nature communications

Article https://doi.org/10.1038/s41467-026-75436-4

Temporal self-similarity reveals percolation
universality classes in complex networks
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% Check for updates Catastrophic fragmentation and structural transitions are ubiquitous in real-

world complex systems, yet their underlying universality classes remain lar-
gely elusive due to strong structural heterogeneity and the absence of well-
defined critical thresholds. Here, we discover a robust phenomenon of tem-
poral self-similarity governing the dynamic percolation process across diverse
complex networks. By tracking the full statistics of incremental growth events,
we reveal that fragmentation dynamics are governed by two independent
Fisher-type critical exponents, 7. and 7,. These exponents uniquely char-
acterize the system’s universality class, from which all other standard critical
exponents can be derived through newly established scaling relations. After
rigorously validating this framework on canonical network models, we apply it
to extensive empirical datasets. Strikingly, our analyses across biological,
social, and infrastructural systems demonstrate that real-world networks sys-
tematically exhibit universality classes distinct from those predicted by idea-
lized network models, reflecting the influence of higher-order structural
features. Our findings establish a dynamic paradigm that bridges statistical
physics and real-world resilience, offering a parameter-free, highly scalable
approach to classify and characterize structural vulnerabilities in inherently
heterogeneous systems.

Understanding how large-scale connectivity is lost in heterogeneous
systems is a central challenge across network science, statistical phy-
sics, biology, and infrastructure research'®, In these diverse settings, a
key concept is resilience: the ability of a system to maintain global
connectivity and functionality under external perturbations’ ™. Per-
colation theory provides a fundamental and widely adopted frame-
work to model such connectivity transitions, predicting that near a

critical threshold, systems exhibit abrupt macroscopic breakdowns
and scale-invariant behaviors”'*?°. As shown in Fig. 1, progressive
removal of bonds or nodes can trigger the breakdown of a giant
connected component with a critical threshold g.. Near g, the size of
the largest connected component follows characteristic scaling laws
governed by critical exponents such as f. While different networks
may exhibit distinct values of g. and 8 depending on their topological
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Fig. 1| Illustration of network topology and resilience across model-generated
and real-world systems. Resilience is characterized by the rescaled size of the
largest connected component, C=C/V with the largest cluster C and system
volume V, as a function of the bond removal fraction g. Subfigures (a-c) present
representative model networks: (a) two-dimensional lattices (regular), b Erds--
Rényi networks (random), and (c) scale-free networks (heterogeneous). For such
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model systems, critical thresholds and exponents can be derived analytically, and
universal features such as critical exponents are independent of microscopic net-
work details. Subfigure (d) shows real-world networks from social, biological, and
road categories. In these systems, both critical thresholds and critical exponents
are generally non-universal and must be determined empirically.

structure, percolation theory predicts that systems differing in
microscopic details can nonetheless display identical scaling behavior,
a hallmark of universality.

While traditional percolation theory has yielded elegant uni-
versal scaling laws for idealized model systems®**?, extracting such
universal behavior from real-world networks remains highly
problematic®. As illustrated in Fig. 1(a)-(c), for canonical systems
such as two-dimensional lattices (2D), Erdos-Rényi (ER) networks,
and scale-free (SF) networks, the critical thresholds and exponents
of bond percolation can be obtained through analytical approaches
or numerical finite-size scaling (FSS) analysis. Despite differences in
lattice geometry, dimensionality, or degree distribution, such sys-
tems exhibit robust universal behavior near criticality, character-
ized by several exponents, such as the order-parameter exponent 8
and correlation-length exponent v?**, However, empirical systems
are inherently finite, strongly heterogeneous, and lack well-defined
spatial locality. Moreover, recent studies reveal that percolation in
empirical systems is often heavily modulated by feature-enriched
interactions, adaptive local feedback, and higher-order coupling
patterns” >, In parallel, recent work on cascading dynamics has
revealed that complex systems can exhibit hybrid or system-
specific universality classes beyond classical expectations®. These
structural and dynamic complexities completely obscure the true
critical thresholds, rendering standard static FSS procedures inef-
fective for extracting critical exponents, as shown in Fig. 1d. Con-
sequently, a crucial question remains unanswered: what

universality classes actually govern the catastrophic collapse of
highly heterogeneous, real-world complex systems?

To overcome these fundamental limitations, we propose an event-
based gap-statistics framework that characterizes percolation through
the ordered sequence of bond-addition events. The gap-based per-
spective was introduced to study the largest jump of the largest con-
nected component during the percolation process”. In that
framework, the largest gap was treated as a single extreme-event
observable: its location identifies a pseudocritical threshold, while the
finite-size scaling of its magnitude, location, and associated cluster size
provides information about the critical behavior of the transition.
Building on this foundation, the present work moves beyond the
largest-gap observable by generalizing the analysis to the full statistical
distribution of growth gaps, n(G, V, r), accumulated along the perco-
lation trajectory. This distribution-level formulation reveals a robust
form of temporal self-similarity in both the critical and supercritical
regimes. Specifically, the gap-size distribution exhibits persistent
power-law scaling governed by two independently measurable Fisher-
type gap exponents, 7. and t,, characterizing the critical and super-
critical regimes, respectively. Through the scaling relations derived
below, these exponents provide a compact gap-based parametrization
of percolation universality classes and allow other standard critical
exponents to be inferred within the framework of renormalization-
group scaling theory**~%, This approach bypasses the need for exact
critical thresholds or multiple system sizes, making it particularly
useful for empirical networks. Here, the terms “dynamic” and
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“temporal” refer to the ordered sequence of bond-addition events in
the percolation growth process, rather than to an autonomous phy-
sical time evolution.

