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ABSTRACT

Correlation analysis serves as an easy-to-implement estimation approach for the quantification of the interaction or connectivity between
different units. Often, pairwise correlations estimated by sliding windows are time-varying (on different window segments) and window size-
dependent (on different window sizes). Still, how to choose an appropriate window size remains unclear. This paper offers a framework for
studying this fundamental question by observing a critical transition from a chaotic-like state to a nonchaotic state. Specifically, given two
time series and a fixed window size, we create a correlation-based series based on nonlinear correlation measurement and sliding windows
as an approximation of the time-varying correlations between the original time series. We find that the varying correlations yield a state
transition from a chaotic-like state to a nonchaotic state with increasing window size. This window size-dependent transition is analyzed as a
universal phenomenon in both model and real-world systems (e.g., climate, financial, and neural systems). More importantly, the transition
point provides a quantitative rule for the selection of window sizes. That is, the nonchaotic correlation better allows for many regression-based
predictions.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0134944

Complex connections between different units can be simply
approximated by correlation analysis between corresponding
time series. When the complete information (the entire time
series) is considered for analysis, dynamic connections are aggre-
gated into a single value, reflecting the overall macro linkage.
When segmented information (a sliced time series) is combined
with sliding windows, the underlying dynamic connections can
be approximated by time-varying correlations. Intuitively, the
longer the segments are, the more likely to capture cyclic behav-
ior. A typical example is that in climate science, large-scale cli-
mate phenomena, such as seasonal changes induced by the annual
cycle of solar radiation, are not observable on the timescale of

diurnal cycles. Similarly, for correlation analysis, choosing a suit-
able window scale to capture the necessary patterns hidden in the
time series is fundamental; yet, how to do so is unclear. We intend
to address this issue in our work.

I. INTRODUCTION

Correlation analysis based on time series is a fundamen-
tal approach for studying the underlying mechanisms in various
real-world systems, including life science, ecological, climate, and
financial systems.1�5 For example, asset correlation is often selected
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as a basic indicator in financial markets where positively correlated
assets have a poor ability to hedge risk.6 Furthermore, correlation-
based networks have been widely used in many fields.7�9 However,
we often find unequal or even opposite correlation relationships
(e.g., Pearson coefficient values) of the same variables using data
from different periods. Moreover, some inconsistent findings are
identified on different scales (sampling rates, e.g., daily, weekly, and
monthly observations), even using the same variables from the same
periods. Generally, in a nonlinear system, variable correlations are
often not constant but time-varying. Scholars usually use the sliding
window framework to capture the varying correlations between time
series, in which pairwise correlations are calculated on continuous
window segments.10,11 Often, the window size is chosen empirically
or simply assigned a larger value to ensure that the underlying pat-
terns can be captured.12 Instead, this work intends to provide a
quantitative selection rule for it. To this end, an intuitive approach
is to analyze how different window sizes affect the dynamics of the
approximated varying correlations.

Specifically, given two time series and a fixed window size,
we create a correlation-based series based on pairwise nonlinear
correlations (e.g., mutual information) from continuous window
segments. This correlation-based series approximately embeds the
dynamics of correlations between the original two time series under
a specific window size, which enables the indirect detection of the
dynamics of variable correlations via the correlation-based series.
Moreover, similar to generic time series, correlation-based series
can be investigated using many traditional time series analysis
tools. This enables us to study the window size-dependent dynam-
ics of variable correlations through their correlation-based series.
Correlation-based series with different window sizes will show quite
different dynamics. Taking a two-species ecological system as an
example13 [see Eq. (1) and Fig. 1(a)], we estimate its correlation-
based series with different window sizes; see Figs. 1(b) and 1(c).
Notably, the correlation-based series with a window size of 100
[Fig. 1(b)] exhibits lower complexity and is more regular than that
with a window size of 10 [Fig. 1(c)],

X.t C 1/ D X.t/[3.8 � 3.8X.t/ � 0.02Y.t/],

Y.t C 1/ D Y.t/[3.5 � 3.5Y.t/ � 0.1X.t/].
(1)

The correlation-based series from nonlinear systems shows
varying magnitudes of complexity on different window sizes.
According to information theory, short series contain less informa-
tion and show higher uncertainty.14 Thus, short window segments
contain less information, leading to large variations in the mea-
sured correlations from continuous segments. This may lead to
correlation-based series with shorter windows having higher com-
plexity than those with longer windows. One can speculate that (1)
the decrease in complexity from a high to a low level with increasing
window size may be a universal phenomenon in various real-world
systems and (2) this transition in complexity may be useful for
quantitatively choosing the window size.

