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detection can be formulated as recognizing communities of nodes,
such that there are significantly more connections within commu-
nities than between them—a situation akin to k-means clustering
concerning between- and within-variances. Actually, each commu-
nity joins the related states of the system based on the similarity
measure Eq. (4). Therefore, dividing the network into communities
allows matching each state to a certain type of behavior.

To detect the communities, we use an approach suggested by
Newman,” in which the best division of the network maximizes
a special cost-function called modularity. For a given division, the
modularity measures the difference between the fraction of edges
falling within the communities and the same fraction expected from
a network with randomly distributed connections, regardless of the
division. This random network is assumed to have the same number
and degrees of nodes as in the analyzed network. Since elements of
the matrix R can only take 0 or 1, the expected value of R; in a net-
work with random connections equals to the probability to find an
edge between nodes i and j. This probability is estimated as k;k;/2m,
where m = 1 Zf\il ki, and represents the total number of edges in
the network. The modularity is then expressed as
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with g = 1 if nodes i and j belong to the same community and 0
otherwise. Here, the matrix R; represents the deviation of R from
the expected adjacency matrix of a random network.

An elegant way to find the communities maximizing Eq. (6)
was proposed in Ref. 19. The approach is based on iteratively split-
ting each community into two communities so that each split must
provide the maximal positive increment of the whole network mod-
ularity, until indivisible communities are obtained. Let us consider a
particular community H—a subset of nodes of our network—which
we wish to split. If we are, for example, at the starting point of the
algorithm, then H is the whole set of nodes indexed byi=1,...,N.
Splitting H into two groups can be represented by a vector s (clas-
sifier or indicator), whose elements s; = —1 for the first group and
s; = 1 for the second. Note that the dimension of s is the size iy of
H. It can be shown that the increment AQ of the whole network
modularity, after this split, takes the form,
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where R is the submatrix of R = (Ej) obtained by selecting
the elements of R with the indices i, jeH, §is the Kronecker
delta, and WOWT is the eigendecomposition of the matrix B, with
© = diag(6y, . . .6 -1). Accordingly, the problem of splitting H
boils down to finding the classifier (or indicator) vector s consisting
of numbers 1 and —1 that maximizes the quadratic form [Eq. (7)],
which is equivalent to maximizing the dot product of s with the
eigenvector wy of the matrix B corresponding to its largest eigen-
value 6. The exact solution is the vector s with components s; having
the same sign as the corresponding components wy; of the lead-
ing eigenvector w, of B. If matrix B has positive eigenvalues, two
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new communities defined by the vector s will emerge, provided that
AQ > 0. Otherwise, if there are no positive eigenvalues in B, its
largest eigenvalue is always zero, since one of the properties of this
matrix is the zero sum over each row or column. In this case, all
components of the leading eigenvector have the same value, which
means that all s; are also the same, ie., H is no longer divisible.
The described splitting process of the network communities can
continue until the AQ > 0 condition is violated for each current
community.”*

In addition to the indicator or classifier vector s, useful infor-
mation about the structure of the resulting communities is also
provided by the leading eigenvector wy. As it can be seen from
Eq. (7), the absolute value of wy; measures the contribution of
the ith element to the modularity of the network, i.e., the gain in
modularity from the inclusion of the corresponding node in the
community. The number |wy;| is referred to as the centrality of
the corresponding node in the resulting community, and, there-
fore, for each community, we get a vector of centralities. In terms of
interpretation in connection to the atmospheric circulation regime
detection, the large centrality of some node k of the network indi-
cates that the corresponding spatial pattern x; is similar to a large
number of other patterns belonging to the same community and
represents, therefore, a typical pattern for the regime associated with
this community.

The main advantage of Newman’s method described above is
that it provides an efficient and elegant way to cluster the network
into communities without any prior information on their size and
number using simple matrix calculations. This is particularly conve-
nient in climate data analysis where the set of regimes is not known
in advance and the problem of the data-driven identification comes
to the forefront. The suggested method of decomposing the analyzed
time series allows us to label the states of the system in the space
of the leading kernel PCs in accordance with the detected commu-
nities. As a result, looking at the labeled/marked states in the KPC
space, we can easily select a number of leading KPCs that provides
clear separation of the communities (see the results below and a sim-
ple example in the Appendix). Further, the selected KPCs can play
the role of dynamical variables that describe the sporadic switching
of the system trajectory between the dynamical circulation regimes.

C. Studying dynamical properties of the regimes

The adjacency (recurrence) matrices of the partitioned recur-
rence networks can be analyzed using RQA.*' Each regime-specific
recurrence plot (RP) can be regarded as a particular subset of the
full RP constrained by the community labels. In order to compare
the dynamical properties of the different regimes, RQA is carried
out separately for each regime-specific RP.

A simple quantifier for the overall intrinsic similarity of an
atmospheric regime can be defined by the ratio of total recur-
rences in the regime-specific RP relative to the (squared) time
that is spent in the respective regime, i.e., recurrence rate RR,
RR=}, . R; /N?. In traditional RQA, the statistics of diagonal and
vertical line structures are studied to characterize the predictabil-
ity and intermittency of a system. Diagonal lines in an RP reflect
time periods during which two segments of the phase space trajec-
tory evolve in parallel, indicating deterministic and well-predictable
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