Strikingly, by applying this dynamic theoretical framework to
extensive empirical datasets, we reveal that real-world networks
exhibit profound deviations from classical theories. Although many
empirical networks feature heterogeneous degree distributions
resembling SF networks, their measured critical exponents (7., )
significantly diverge from the predictions of idealized SF models. This
result indicates that real-world networks cluster into distinct uni-
versality classes that are not captured by idealized SF models. The
specific values of these dynamic exponents reflect how structural
correlations and community structure can substantially limit cascad-
ing failures or accelerate systemic collapse, offering a direct physical
interpretation of resilience in heterogeneous topologies.

Our results demonstrate that the dynamic gap-size distribution
captures universal features of fragmentation processes across a wide
range of complex systems. Importantly, the proposed method enables
the extraction of universality classes without requiring prior knowl-
edge of critical thresholds or access to multiple system sizes. By uni-
fying theoretical analysis, extensive numerical validation, and
application to real-world biological, social, and infrastructural net-
works, our work establishes a scalable and physically interpretable
framework for probing universality, resilience, and structural transi-
tions in heterogeneous complex systems.

Results

Universal scaling behaviors of gaps

We begin by examining the statistical properties of growth gaps that
emerge during the percolation process. Specifically, we analyze both
the mean (-) and the fluctuation y, of several key quantities associated
with the largest connected component, namely the gap location r,,,, the

gap magnitude 4,,, and the size of the largest cluster evaluated at the
gap location, C,, = C(r,,,). Here, the subscript m denotes the order of the
gap, with m = 1 corresponding to the largest gap, as defined in
Methods.

For m = 1, these quantities follow well-defined FSS relations, as
previously established in Ref. 33:

AV~ VB, x )~ VR
(V) = rel ~ VT, x, (V) ~ Ve,
CuV) ~ V&, xe (V) ~ Ve,

@

where r. denotes the critical threshold in the thermodynamic limit
V> o, Typically, one usually has v; = v, = v, where v is the conventional
correlation-length exponent. However, this equality does not always
hold. In particular, cases with v; # v, have been reported in some
percolation models®***., Therefore, we keep v; and v, distinct in the
general scaling formulation. In addition, f; = 8, = B/v represent the
order-parameter exponent rescaled by v, and dy, =dj, =d; denote the
fractal dimension of the critical cluster. Throughout this work, FSS
behavior is expressed in terms of the system volume V, defined as the
number of nodes or sites, rather than the linear size L. This convention
is adopted because many networks, especially empirical networks, do
not possess a well-defined Euclidean dimension or linear size.

To assess whether these scaling properties extend beyond the
largest gap, we analyze the top five gaps of the largest cluster for bond
percolation on the 2D square lattice. Figure 2 shows the dependence of
these quantities on the system volume V on a log-log scale. Remark-
ably, the mean values and fluctuations associated with different gap
orders collapse onto lines with identical slopes, indicating that all top
gaps obey the same scaling behavior.
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Fig. 2| Universal scaling behaviors of the top five gaps in bond percolation
on the square lattice with volume V. Panels (a-c) display the average values
of the gap A, the deviation of the pseudo-critical point from the critical

threshold |r,, — r.|, and the size of the largest cluster corresponding to each
gap C,, respectively. Panels (d-f) illustrate the corresponding fluctuations.

Error bars are smaller than the symbol sizes in all panels. These results
indicate consistent scaling behavior for both averages and fluctuations
across the top five gaps. The shaded regions serve as a visual guide to
highlight the consistent slopes across the five gap orders.
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We further perform least-squares fitting to the Monte Carlo
simulation data, and the resulting estimates of the scaling exponents
are summarized in Supplementary Table 1. The fitted values confirm
that the scaling exponents are independent of the gap order m,
revealing a robust form of universality across multiple gap events.
Importantly, this behavior is not restricted to 2D lattices. As shown in
Supplementary Fig. 1, analogous scaling relations are observed for
bond percolation on ER networks, where the mean values and fluc-
tuations of the top five gaps again follow identical power-law depen-
dencies on system size.

Temporal self-similarity
The numerical results above demonstrate that the top five gaps asso-
ciated with the growth of the largest connected component exhibit
identical scaling behavior. This observation naturally raises a funda-
mental question: how many gap events follow the same scaling laws,
and whether such regularity reflects a deeper form of self-similarity in
the percolation dynamics.