Thus, we can detect the influence of window size on variable
correlations via the complexity of the correlation-based series. The
complexity can be measured by the largest Lyapunov exponent,
which identifies the chaotic behaviors by quantifying the exponen-
tial divergence of initially close state-space trajectories.15 Chaotic

behavior suggests that small differences in initial conditions can
yield widely diverging outcomes for a dynamical system, rendering
long-term prediction of its behavior impossible in general.15 In this
work, our objective is to determine whether the correlation-based
series shows chaotic behaviors under short windows and whether
there exist transitions from chaotic states to nonchaotic states with
increasing window size. The state transitions of the correlation-
based series may facilitate the selection of a suitable window size for
capturing the varying correlations in a complex system.

In this work, we propose a data-driven framework to resolve to
the above issues. Our framework has roots in measuring the com-
plexity of varying correlations concerning the window size. Specif-
ically, we aim to find a window size-dependent state transition of
varying correlations from the time series. Several benchmark mod-
els and real-world systems are employed in this work. The results
show a universal phenomenon in which the varying correlations
experience a critical transition from a chaotic-like state to a non-
chaotic state under a specific window size. Hopefully, the transition
points can be considered appropriate values in practical scenarios
for sliding windows.

The remainder of this paper is organized as follows. Section II
describes the methods. In Sec. III, we detect the window size-
dependent transitions for both model and real-world systems.
Section IV discusses the results and their implications. Section V
summarizes our main findings.

II. METHODS

To uncover the window size-dependent state transitions of
correlations between time series, our framework has three steps:

A. Step 1: Embedding the pairwise correlations into a
correlation-based series using sliding windows

Given two time series X.t/ and Y.t/ (t D 1, : : : , L, where L is the
length of the series), we use sliding windows to obtain k segments by
sliding 1 step (sliding other numbers of steps is discussed in Sec. III).
The total number of segments k is obtained as

k D L � m C 1, 0 < m � L, (2)

where m is the window size. Since a window size that is too short
is not suitable for calculating the window-wise correlation, we start
with m D 10.

For each window segment, we measure the nonlinear correla-
tions between two variables, i.e., mutual information. The mutual
information is expressed as2

R.X.t/, Y.t C d// D
X

uv

p.u, v/ log
p.u, v/

p.u/p.v/
,

d is a nonnegative integer, (3)

where p.u/ is the probability density function of the time
series X.t/ and p.u, v/ is the joint probability density func-
tion of X.t/ and Y.t C d/. We use a simple histogram tool
with equally sized bins to estimate the probability densities.
The mutual information R.X.t/, Y.t C d// can be interpreted as
the excess amount of information generated by falsely assum-
ing the two time series X.t/ and Y.t C d/ to be independent. By
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FIG. 1. Correlation-based series from the ecological system [Eq. (1)]. The original discrete series (populations of species X and Y), where the initial values are X.0/
D Y.0/ D 0.4 and the output series has a length of 1000. (b) and (c) The correlation-based series between variables X and Y with window sizes of 10 and 100, where the
estimated largest Lyapunov exponents are 7.5 and �0.44, respectively. k represents the kth window, and the sliding step size is 1. The correlations are measured by mutual
information (see Sec. II).

definition, R.X.t/, Y.t C d// is nonnegative and symmetric such
that R.X.t/, Y.t C d// = R.Y.t C d/, X.t//. If the two time series
are independent, i.e., p.u, v/ = p.u/p.v/, then R.X.t/, Y.t C d// D 0,
and if the two time series are highly nonlinearly correlated, then
R.X.t/, Y.t C d// will be larger.

All the estimated correlations on continuous windows form
a correlation-based series QX.k/ (with length L � m C 1), which
approximates the dynamical evolutions of the correlations between
variables X.t/ and Y.t/,

QX.k/ D _�k.X.t/, Y.t C d//, k D 1, : : : , L � m C 1, (4)

where _�k represents the nonlinear correlation between the two
variables at the kth window.

