each (ps, qs) pair is associated with index s, as defined by the motif’s constrained shape, exemplified
in Eqs. (5) and (6). There are N = 2σ possible distinct combinations of recurrence within a motif structure.
Accordingly, we define N distinct motif constrained structures, denoted as M(I), where I is the structure identifier
and is given by Eq. (7) for each possible structure, in such a way that I ∈ {0, 1, . . . , N − 1}.

In the library context, it is necessary to define each of these structures within the logic of the function
get_index([arguments]), such as the example of Listing (2), where the index of a square-shaped motif is com-
puted. It is important to note that this code includes an implementation for correct memory access to a NumPy
array [20], since it is the input format passed to the library.
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Each position (m, n) is defined by classes that inherit the interface ISampling. Usually, we use the sampling
mode Random—that selects (m, n) randomly from the RP—, or Full—that takes all motifs contained into the
RP—, although there are other sampling strategies. To improve the library speed, we use asynchronous processing
at this stage, splitting the work between the available threads. With this goal, it is defined a task function is defined
to compute (m, n) within a specific range. For example, Listing (3) shows this for square-shaped motifs. This task
function is called by a function run([number of threads]), which divides the work between the available threads.
The function run passes the begin and end values to the task function, defining the range of positions that each
thread will process.
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2.2 Recurrence quantification analysis (RQA)

Recurrence quantification analysis (RQA) is a powerful tool used to analyze nonlinear time series. Quantifiers such
as recurrence rate (RR), determinism (DET), and laminarity (LAM) are usually used to quantify statistics over
internal structures of the RP.

The simplest quantifier to define when working with RMA is the recurrence entropy [16], given by

RME = −
N∑

I=1

pI ln(pI), (8)

where pI is the probability of observing a specific motif I in the RP.
The RR is the overall density of points within an RP, and is calculated as [10]

RR =
1

K2

K∑
i, j=1

Ri, j . (9)

When working with RMA, we can estimate RR when considering that it is the mean of the individual RR values
of each motif. We define it as

RR ≈
N∑

I=1

p
(k)
I RRI , (10)

where RRI is the recurrence rate of a motif constrained structure, calculated as

RRI =
1
σ

σ∑
s=1

M (I)
ps, qs , (11)
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denoting M(I) as the motif constrained structure.
The computational implementation follows a similar logic, but converting the identifier I to a binary number

and uses it to compute the local recurrence rate, RRI , as demonstrate in Listing (4).

The DET is a rate of points that are part of diagonal lines. It is calculated as [10]

DET =

∑K
�=�min

�H(�)
∑K

�=1 �H(�)
, (12)

where H(�) is the number of diagonal lines of the length �, calculated as

H(�) =
K−�−1∑
i, j=1

(1 − Ri, j)(1 − Ri+�+1, j+�+1)
�∏

k=1

Ri+k, j+k. (13)

Typically, the minimum length �min is set to 2, which is the simplest choice.
The LAM is similar to the DET, but quantify the proportion of points that are part of horizontal (or vertical)

lines, rather than diagonal lines. It is calculated as [10]

LAM =

∑K
v=vmin

vH(v)
∑K

v=1 vH(v)
, (14)

where H (v) is the number of lines of length v , defined as

H(v) =
K−v−1∑

i=1

K∑
j=1

(1 − Ri, j)(1 − Ri+v+1, j)
v∏

k=1

Ri+k, j . (15)
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The process to compute DET and LAM using RMA was introduced by da Cruz et al. [1] who expand the terms
of H (l) and H (v), making it is possible to write

DET ≈ 1 − d · (R(3)p(3))
RR

, (16)

LAM ≈ 1 − v · (R(3)p(3))
RR

, (17)

where R(k) is used to obtain terms of the type

K−N+1∑
i, j=1

Ri+a, j+b . . . Ri+y, j+z

(K − N + 1)2
(18)

from the motif’s distribution p(k), and, d and v are used to select the terms necessary to calculate the histograms
H(�) and H (v) of Eqs. (13) and (14) with � = v = 1.

The library also implements the optimization methodology using diagonal and line motifs [17], which simplifies
the computation. This means that DET can be estimated as

DET ≈ 1 − p
(3)
2

RR
, (19)

where �p(3) needed to be a distribution of diagonal-shaped motifs with k = 3, and the needed motif
⎛
⎝

0
1

0

⎞
⎠, (20)

corresponds to I = 2.
Although it is possible to generalize it for any �min ≥ 2, the function is currently defined for �min = 2 to

simplify the initial implementation, while it can be adapted it in the future to any suitable configuration. The
computational implementation is shown in Listing (5).