To motivate this idea, we first recall a well-established result from
FSS theory. Near criticality, the number density of clusters of size s

obeysz‘m,

n(s, Vy=ngsTa(s/VY), )

where ng is a nonuniversal amplitude and 7 is the Fisher exponent. The
exponent T is related to the fractal dimension df through the hypers-
caling relation,

T=1+1/d;. 3)

As a consequence, the number of clusters with size of order O(V%),

Ne=VY o U V), )

remains finite in the thermodynamic limit. This result implies that, for
any finite m, the top m largest clusters exhibit identical scaling beha-
vior, reflecting a form of spatial self-similarity at criticality. This case is
very similar to our observation above that the unnormalized top-m
(m = 5) gap values have the same scaling behavior VA, ~ v with
dr=1-B/v=1- Bi.In contrast to the common static viewpoint, the gap
events considered here arise from the temporal evolution of the
dynamic percolation process. This distinction motivates the central
hypothesis of our work: if spatial self-similarity governs the statistics of
large clusters at criticality, then an analogous form of self-similarity
may emerge in time through the sequence of growth gaps experienced
by the largest connected component. We refer to this dynamic
counterpart along the event-based percolation trajectory as temporal
self-similarity.

Guided by this intuition, we hypothesize that the scaling behavior
observed for the top five gaps can be generalized to the top m gaps for
any finite m. To test it, we introduce the gap-size distribution n(G, V, r),
defined at bond fraction r as the cumulative distribution of all gap
events of magnitude G occurring during the percolation process from
r =0 up to r. This construction parallels the cluster-size distribution
n(s, V), but characterizes the statistics of dynamic growth events rather
than static cluster configurations.

Figure 3a shows the evolution of the rescaled largest cluster
C=C/V for bond percolation on the two-dimensional square lattice,
while Figs. 3b-d illustrate representative configurations in the sub-
critical, critical, and supercritical regimes, respectively. In the sub-
critical phase, clusters remain small, and both the magnitude and
frequency of growth events of the largest cluster are limited, resulting
in a small value of n(G, V, r). As the system approaches the critical
threshold, large merging events become increasingly frequent, leading
to a rapid increase in the gap-size distribution.

The corresponding scaling behavior of n(G, V, r) across different
regimes is shown in Supplementary Fig. 2. We find that the gap-size
distribution exhibits a clear power-law scaling behavior at criticality
and persists into the supercritical phase. Moreover, since the location
of the largest gap r; follows the same FSS behavior as the thermo-
dynamic critical threshold r., we expect the scaling properties of
n(G, V, r) evaluated at r = r; and at r = r.. to be identical in the large-
system limit.

We then investigate n(G, V, r) at r; and at full bond occupation
re = E/V, where E is the total number of bonds. The corresponding
results for bond percolation on the two-dimensional square lattice are
shown in Fig. 3e, i. In the log-log scale, the gap-size distributions
initially follow a power-law scaling with two distinct exponents 7. and
75, and decay rapidly when the gap size G exceeds a characteristic cut-
off. The cut-off scale grows with system size as O(V%), consistent with
the scaling of the largest gap, VA,, ~ V9, as shown in Fig. 2. At r=ry,
the exponent 7. is measured to be -1.60, which differs significantly
from the Fisher exponent of two-dimensional percolation, T = 187/91.
This deviation signals a breakdown of the standard hyperscaling rela-
tion in Eq. (3). Moreover, we find that the amplitude of n(G, V, r)
exhibits explicit dependence on the system size V, rather than
remaining constant as in the conventional cluster-size distribution.
Motivated by these observations, we propose the generalized scaling
form*,

n(G,V,r)=nyV*G n(G/V¥), ©)

which reduces to the standard cluster-size scaling form in Eq. (2)
when k = 0.

We now examine the origin and values of the exponents x and z..
Our central assumption is that large gap events are dominated by
contributions arising within the critical window, whose width scales as
O(V~Y"). This assumption can be justified by comparing contributions
from different regimes of the percolation process. When the system is
far from criticality, ¢ = r.— r= O(1), the largest cluster remains small, and
its growth increments are bounded by O (In V). In this regime, the
probability that a newly added bond contributes to the growth of the
largest cluster scales as 1/V, implying a negligible contribution. As the
bond occupation approaches criticality according to t - V*with A <1/v,,
the largest cluster grows as V1% Consequently, the gap-size density
scales as,

n(G, V)~ V*/I'Hll/ldffl - V*(/l*'lf/ll/ldf). (6)

For all A < 1/v;, the exponent (A + 1 - Awidp exceeds k, indicating that
contributions from outside the critical window are subdominant.

Within the critical window, the scaling parameter satisfies A = 1/v;.
In this regime, the gap-size distribution follows,

nG,V,r)~ v g @)
which yields,
K= 1 +1-d ©)
v £

Based on this result, the requirement that the number of gaps of order
O(V%) remains finite leads to a modified hyperscaling relation,

1-«k 1
=1+ =) __~ =9 _
7.=1 d, nd, 2-o0, 9)

where o= (z/ldf)’1 is the critical exponent governing the divergence of
the characteristic cluster size in the cluster-number density rn(s).
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Fig. 3 | Temporal self-similarity of the gap-size distribution n(G, V, r) in critical
and supercritical regimes. a Evolution of the rescaled largest cluster C as a
function of bond occupation probability r for bond percolation on a square lattice
of volume V = 1282 Vertical dashed lines indicate three regimes: subcritical

(r = 0.45), critical (r = ry), and supercritical (r = rg). b-d Representative configura-
tions at each regime, with the largest cluster shown in red. e-h Critical gap-size

distribution n(G, V, r;) versus gap size G in log--log scale for four network models:
two-dimensional lattice (2D), Erdés-Rényi (ER), random regular (RR), and scale-free
(SF, y = 3.5). i~ Corresponding distributions n(G, V, rg) in the supercritical regime.
Insets in (e-1) show data collapses of n(G, V, r) guided by Eq. (5). The good collapse
in each panel supports the conjectured scaling relations given in Egs. (5), (3),

and (9).