B. Step 2: Measuring the dynamics of the
correlation-based series by the largest Lyapunov
exponent

The correlation-based series QX.k/ approximates the dynam-
ics of the variable correlations; therefore, we can investigate the
dynamics of the variable correlations between the original variables
X.t/ and Y.t/ through QX.k/. Specifically, we use the traditional Lya-
punov exponent to measure the complexity of the correlation-based
series in relation to the window size. In this work, the largest Lya-
punov exponent is based on Rosenstein et al.15 and is calculated
using the Predictive Maintenance Toolbox of MATLAB R2018a.
The embedding dimension E and delay � are two critical parame-
ters for the estimation of the largest Lyapunov exponent, and they
are identified using the false nearest neighbor (FNN) method16 and
mutual information function,17 respectively. It is well accepted that
a positive largest Lyapunov exponent value indicates chaos (higher

Chaos 33, 023111 (2023); doi: 10.1063/5.0134944 33, 023111-3
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FIG. 2. Window size-dependent transitions of pairwise correlations from three model systems, namely, an ecological system (a)�(c), the ordinary Lorenz system (with a
constant parameter) (d)�(f), and the time-varying Lorenz system (with a varying parameter) (g)�(i). (a) The estimated largest Lyapunov exponents under different window
sizes (m) for nonlagged correlations .d D 0/ and lagged correlations .d D 20/, where E D 2, � D 1. (b) Comparisons of the transitions (M) from the original series
(vertical lines) and surrogate series (Gaussian-�tted distributions), where the original transition points (M), as in (a), are all smaller than the �fth percentile of the surrogate
distributions. (c) The transitions of lagged correlations .d D 2, 4, : : : , 100/. (d)�(f) The window size-dependent transitions of the correlations in the ordinary Lorenz system,
where E D 3, � D 1, and the experiments are the same as those in (a)�(c). (g)�(i) The window size-dependent transitions of the correlations in the time-varying Lorenz
system, where E D 3, � D 1, and the experiments are the same as those in (a)�(c). Note: We repeat the experiments 100 times in the surrogate tests, and the output 100
transitions (M) are approximately �tted by a Gaussian distribution. The transition scale (M) corresponds to the �rst negative largest Lyapunov exponent since our experiments
show nonzero largest Lyapunov exponents. For the Lorenz system, variables X and Y are used as our sample.

complexity) in a system and a negative value indicates conver-
gence (low complexity). If the measured largest Lyapunov exponent
is equal to 0, it indicates a �state transition� between chaos and
nonchaos. Thus, we estimate the largest Lyapunov exponents of
correlation-based series using different window sizes.

C. Step 3: Signi�cance tests on surrogate data

To guarantee the significance of our findings, we conduct tests
on surrogate data, which are generated by randomly shuffling the

sequences of the original time series.18 By repeating Steps 1 and
2 for the surrogate data 100 times, a null-model distribution of
the transition points is obtained. If we can obtain transition infor-
mation from the surrogate data, our findings are independent of
the order of time series, which in turn verifies the universality of
the phenomenon. If the transition sizes from the original data are
positioned at the tail part of the null-model distribution, we can
determine how significant the model and real-world data are in
generating this phenomenon. We present an example of the
surrogate test in Subsection 1 of the Appendix (Fig. 6).

Chaos 33, 023111 (2023); doi: 10.1063/5.0134944 33, 023111-4
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FIG. 3. Window size-dependent transitions of correlations in three real-world systems, namely, a climate system (X and Y represent the weekly temperatures in the Niæo
1 C 2 and Niæo 3.4 regions) (a)�(c), a stock market system (X and Y represent the daily prices of NASDAQ and US30) (d)�(f), and a neural system (X and Y represent the
EEG signals from two regions in the brain) (g)�(i). (a) The estimated largest Lyapunov exponents under different window sizes (m) for nonlagged correlations .d D 0/ and
lagged correlations .d D 20/. (b) Comparisons of the transitions (M) from the original series (vertical lines) and the surrogate series (Gaussian-�tted distributions), where the
original transition points (M), as in (a), are all smaller than the �fth percentile of the surrogate distributions. (c) The transitions of lagged correlations .d D 2, 4, : : : , 100/. (d)�(f)
The window size-dependent transitions of correlations in the climate system, where the experiments are the same as those in (a)�(c). (g)�(i) The window size-dependent
transitions of correlations in the nervous system, where the experiments are the same as those in (a)�(c). Note: We repeat the experiments 100 times on the surrogate data,
and the output 100 transitions (M) are approximately �tted by a Gaussian distribution. The embedding dimension and delay are E D 3, � D 1.

