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equation:
ii—u(l—vz)i/+v:0, (5)

where v is the dynamical variable, y is the nonlinearity parameter,
and the dot over v denotes the first-order derivative with respect to
time. If one applies the Liénard transformation™®’

v
y=-v+—-+- (6)
30
in Eq. (5), then it is transformed into the following first-order
differential equation:

wy = —v. (7)

Associating Eqgs. (6) and (7) and rescaling the time in these two
equations by applying the transformation ¢ — ¢/ 1, one obtains the
following set of first-order differential equations:

k—l(y—{—x—i)
€ 3 ) (8)

y=—x

where x = vand ¢ = 1/ ju*. By this equation, the van der Pol model
is written in the Liénard plane (x, y). Thus, one uncovers the version
of the van der Pol model considered in this work [see Eq. (3)]. The
FitzHugh-Nagumo model®*" (also known as the Bonhoeffer-van
der Pol model®) is closely related to this form of the van der Pol
equation.

We are all familiar with the integer-order version of Eq. (1),
where the term on the left hand side is the first-order derivative
of the vector x. Indeed, much dynamical systems are described
by sets of first-order differential equations. However, experimen-
tal evidence suggests that in some cases, the first-order derivatives
should be replaced by real-number-order derivatives. For example,
the voltage—current characteristics of a real capacitor is given by
i(t) = C,D¢v (), where C, is a parameter related to the capacitance
C of the capacitor and « is a positive real number lesser than 1
that is related to the dielectric losses in the capacitor.”* The values
of C, and « depend on the kind of dielectrics and some of these
coefficients can be found in Refs. 24 and 26 for real capacitors. For
an ideal capacitor, « — 1 and C, = C. Another classical example
is provided by the theory of viscoelasticity: For the description of
viscoelastic materials, one should consider the existence of a third
element known as the spring-pot whose properties are intermediate
between the spring and the dashpot.”’ The stress o (f) of a spring-
pot is proportional to the fractional derivative of the strain ¢ (¢) (see
Ref. 21): o (t) = E(F/ E)*D{ ¢ (), where F is the coefficient of viscos-
ity for the corresponding dashpot element and E is the modulus of
elasticity for the corresponding spring element, and 0 < « < 1. The
spring-pot interpolates between the spring (¢ — 0) and the dashpot
(¢ — 1).

Taking into account the above arguments, we consider the net-
work model given by Eq. (1) for 0 < o < 1, which is a generalization
of the integer-order model, as lim,_, ;- Dfx = dx / dt (see Ref. 64).

Before investigating the coupled dynamics, it is necessary to
discuss the basic behavior of a single fractional-order oscillator of
each network.
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I1l. THE UNCOUPLED FRACTIONAL-ORDER
OSCILLATOR

In case the N oscillators of a considered network are uncoupled,
i.e,, for o = 01in Eq. (1), this set of equations degenerates into those
of one oscillator, i.e.,

D*x =F(x), &)

where F (x) is given either by Eq. (3) or by Eq. (4). The parameters
&, , and p are chosen such that the dynamics of the integer-order
counterparts of the two considered oscillators are characterized
by self-sustained oscillations around the unique equilibrium point
E (xg = 0,y; = 0) whose stability changes via a Hopf bifurcation
when a parameter varies. The fractional derivative affects neither
the number of equilibrium points of a system nor their positions,
but it may change their stability. So, it is appropriate to study the
stability of E in this particular context. Let {1} be the eigenvalues
spectrum of the Jacobian matrix of the uncoupled system evaluated
at E. According to the stability theorem of commensurate fractional-
order systems,” the equilibrium point E is asymptotically stable if all
the eigenvalues A, satisfy the condition |arg ()\1,2)’ > a7/ 2, which
can be rewritten as ’Im ()\1,2)/ Re ()»1,2)‘ > tan (a7r/2). For the van
der Pol oscillator, A, = (1 +i4e — 1)/ (2¢) (where # = —1 and
& > 1/4), and the stability condition is

2
o < —tan"'W4e — 1. (10)
T

For the Rayleigh oscillator, A;, = (u +i/4w? — uz) / 2 (where
i < 2w), and the stability condition is

VAo — 12
"