For 2D percolation, this relation predicts 7. = 2 - 0 = 146/
91 = 1.604..., in excellent agreement with the numerical measure-
ments. To further refine the estimate of 7., we compute the total
number of gaps, Ng = VY sn(G, V) at r = r;, which is expected to scale as
Ng ~ V"™ according to Eq. (5).

Our numerical results indeed yield Ng -~ V'™ with k = 0.41(1), cor-
responding to 7. = 1.62(1). As shown in the inset of Fig. 3e, rescaling
n(G,V,r)V*G* against G/V¥ produces an excellent data collapse,
providing strong support for the proposed scaling form. In contrast, at
full bond occupation r = rr = E/V (Fig. 3i), the gap-size distribution is
characterized by a power-law exponent 7, = 2.05, while the amplitude
no becomes independent of the system size, implying x = 0. In this
limit, the modified hyperscaling relation in Eq. (9) reduces to the
conventional hyperscaling relation in Eq. (3). As a result, the exponent
7,, which characterizes temporal gap statistics in the supercritical

regime, coincides with the Fisher exponent 7 describing spatial self-
similarity of critical clusters. This correspondence is further confirmed
by the second moment of the gap-size distribution, S, = ¥;G’n(G, V),
which is expected to scale as S, ~ V3T,

We next extend the analysis to other model-generated networks,
including ER, random regular (RR), and SF networks with degree
exponent y = 3.5, and results for other y values are shown in Supple-
mentary Fig. 4. Theoretical prediction of percolation critical exponents
on SF networks is presented in the Method. Compared with the 2D
lattice, ER and RR networks introduce increasing levels of structural
randomness, while SF networks further incorporate strong topological
heterogeneity through broad degree distributions. Following the same
analytical procedure, we observe qualitatively identical scaling beha-
vior of the gap-size distribution across all network classes, as shown in
Fig. 3. The plots of N and S, are presented in Supplementary Fig. 3,
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Table 1| The critical exponents t. and t5 of the gap-size dis-
tribution at criticality and supercriticality

K T df Ts

2D 0.41(1) 1.62(1) 0.947 9(2) 2.055(1)
2/91 146/91 91/96 187/91

ER 0.668(2) 1.498(4) 0.666(4) 2.499(5)
2/3 3/2 2/3 5/2

RR 0.667(2) 1.500(3) 0.666(2) 2.499(5)
2/3 3/2 2/3 5/2

SF 0.600(2) 1.664(4) 0.602(2) 2.661(6)
3/5 5/3 3/5 8/3

For each network, the first row is the estimate from numerical simulation, and the second row is
the theoretical prediction. The Fisher exponents 1, and 1, are derived from the FSS analysis of Ng
and S,, respectively, and other exponents can be derived from the hyperscaling relations Eq. (3)
and Eq. (9).

and the corresponding estimates of the critical exponents are sum-
marized in Table 1. Remarkably, despite substantial differences in
microscopic topology, the exponent 7, consistently coincides with the
standard Fisher exponent 7 of the corresponding percolation uni-
versality class. This agreement demonstrates that the supercritical gap
statistics preserve classical universality across diverse network models.
In contrast to the typical method, which requires both the exact value
of the critical threshold and the cluster number density to extract the
Fisher exponent, our approach can directly determine the exponent z
in any supercritical regime using only the gap-size distribution.

An important advantage of the dynamic gap-scaling framework is
that it enables the extraction of two independent critical exponents, 7,
and 1, without requiring precise knowledge of the percolation
threshold. In particular, the exponent 7, can be robustly obtained
solely from the supercritical regime, where the largest connected
component is already established. This feature is especially relevant
for real-world systems, in which the critical point is often inaccessible
or ill-defined. Here, the two Fisher-type exponents 7. and 7, should be
understood as two independently measurable gap-based descriptors,
rather than as new fundamental exponents outside standard scaling
theory. They are obtained from two distinct regimes of the gap-size
distribution: 7. characterizes the critical regime near r = r;, whereas 7
characterizes the supercritical regime at r = r.. Through the scaling
relations derived below, these exponents provide a compact gap-
based parametrization of conventional critical behavior and offer a
practical route for inferring universality classes from gap statistics.