The methodology to estimate LAM with RMA is similar to that used to DET, but uses line-shaped motifs
instead of diagonal motifs [1, 17]. Therefore, LAM is estimated as

LAM ≈ 1 − p
(3)
2

RR
, (21)
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where �p(3) needed to be a distribution of line-shaped motifs with k = 3, and the needed motif

⎛
⎝

0 1 0
⎞
⎠, (22)

which also corresponds to I = 2. The computational implementation is shown in Listing (6).

3 The library

The library recurrence_microstates is available as an open-source project at GitHub https://github.com/Dy
namicsUFPR/recurrence-microstates-python and has been designed to be fast and easy-to-use. In this section,
we will present how to use the library and its performance results, including the RQA estimation error, and the
library computation time.

3.1 Examples

As examples, we use five paradigmatic dynamical systems. A uniform white noise, a logistic map [21], a generalized
Bernoulli shifted map [22], the Lorenz system [23], and the Rössler system [24].

The logistic map describes a population growing purely exponentially (for r > 1), and is written as [21]

xn+1 = rxn(1 − xn), (23)

where r is the population growth factor. To induce chaotic dynamics in our tests, we set r = 4.
The generalized Bernoulli shifted map is defined as [22]

xn+1 = βxn mod 1, (24)

where mod is the operation that restricts xn+1 and xn to values between 0 and 1, and β is the stretching factor
that we arbitrarily choose as β = 4.99, since for this value the map exhibits chaos behavior.

The Lorenz system was originally developed to model atmosphere convection [22, 23], and is described by the
three differential equations

dx

dt
= σ(y − x), (25)

dy

dt
= x(ρ − z) − y, (26)
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dz

dt
= xy − bz, (27)

where ρ is the Rayleigh number, σ is the Prandtl number, and b is a geometrically determined constant. Here, we
fix ρ = 28, σ = 10, and b = 8/3, which is a standard parameter configuration that produces chaotic behavior.

The Rössler system is also defined by a set of three differential equations [22, 24]

dx

dt
= −y − z, (28)

dy

dt
= x + ay, (29)

dz

dt
= b + z(x − c), (30)

where we set a = 0.1, b = 0.1, and c = 18.0, a well-known parameter set that leads to chaotic dynamics.
The library uses NumPy’s arrays as input [20], where the data must be provided in a matrix form, such as

x1, 1 x1, 2 · · · x1,K

x2, 1 x2, 2 · · · x2,K

...
...

. . .
...

xd, 1 xd, 2 · · · xd,K

, (31)

where each row corresponds to a system component and each column corresponds to a time step.

3.1.1 Computing recurrence motifs distributions

The computation of recurrence motifs distributions from a trajectory is performed by the function
distribution(input, threshold, k). This function can be called as illustrated in Listing (7), where we apply
the RMA library to a uniform distribution, using a threshold ε = 0.27 that is a tabulated value for a uniform dis-
tribution [25], and k = 2. It is important to note that when d = 1 the library accepts a vector with one-dimension,
interpreting it as a matrix 1 × K.

By default, the library applies a sampling rate of 5% using random sampling and square-shaped motifs. These
settings can be modified through optional parameters, as shown in Listing (8). A more detailed description of all
available options is provided in the library’s documentation on GitHub.
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3.1.2 Computing RQA

The implementation of RQA computations was designed for ease of use. In this context, we define the threshold
th as the value that maximizes the recurrence microstates entropy (RME) [26].

The RME is calculated from a motif distribution using Eq. (8), and is implemented in the library by the function
entropy. An example of its usage for a given time series data is shown in Listing (9).

The recurrence rate (RR) is also computed from a motif distribution using the functions shown in Listing (4).
In Python, the RR can be calculated as illustrated in Listing (10) for a given time series data.

DET can be estimated directly from a time series using the function determinism, which implements the
calculation with diagonal-shaped motifs, as introduced in Sect. 2.2. The estimation of LAM is analogous, but uses
line-shaped motifs. Both quantifiers are computed with a motif size k = 3, which corresponds to �min = vmin = 2.
Listing (11) illustrates how to apply the library to estimate these values for a given time series data.
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Fig. 1 Mean computation
time as a function of the
data length K . The values
represent the average of a
distribution of tests, each
computed using a fixed
input for the corresponding
length K . The reported
times include the
computation of both
determinism and laminarity
from the time series. Four
libraries are compared:
Recurrence Microstates

(Python, the library
introduced in this work),
PyUnicorn,
RecurrenceMicrostatesAnalysis.jl,
and
RecurrenceAnalysis.jl

3.2 Performance

The library was developed in C++ to ensure high computational performance. We validate it by com-
parison with the well-known libraries PyUnicorn [27] and RecurrenceAnalysis.jl [29], as well as with
RecurrenceMicrostatesAnalysis.jl [17], which implements the same methodology in Julia.