(1m

2
o < —tan
7

It was proved in Ref. 68 that periodic solutions do not exist
in fractional-order autonomous systems involving fractional-order
derivatives with bounded lower limit of the integral. However,
such a system may have S-asymptotically T-periodic functions as
solutions, instead of T-periodic solutions.”” Thus, for the fractional-
order oscillators considered, we assume that the nonlinearities are
rather weak so that the solution of an uncoupled oscillator is an S-
asymptotically T-periodic function if the equilibrium E is unstable,
which retains the classical form x (t) = A cos (2t), and the corre-
sponding expression for y (¢). Note that y (f) is also a sinusoidal
function of time whose frequency is equal to €2 and amplitude
depends on A and eventually on some parameters of the system.
According to Eq. (2), DYx () = AD{ cos (2t). Since we are looking
for asymptotic solutions, we need to utilize the asymptotic expres-
sion of Caputo’s fractional derivative of the cosine function, i.e.,
lim,_, o DY cos (2f) = Q% cos (Qt + am/2) (see Ref. 70). Introduc-
ing these expressions into Eq. (9) [associated with Egs. (3) and (4)],
we find that the amplitude A and the frequency 2 are given by

A=2 I—Zﬁcos? and Q=g (12)
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for the van der Pol oscillator, and

2 2 o
A== 122 0s %" and Q=owe (13)
" 2

V3

for the Rayleigh oscillator.

These oscillatory solutions do not exist when A? < 0; then,
the oscillations are quenched, which means that the equilibrium
point E of each fractional-order oscillator loses stability via a Hopf-
like bifurcation when A? = 0. Actually, in a strict sense, Hopf
bifurcation cannot occur in a fractional-order system as here an
exact periodic solutions on a finite time interval is not possible.®
Therefore, the concept of Hopf-like bifurcation was introduced in
Ref. 71 to characterize the change of stability of an equilibrium
point giving rise to the birth of S-asymptotically T-periodic solu-
tions. Applying the condition A> =0 in Eqs. (12) and (13), we
obtain that a Hopf-like bifurcation occurs at o = oy, where oy
= 2tan"! (V/4e — 1) / 7 for the fractional-order van der Pol oscil-

lator and oy = 2tan™! ( 4w? — u? / p,) / 7 for the fractional-

order Rayleigh oscillator. These results are in perfect agreement
with the results of local stability analysis given by Egs. (10)
and (11). Figure 1 shows an illustration of these results, where
the numerical results are obtained by solving the set of fractional
differential equations (9) [associated with Egs. (3) and (4)] with
the Adams-Bashforth-Moulton predictor-corrector scheme’>”
— developed on the basis of Caputo’s definition of fractional deriva-
tive [given by Eq. (2)]. Figure 1 shows that as the order of fractional
derivatives decreases, the amplitude of oscillations decreases up to
a = ay where a supercritical Hopf-like bifurcation occurs. This
means that oscillatory behaviors should be expected in the network
only for & > ay. In the following, the network behavior is explored
for a values within this range. As regards the variations of A with
respect to «, we see that there is a striking similarity between the
subsets (a) and (b) of Fig. 1. We should also point out the striking
similarity with the behavior of the radius of the limit cycle of the
fractional-order Stuart-Landau oscillator.'"*!

IV. THE NETWORK DYNAMICS

Here, we investigate two networks of N = 100 identical
fractional-order van der Pol and Rayleigh oscillators, respectively,
described by Eq. (1) associated with Egs. (3) and (4). Through-
out the paper, the coupled systems are studied for parameters
used in Fig. 1. As control parameters, we consider the coupling
parameters o and s, and the derivatives order «. For the numer-
ical solution of the coupled system, we employ initial conditions
as in Ref. 11: (xx (0), yx (0)) = (0, —1) for k € [1,N/4] U (3N/4,N]
= (—N/4,N/4] = (=25,25] and (x; (0),y (0)) = (0,randy) for
k € (N/4,3N/4] = (25,75], where randj are elements of a random
sequence of real numbers in [0, 1].

A. Dynamical behavior of the networks of
integer-order oscillators

The sets of differential equations describing the networks of
integer-order elements [Eq. (1) for « — 1, along with Egs. (3)
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FIG. 1. Amplitude and frequency of the periodic solution x (t) = A cos (2t) of
the fractional-order oscillators vs fractional derivatives order «: (a) van der Pol
oscillator for e = 4 and (b) Rayleigh oscillator for = 2 and . = 1. At these
parameter values, oy ~ 0.839 for the two fractional-order systems.

and (4)] are solved numerically thanks to the fourth-order Runge-
Kutta method.