To elucidate the physical origin of the two distinct exponents, we
consider the dynamical evolution of gap formation throughout the
percolation process. As the bond occupation probability increases, the
largest connected component grows through a sequence of merging
events whose statistics depend strongly on the proximity to criticality.
In the subcritical phase (r < r.), clusters remain small and disconnected.
Both the size of the largest cluster and the magnitude of its growth
increments are bounded by O(In V), leading to a limited number of
significant gap events, with N ~ O(1). At this stage, the probability that
a newly added bond contributes to the growth of the largest cluster
scales as 1/V, so only a few bond additions produce noticeable changes
in C. As the system approaches the critical point, entering the critical
regime, both the size of the largest cluster C and the typical gap
magnitude G increase sharply from O(InV) to O(V¥). This rapid growth
is accompanied by a dramatic increase in the number of gap events,
with N rising from O(1) to O(V™). In this regime, bond additions are
increasingly likely to trigger macroscopic merging events, reflecting
the emergence of long-range correlations and the onset of critical
behavior. In the supercritical phase (r > r.), the largest connected
component spans the entire system and occupies a finite fraction of all
nodes. As a consequence, nearly every newly added bond contributes

to its growth, leading to Ng ~ O(V). However, the incremental increase
in cluster size becomes progressively smaller, preventing further
growth of the cut-off scale in the gap-size distribution. As a result, the
system enters a saturated regime in which gap formation remains
frequent but no longer generates large fluctuations.

These dynamical regimes are directly reflected in the numerical
gap-size distributions shown in Supplementary Fig. 2, which clearly
distinguish subcritical, critical, and supercritical behavior. Taken
together, the sharp increase of both the largest cluster size and the
number of gap events near criticality, followed by saturation in the
supercritical phase, encodes the intrinsic dynamics of the percolation
transition. This structure naturally gives rise to two independent
scaling exponents, enabling a dynamic characterization of universality
beyond traditional static approaches.

Percolation on real-world networks

A central advantage of the gap-size distribution is its ability to char-
acterize critical phenomena in percolation and related complex systems
through dynamic statistics rather than static configurations. The two
Fisher-type exponents, 7. and t;, are independent and together form a
complete set of critical descriptors, from which other standard critical
exponents can be derived through scaling relations rooted in RG theory.
Importantly, the estimation of 7. and 7, does not require prior knowl-
edge of the critical threshold r. and is independent of system size,
thereby circumventing the limitations of traditional FSS approaches.
This feature makes the method particularly suitable for real-world net-
works, where only a single system realization is typically available.

We apply the framework to bond percolation on a diverse set of
real-world networks and analyze the gap-size distribution n(G, V, r)
evaluated at the location of the largest gap r; and at full bond occu-
pation r = re. Compared with model-generated networks, real systems
exhibit far greater structural complexity and heterogeneity. As illu-
strated in Fig. 1, different real-world networks possess markedly dis-
tinct topological characteristics. For example, social networks often
contain highly connected hubs, resembling SF structures, whereas
road networks display narrow degree distributions constrained by
spatial embedding, similar to planar lattices. Recent studies on mod-
ular interacting infrastructures and multimodal transport systems
further show that interconnected design can either mitigate or amplify
critical fragmentation, depending on coupling architecture and flow
constraints*".

Using the network datasets compiled in Ref. 43, we perform
percolation simulations on networks drawn from a broad range of
domains, including biological, citation, coauthor, interaction, recom-
mendation, social, scientific computing, road, and gene networks.
Detailed structural information for each system is summarized in
Supplementary Table 2. Figures 4a-i show the resulting gap-size dis-
tributions n(G, V) as functions of gap size G for bothr=r,andr=rrona
log-log scale.

Despite their strong structural differences, all real-world networks
exhibit gap-size distributions with clear power-law regimes, analogous
to those observed in model-generated systems. The distributions fol-
low different scaling exponents across networks, reflecting intrinsic
structural diversity. Because large gap events are concentrated near
criticality, the distributions evaluated at r = r; and r = r¢ collapse onto
each other in the large-G regime. Reference power-law lines, shown as
red and blue dashed lines in each panel, illustrate the scaling behavior
and demonstrate excellent agreement with the numerical data. To
quantify these observations, we perform least-squares fitting of the
data of n(G, V, r) to extract the critical exponents 7. and 7, (see
“Method” for details), with the results summarized in Table 2. Across
all real-world networks considered, the exponents satisfy the bounds
T, € [2, 3) and 7. € (1, 2], consistent with theoretical constraints. Each
network is therefore characterized by a distinct pair (7., 75), which
serves as a compact descriptor of its fragmentation dynamics.
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Fig. 4 | Universality classes of percolation on real-world networks character-

ized by a pair of independent critical exponents (7, 7). a-i Gap-size distribution
n(G, V) versus gap size G plotted on log-log scale for nine real-world networks: (a)
biology, (b) coauthor, (c) citation, (d) interaction, (e) recommendation, (f) social,
(g) scientific computing, (h) road, and (i) gene networks. The detailed information

Te

of these real-world networks is shown in Supplementary Table S2. In each panel, the
power-law exponents of n(G, V, r) at r; and rr are denoted as 7. and 7, respectively.
j Relation between 7. and 75 across different networks. The gray dashed line indi-
cates the universality class for scale-free networks with y>3. The obtained Fisher
exponents 7. and 7, for all real-world networks are summarized in Table 2.

Through the hyperscaling relations in Egs. (3) and (9), the fractal
dimension dr and correlation-length exponent v; can be obtained
directly from the measured values of 7. and 7,. Consequently, all other
standard critical exponents follow from established scaling relations.