To analyze the mean computation time, we used the timeit function in Python and the BenchmarkTools.jl [28]
library in Julia to benchmark the libraries on the same dataset of a uniform distribution. The results are shown in
Figure 1, which highlights the Python library’s strong performance, exhibiting the shortest mean computation time
among the tests. The observed scaling is close to O(n), although the algorithm is inherently O(n2), as expected
for an implementation based on recurrence plots, which requires computing K × K recurrences.

It is also important to evaluate the library’s efficiency in estimating RQA quantifiers. To do so, we compare the
values estimated using the Python library with those calculated using libraries that provide well-established imple-
mentations of the standard RQA computation approach—such as PyUnicorn [27] and RecurrenceAnalysis.jl
[29], as well as the library RecurrenceMicrostatesAnalysis.jl [17](abbreviated as RMA.jl), which uses a similar
RMA-based approach to estimate DET and LAM. This comparison is carried out using the relative error between
the RQA measures obtained from the reference libraries and those estimated by the Python library.

Figure 2 shows the relative error in estimating DET, comparing results from the Python library with those
from the other libraries referenced in the figure legend. Panels (a)–(c) demonstrate excellent performance, with
errors below 0.5% for K ≈ 917 in the uniform distribution, K ≈ 546 for the logistic map, and K ≈ 1364 for
the generalized Bernoulli-shift map. Panels (d) and (e) show similarly good results when comparing the Python
library with RecurrenceAnalysis.jl and RecurrenceMicrostatesAnalysis.jl. However, a considerable error
is observed when comparing with PyUnicorn. This discrepancy is known to occur when passing a multivariate
time series (with d > 1) to PyUnicorn and only appears in such comparative scenarios.

Figure 3 is analogous to Fig. 2, but for the estimation of LAM. Panels (a)–(c) also show excellent perfor-
mance, with errors below 0.5% for K ≈ 843 in the uniform distribution and the generalized Bernoulli-shift map,
and K ≈ 769 for the logistic map. Similarly, panels (d) and (e) show good agreement when comparing with
RecurrenceAnalysis.jl and RecurrenceMicrostatesAnalysis.jl, but a considerable error is observed when
comparing with PyUnicorn, due to the same issue with multivariate time series (d > 1).
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Fig. 2 Mean relative error of DET estimation using the Python library, compared with other libraries that compute DET.
Each curve represents the error for a given comparison between the Python library and the library indicated in the legend.
The vertical red dashed line indicates the data length at which the first error falls below 0.5%. Panels (a)–(e) show the
error for each specific system, while panel (f) provides an overall summary across all systems

4 Conclusion

In this work, we presented the library Recurrence Microstates for Python. This library had been developed in
C++ to grant a good computational performance, with a integration with Python done by the library pybind11
[18], and shows to be a efficient library for computing recurrence motifs probability distribution and estimating
quantifiers.

The library provides a robust approach for analyzing large data series using RMA, demonstrating superior
performance compared to other available libraries. In addition, it offers a user-friendly interface for configuring
motif shapes and sampling modes. Tests conducted on three discrete and two continuous paradigmatic dynamical
systems indicate that the estimation of RQA quantifiers produces very small errors relative to values obtained
with alternative methods.

Consequently, Recurrence Microstates for Python demonstrates itself to be an optimal approach for analyzing
data with RMA, combining improved computational efficiency with alignment to green computing principles.

123



Eur. Phys. J. Spec. Top.

Fig. 3 Mean relative error of LAM estimation using the Python library, compared with other libraries that compute LAM.
Each curve represents the error for a given comparison between the Python library and the library indicated in the legend.
The vertical red dashed line indicates the data length at which the first error falls below 0.5%. Panels a–e show the error
for each specific system, while panel f provides an overall summary across all systems
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Kleinemühl, O.M. Kozlov, T. Kuhr, M. Lupberger, S. Neuhaus, P. Niknejadi, J. Reindl, D. Schindler, A. Schneidewind,
F. Schreiber, M. Schumacher, K. Schwarz, A. Streit, R.F. von Cube, R. Walker, C. Walther, S. Wozniewski, K. Zhou,
Eur. Phys. J. Spec. Top. (2024). https://doi.org/10.1140/epjs/s11734-024-01436-4

20. C.R. Harris, K.J. Millman, S.J. van der Walt, R. Gommers, P. Virtanen, D. Cournapeau, E. Wieser, J. Taylor, S. Berg,
N.J. Smith, R. Kern, M. Picus, S. Hoyer, M.H. van Kerkwijk, M. Brett, A. Haldane, J.F. del Ŕıo, M. Wiebe, P. Peterson,
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