Depending on the parameter values, the network of van der
Pol oscillators may exhibit three prominent asymptotical dynamical
states shown in Fig. 2: a two-cluster coherent OD state that we will
call coherent OD [see Fig. 2(a)], the in-phase synchronized state in
Fig. 2(b), and another OD state that we will call alternating OD [see
Fig. 2(c)]. The in-phase synchronization and alternating OD regimes
are eventually preceded by chimera states as shown in Figs. 2(b)
and 2(c).

In the case of coherent OD, obtained for small values of s
(including s = 0: global coupling), the network is split up in two
subpopulations with identical sizes: one population of oscillators
lying on the upper steady state branch, where x; (t) ~ +x, for k
€ (N/4,3N/ 4] = (25,75] (corresponding to the incoherent region
of the initial state), and the other population of oscillators lying on
the lower steady state branch xi (f) & —x,, where x, is a positive
constant number. In the case of alternating OD states, obtained for
higher values of s, adjacent oscillators populate alternately one of
the two branches (—x, and +x,) of the inhomogeneous steady state,
almost all through the network [see the snapshot in Fig. 2(c)]. How-
ever, the degree of coherence decreases with increasing value of the
coupling strength o. The incoherence appears here in two ways: on
the one hand, two adjacent oscillators may populate the same branch
of the OD, and on the other hand, even if adjacent oscillators pop-
ulate alternating branches of the OD, equivalent levels (either upper
or lower branch) may not exactly coincide.

The network of Rayleigh oscillators behaves almost in the same
way. Besides the prominent dynamical regimes obtained in the case
of the network of van der Pol oscillators, there are two other types
of OD states that appear in narrow regions of the parameter s at the
transition from coherent OD state to in-phase synchronized state,
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FIG. 2. Space-time plots xx (f) and snapshots x, (tSHap) of the collective dynam-
ical states exhibited by the network of integer-order van der Pol oscillators for
¢ =4 asin Fig. 1, and different values of s and o: (a) s = 0.35 and o = 5.6:
coherent OD (COD); (b) and (c) s = 3.5and (b) o = 2.5: chimera state transient
to the in-phase synchronized state (Sync); and (c) o = 3.5: chimera state tran-
sient to alternating OD (AOD). Snapshots at tsqs, = 300 for (a) and (b) and at
tsnap = 2480 for (c).

namely, solitary OD states. In a solitary OD state [see Figs. 3(b) and
3(c)], some solitary oscillators break away from the upper branch
of the coherent OD state. So, one obtains solitary steady states
within the coherent OD pattern.'’ The solitary steady states that
appear only in the incoherent region of the initial state, i.e., for
k € (N/4,3N/4] = (25,75], are randomly distributed in this region.
By m-cluster solitary OD, we denote an OD pattern with an inco-
herent region involving solitary steady states and a coherent region
that is split up in m clusters. The number of solitary steady states in
a solitary OD pattern increases with increasing value of the coupling
exponent s.

In what follows, we will determine the type of chimera states
observed in the two networks using some quantitative measures.

B. Dynamical regimes characterization using
quantitative measures

In order to check whether the chimera states mentioned
above (see Figs. 2 and 3) are pure amplitude chimeras or ampli-
tude mediated chimeras, we use the mean phase velocity profile
{a)k = 271Mk/ At, k= 1,2,...,N}, where M, is the number of
periods or pseudo-periods performed by the kth unit in the time
interval At (see Refs. 61 and 74). A period or pseudo-period is
the elapsed time between two consecutive maxima of a dynamical
variable. The term pseudo-period is used in the case of the ampli-
tude chimeras that are asymptotically transformed to alternating OD
where the oscillators belonging to incoherent regions do not show
periodic oscillations because of the drifting and damping phenom-
ena characterizing their dynamics.'' Indeed, the mean phase velocity
profile is typically arc-shaped for incoherence with respect to the
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phase, while it is flat for coherence of phases. We plotted the mean
phase velocity profile for the chimera states shown in Figs. 2(b),
2(c), 3(d), and 3(e) and found that all these profiles are flat, showing
the total coherence of phases in all these chimera states. In conse-
quence, the chimera states obtained in this work are pure amplitude
chimeras, known as amplitude chimeras.