-1— L—-
ﬁ (1 df)l/l 2_.[.C’

For instance, the order-parameter exponent,

2 (10)
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Table 2 | The critical exponents t. and T, for the gap-size distribution n(G, V, r) for r = r; and r = rg in various real-world networks

Biology Social Road Citation Coauthor Interaction Recommendation Scientific Gene
Computing
Te 1.70(1) 1.69(1) 1.77(2) 1.83(2) 1.83(1) 1.63(1) 1.62(2) 1.75(3) 1.70(5)
% 2.76(1) 2.67(3) 2.11(3) 2.82(2) 2.79(3) 2.55(3) 2.56(3) 2.48(2) 2.51(1)
di=rhy 0227, B= 32 y= 3 v= i n=2-

The estimates of the Fisher exponents are obtained from the least-squares fit to n(G, V, r) (see “Method” for details). Other common critical exponents derived via scaling relations from 1, and 15 are

presented in the final row.

characterizes the asymptotic scaling behavior of the largest connected
component near the percolation transition. This procedure provides a
new quantitative perspective for describing network structure and
resilience, in which dynamic fragmentation statistics encode universal
information traditionally accessible only through idealized FSS ana-
lyses. The full set of derived critical exponents for the real-world
networks is reported in Table 2.

In Fig. 4(j), we summarize the landscape of universality classes by
plotting 7, versus 7. The gray dashed line indicates the theoretical
universality class of SF networks with degree exponent y € [3, 4), for
which the relation 7, = 7. + 1 holds via prediction of critical exponents
from uncorrelated SF networks** (see “Method”). Notably, most real-
world networks cluster closer to the universality class of SF networks
than to that of high-dimensional lattice systems. This tendency is
particularly pronounced for social, citation, and recommendation
networks, whose degree distributions are broadly heterogeneous and
often exhibit scale-free characteristics. However, although many
empirical networks possess degree exponents in the range y € (2, 3),
for example, the recommendation network analyzed above has y = 2.5,
their measured critical exponents (7., 7,) deviate significantly from the
values predicted by idealized model-generated SF networks. This dis-
crepancy highlights that real systems cannot be fully characterized by
degree distributions alone. Recent studies have shown that the effec-
tive structure of complex networks and clustered core-periphery
organization can substantially reshape percolation behavior even
when degree statistics appear similar*>*®. Instead, higher-order struc-
tural features, such as meso-scale modularity, tight-knit communities,
and hierarchical core-periphery structures, can substantially alter the
pathways of connectivity loss, leading real-world networks to cluster
into distinct universality classes.

Interestingly, the empirical networks considered here appear to
occupy a constrained region of the (r., 7;) plane. Road networks lie
close to the low-dimensional region, consistent with their spatial
embedding and relatively narrow degree distribution, whereas many
social, citation, and recommendation networks lie closer to the region
occupied by heterogeneous SF networks. Moreover, few empirical
systems extend substantially beyond the broad envelope traced by SF
networks with different degree exponents. This observation suggests
that common structural constraints in real-world networks, such as
sparsity, degree heterogeneity, clustering, assortativity, spatial
embedding, and growth mechanisms, may restrict the accessible
region of universality classes. Whether this envelope represents a
general constraint on empirical network universality remains an
interesting question for future work.

Further, the location of a system in the (7., 75) plane has a direct
physical interpretation. Since 7, coincides with the Fisher exponent 7,
larger values of 7, correspond to a narrower critical cluster-size dis-
tribution, whereas smaller values indicate broader cluster statistics. By
contrast, 7. = 2 — g, where o controls the divergence of the character-
istic cluster size; larger 7., corresponding to smaller o, indicates
stronger fluctuations and more pronounced multiscale organization.
This interpretation is consistent with the positions of model systems in
Fig. 4(j): low-dimensional lattices exhibit relatively large 7. and smaller

7, reflecting strong fluctuations and broad cluster distributions,
whereas high-dimensional and random-graph-like systems display
smaller 7. and larger 7,, consistent with more mean-field-like behavior.
SF networks occupy a distinctive region in which both exponents can
be large, suggesting a combination of heterogeneous cluster statistics
and strong fluctuation effects. This perspective helps explain why FSS
in SF networks can be particularly rich and sensitive to structural
details such as the degree exponent and cutoff.

Moreover, the critical exponents extracted from real-world net-
works are not artifacts of specific modeling assumptions, but instead
reflect intrinsic structural properties of the underlying systems. Net-
works that share similar topological organization exhibit consistent
values of (7, 1), thereby belonging to the same universality class. This
robustness is illustrated in Supplementary Fig. 6, where multiple
Facebook network subsets drawn from Ref. 43 are analyzed indepen-
dently. Despite substantial differences in network size, density, and
community composition, the critical exponents obtained from these
distinct social systems converge to nearly identical values, demon-
strating the stability of universality classification across heterogeneous
realizations.

Beyond static network structure, the dynamic scaling framework
introduced here further enables characterization of time-evolving
systems. We apply the method to temporal journal citation networks",
in which networks are constructed from citation records over suc-
cessive decades. As shown in Fig. 5, percolation data derived from
networks corresponding to different time intervals collapse onto a
single universal scaling curve with high precision. This result indicates
that citation networks across time belong to the same universality
class, despite continuous growth and structural evolution.