III. RESULTS

A. Model data

To study the dynamics of varying correlations in complex
systems, we start with three benchmark model systems, i.e., a two-
species ecological system [the details are provided in Eq. (1) and
Fig. 1], an ordinary Lorenz system (chaotic system) [Eq. (5a)],19 and
a time-varying Lorenz system (the structure changes temporally).20

For the ordinary Lorenz system, we consider the classic chaotic
behaviors by setting the parameters as follows: a1 D 10, a2 D 28,
and a3 D �8=3. Then, we obtain 1081 discrete data points for each
variable, where the initial state is .X.0/, Y.0/, Z.0// D .1, 2, 3/ and
the integration interval is [10, 20]. For the time-varying Lorenz

system, the parameter a1 changes from a1 D 10 to a1 D 10.5 over
time [Eq. (5b)], and the other parameters are fixed to their tradi-
tional values,

.a/

8
<

:

PX D a1.Y � X/,
PY D a2X � Y � XZ,
PZ D a3Z C XY,

.b/
�

a1 D 10, t 2 [10, 15/,
a1 D 10.5, t 2 [15, 20]. (5)

The simulated ecological system is a typical nonlinear sys-
tem. From its output time series, we study the dynamics of varying
correlations under different window sizes. The results show that the
estimated largest Lyapunov exponents from the correlation-based
series experience a shift from positive values to negative values under
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FIG. 4. Robustness tests of window size-dependent transitions with respect to the sliding step (a), embedding dimension (b), time delay (c), initial state (d), additive noise
(e), multiplicative noise (f), sampling interval [(g) and (h)], and series length (i). Note: The variables X and Y from the ordinary Lorenz system are used here. T represents
the sampling interval; thus, 1=T is the sampling frequency.

the window size M D 60 and that they remain negative as the win-
dow size is increased [see the yellow line in Fig. 2(a)]. This indicates
a window size-dependent transition of correlations from a chaotic-
like state to a nonchaotic state. Additionally, we also find window
size-dependent transitions of correlation-based series from lagged
correlations; i.e., the Y-lagged (e.g., 20 steps) correlation-based series
has a transition at M D 71 [see the green line in Fig. 2(a)], and the
X-lagged (e.g., 20 steps) correlation-based series has a transition at
M D 89 [see the purple line in Fig. 2(a)]. Moreover, these transitions
are also uncovered from various surrogate data (universality), and
the transition sizes identified from the original data are significantly
different from those identified from the surrogate data (significance)
[Fig. 2(b)]. Even with different time lags (d), we also find window
size-dependent transitions of correlation-based series [see Fig. 2(c)].

Interestingly, the window size-dependent transitions of
correlation-based series are examined from both the ordinary and
the time-varying Lorenz systems; see Figs. 2(d)�2(i) and Fig. 7 in
Subsection 2 of the Appendix.

B. Real-world data

To examine the window size-dependent transitions of vari-
able correlations in real-world systems, we select data from climate,
financial, and neural systems (the time series data are depicted in
Fig. 8 of Subsection 3 in the Appendix).

(a) For the climate system, we consider the El Niæo�Southern
Oscillation (ENSO) cycle,21 which originates in the tropical
Pacific through interactions between the ocean and the atmo-
sphere. Many scholars have reported that ENSO-generated trop-
ical Pacific sea surface temperature (SST) anomalies have signif-
icant impacts on climate conditions worldwide.22 SST is widely
used to monitor and forecast this abnormal phenomenon.23 We
select the weekly SST values from two regions, i.e., Niæo 1 C 2
(90 °W�80 °W, 0�10 °S) and Niæo 3.4 (170 °W�120 °W, 5 °N�5 °S).
Each observation has a length of 1633, where the interval is from
04/01/1990 to 14/04/2021. These data are freely available from
https://www.cpc.ncep.noaa.gov/data/indices/. To study the dynam-
ics of varying correlations in relation to window size, we start
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