Discussion

In this work, we develop a dynamic framework for percolation on
complex networks that reveals previously inaccessible universal fea-
tures of fragmentation processes. By analyzing the gap-size statistics
arising during the growth of the largest connected component, we
uncover temporal self-similarity in both the critical and supercritical
regimes. This behavior is characterized by two independent Fisher-
type exponents, 7. and 7, which can be related to other common
critical exponents through the scaling relations 7,=2-cand 1, =1+1/
dy, respectively. These exponents form a complete set of descriptors
from which the remaining standard critical exponents can be derived
through established scaling relations. As a result, the universality class
of percolation can be determined for both model-generated and real-
world networks, even when only a single system size is available and
the critical threshold is unknown. Notably, the present framework
builds on the previous largest-gap approach®, but moves beyond it by
shifting the object of analysis from a single extreme-event observable
to the full statistical ensemble of growth gaps. While the largest gap
provides an effective indicator of the pseudocritical point, the full gap-
size distribution captures the statistics of growth events over the
percolation trajectory. This distribution-level generalization reveals
temporal self-similarity and enables the regime-based gap exponents
(t,, 1) to serve as practical descriptors of universality classes,
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are estimated as (7., 75) = (1.75(3), 2.57(2)), while the remaining exponents are
derived via the scaling relations given in Eq. (3) and Eq. (9). The inset
demonstrates a high-quality data collapse, confirming that percolation on
these temporal networks belongs to the same universality class.

especially for empirical networks where conventional finite-size scal-
ing analysis is difficult to implement.

The effectiveness of this dynamic approach originates from three
key factors. First, by resolving the full percolation trajectory rather
than isolated configurations, our framework continuously char-
acterizes connectivity changes across the entire occupation range,
from r= 0 to r = rg (fully occupied). Second, growth gaps of the largest
connected component serve as highly sensitive probes of critical
behavior, capturing the emergence of macroscopic connectivity. The
locations of large gaps accurately identify pseudocritical thresholds,
whereas their magnitudes and frequencies encode information about
the system’s fractal dimension and the width of the critical window.
Third, the self-similar scaling structure of the gap-size distribution
n(G, V, r) allows critical properties to be extracted from a broad
ensemble of intermediate gap events, rather than relying exclusively
on extreme fluctuations.

Beyond standard percolation, our framework exhibits consider-
able generality. As demonstrated in Supplementary Fig. 5, similar
dynamic scaling behavior arises in explosive percolation on Erdos-
Rényi networks, despite the markedly different nature of the
transition'***5-2, These results suggest that gap-based scaling captures
fundamental dynamical features of connectivity transitions that extend
beyond classical continuous percolation models. While the present
study focuses on single-layer networks with pairwise interactions, the
framework can be naturally generalized to more complex interaction
structures. Recent studies have shown that higher-order interactions
can turn percolation into a genuinely dynamical process”, while
feature-enriched and adaptive networks can substantially reshape cri-
tical thresholds and fragmentation pathways”*. Potential extensions
therefore include higher-order networks and triadic interactions®~
and multilayer or multiplex systems*™¢, where critical phenomena
often emerge from the interplay between multiple interaction chan-
nels. Recent work on systemic cascades has revealed hybrid uni-
versality classes beyond classical expectations®, abrupt transitions
driven by internal random cascading mechanisms in interdependent
systems”, and percolation transitions in non-ideal physical systems
such as entangled granular networks™. These developments suggest
that dynamic scaling may provide a general route for identifying uni-
versality classes in complex systems where conventional renormaliza-
tion or finite-size approaches are difficult to implement.

More broadly, this dynamic scaling perspective provides a
useful mathematical bridge between statistical physics and the
prediction of real-world catastrophic transitions. Many critical
earth and ecological systems exhibit abrupt structural collapses
driven by cumulative localized failures, yet they often lack perfect

replicas or well-behaved control parameters. Representative
examples include ecological fragmentation in coastal and tropical
forest systems®*’, the catastrophic melting of Arctic sea ice®’, and
dynamical percolation transitions in urban traffic and climate
networks®®". Data-driven dismantling and early-warning analyses,
together with recent evidence of nucleation-driven collapse in
spatial k-core systems, further emphasize the need for dynamic
diagnostics beyond static observables®>®*, In these highly critical
contexts, our gap-based dynamic framework offers a tractable,
rigorously grounded diagnostic tool to quantify resilience loss
and anticipate systemic reorganization. By decoding the temporal
footprint of structural merging, this approach extends the pre-
dictive power of statistical mechanics to empirical complex
systems.

Dynamic gap scaling offers a unified and scalable framework for
diagnosing universality in complex systems. By leveraging temporal
information encoded in growth processes, this approach extends
universality analysis from idealized models to empirical and evolving
networks, opening new avenues for understanding critical transitions
in heterogeneous systems.

Methods

Theoretical prediction of percolation critical exponents on the
SF networks

For uncorrelated SF networks with degree exponent y € [3, 4), the
standard percolation exponents are**

(€8]

o=Y—"2

11
- an

N

In the present gap-exponent representation, the supercritical expo-
nent satisfies 7, = 7, whereas the critical-regime gap exponent satisfies
7. = 2 - 0. Therefore,

_,_¥y=3_y-1
=2- 5Ty 12)
and
2y-3
TS=7y_2 =7.+1 13)

Thus, the SF reference line in the (z, 7,) plane follows directly from
known SF percolation theory, expressed in the gap-statistics notation
used in this work.
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Simulation
We simulate percolation using the Newman-Ziff algorithm* combined
with a union-find data structure, which enables efficient tracking of
cluster merging during the dynamic addition of bonds. Bonds are
added sequentially, and the size of the largest connected component is
recorded at each step of the percolation process.

At each bond-addition step T, we record the unnormalized and
normalized growth gap of the largest connected component,

G(M)

G(T)=C(T)—-C(T -1, A(T)= v (14)

where C(7) is the size of the largest connected component after T
bonds have been occupied and V is the system volume. For the mth-
largest gap, its location is defined as r,,, = T,,,/E, where T, corresponds
to the step at which the gap 4,,, occurs and E is the total number of
edges. The corresponding largest cluster size is given by C,, = C(T},).
This dynamic percolation process is demonstrated in the Supplemen-
tary Movie 1.

In addition, we also record all unnormalized growth gaps of the
largest connected component and construct the gap-size distribution
n(G, V, r) over the percolation process, which is defined as the gap
number density during the bond-adding process with bond fraction
from O to r with given unnormalized gap size G. Here, we note that the
ordered largest-gap analysis in Fig. 2 uses the normalized quantity 4,,,
whereas the gap-size distribution n(G, V, r) is constructed from the
unnormalized gap size G. Under this convention, the cutoff of n(G, V, r)
scales as G ~ O(V).

For simulations on various networks, bonds are stored using a
linked-list data structure rather than an adjacency matrix, which sub-
stantially reduces memory requirements and allows simulations of
large systems. Random-regular and scale-free networks are generated
via the configuration model. All real-world networks are sourced from
publicly available datasets***’. Each network is treated as unweighted,
with self-loops and multiple edges removed during preprocessing. The
structural properties of the processed networks are summarized in
Supplementary Table S2. For system sizes V > 10°, more than 10°
independent realizations are generated, while for V < 109, at least 10°
realizations are used to ensure statistical convergence.

Data analysis

To extract the critical exponents 7. and 7, we perform a nonlinear
fitting via the Levenberg-Marquardt algorithm. For model-generated
networks, where multiple system sizes are available, the exponents 7,
and 7, are estimated through FSS analyses of the total number of gaps
Ng = VYsn(G, V, r) at r; and the second moment of the gap-size dis-
tribution S, =Y ;G*n(G, V, r) at rr, respectively. Systematic uncertainties
are assessed by employing multiple fitting forms and comparing the
resulting exponent estimates. In contrast, for empirical networks,
where only a single system size is typically available, conventional FSS
analysis cannot be performed. We therefore estimate 7. and 7, directly
from the power-law regimes of n(G, V, ;) and n(G, V, rg), respectively.
The fitting is restricted to the intermediate scaling range, and the
uncertainties are estimated by varying the fitting interval.

Details for Fig. 1

The resilience curves shown in Fig. 1a are obtained from Monte
Carlo simulations of bond percolation on two-dimensional lattices
with system volume V = 1024% Different curves correspond to
distinct lattice geometries, including square, triangular, and hex-
agonal lattices. For these planar lattices, the exact critical thresh-
olds are known and can be derived from duality and star-triangle
relations®*. For Fig. 1b and Fig. 1c, the normalized size of the largest
connected component, denoted as C, is calculated using the self-
consistent equations of the generating function formalism®. In

Fig. 1b, the curves correspond to Erdds-Rényi networks with mean
degrees (k) = 3, 4, and 6, respectively. The associated critical
thresholds are given by g. = 1 — 1/(k). For scale-free networks
shown in Fig. 1(c), the average degree cannot be prescribed
directly. Instead, networks are generated by fixing the minimum
degree, while the maximum degree is set to k,, =100 for all rea-

lizations. The critical threshold is calculated from q,.= (kz()k—><k)'

Details for Fig. 3

In Fig. 3a, the rescaled size of the largest connected component, C, is
obtained from a single realization of bond percolation on a two-
dimensional square lattice with system volume V = 1282 Figures 3b-d
show the corresponding network configurations at bond occupation
fractions r = 0.45, 0.5, and 1.0, respectively.

Details for Fig. 5

The temporal networks shown in Fig. 5 are constructed from the
Journal Citation Network dataset reported in Ref. 47. Networks of
increasing size correspond to citation records aggregated over suc-
cessive time intervals: 1900-1909, 1919-1928, 1938-1947, and
1952-1961, respectively.

Data availability

The empirical networks used in this work are included in the GitHub
repository (https://github.com/hopeless66274/Network_Universality_
Class.git)® and originate from Refs. 43,47.

Code availability

The Fortran and Python codes used for the analysis are available on
GitHub (https://github.com/hopeless66274/Network_Universality
Class.git)®.
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