To further characterize the amplitude chimeras obtained in this
work, we use some pertaining quantitative measures developed in
Ref. 13. The center of mass (c.m.) of the oscillator on the site k is
given by

1 T
™ () = —/ xi (1) dt, (14)

T/
where T = 271/ Q, with Q defined in Eqs. (12) and (13). A similar
definition holds for y;™ (t). For the kth oscillator, the shift of the
center of mass from the origin is given by

z;m = \/[x;m (t)]2 + [yim (t)]z. (15)

The quantities x;™, y;™, and z;™ can serve as local order param-
eters, as they vanish for the nodes within the coherent regions of
an amplitude chimera, whereas all the nodes within the incoherent
regions have non-zero finite values, allowing to distinguish between
coherent and incoherent regions.

The degree of incoherence of an amplitude chimera can be
measured by the relative size of the incoherent regions that can
serve as a global order parameter derived from the above local order
parameter z;'™ (t). The size of incoherent regions (Siy) is the relative
number of drifting oscillators given by the total number of drifting
oscillators (Npyirr) normalized by the overall number of oscillators
within the whole network as follows:

Nown () 1 o
k=1

where H () is the Heaviside function and 8 is a predefined small

threshold number chosen such as z;™ (f) < § when the node k

belongs to a coherent region of the amplitude chimera state.

A long-living or stable amplitude chimera is characterized in
the course of time by non-drifting and constant size incoherent
regions, constant amplitudes, and fixed shifts of center of mass of
drifting units’ oscillations (see Fig. 4). However, we obtain here
another type of amplitude chimera [as shown in Figs. 2(c) and 3(e)]
whose incoherent region(s) size grows in the course of time (see the
time evolution of Sy, in Fig. 5) and drifting units are characterized
by damped oscillations as shown in Fig. 5. An oscillator k belongs to
the coherent region when x;™ (f) = 0, then it starts drifting when
the value of x;™ (f) starts drifting from the zero value—this situa-
tion is illustrated in Fig. 5 for the unit k = 20. This oscillator starts
drifting at ¢t ~ 840 and afterward, the oscillations are continuously
damped until they are quenched at t ~ 2440. This is the case for
all the oscillators; only the beginning instant of the drifting changes
from one oscillator to another. We make the same observations in
the behavior of the network of Rayleigh oscillators. Thereafter, the
amplitude chimera transient to synchronization will be referred to as
classical amplitude chimera and the amplitude chimera transient to
OD will be referred to as damped amplitude chimera. The damped
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FIG. 3. Space-time plots yj (f) and snapshots yj (tSnap) of the collective dynamical states exhibited by the network of integer-order Rayleigh oscillators for & = 2and . = 1
as in Fig. 1, and different values of s and o: (a)-(c) o = 14 and (a) s = 0.5: coherent OD (COD); (b) s = 0.78: one-cluster solitary OD (1-SOD); (c) s = 0.95: three-cluster
solitary OD (3-SOD); (d) and (e) s = 3.5 and (d) o = 11.2: chimera state transient to the in-phase synchronized state (Sync); and (¢) o = 13.2: chimera state transient to

alternating OD (AOD). Snapshots at fsyap = 75 for (a)—(d) and at tsyap = 945 for (e).

amplitude chimera was observed for the first time in a network of
Rayleigh oscillators,'® and subsequently, its occurrence was shown to
be induced by fractional derivatives in a network of Stuart-Landau
oscillators."!

As a global order parameter, Sy, () is used to identify the
prominent dynamical states that the networks exhibit and to detect
the transitions between these states. Indeed, as shown in Fig. 6,
Smne () = 0Vt for the in-phase synchronized state, S, (f) = 1Vt for
alternating OD states, and 0 < Sy, (#) < 1 for amplitude chimeras.

In order to provide an overall view on the network behavior for
a wide range of coupling parameters, the dynamical regimes maps in

5
@ 400, M 2 (b)
i | X~
> 50 ;»LM,‘\;‘ “. !.;.,LJH 0 i B
1 ARECRCRERER: (AREERTREREERR 2 5
3000 3070 9930 10000 2 0 2
t Xy

FIG. 4. Long-living amplitude chimera occurring in the network of integer-order
van der Pol oscillators for ¢ = 4 as in Fig. 1, s = 3.5, and o = 3.027 04: (a)
space-time plot for the variable x and (b) phase portraits [x« (f) , y« ()] of selected
oscillators, with k mod 3 = 0, and for 4000 < ¢ < 8000.

the plane of coupling exponent (s) and coupling strength (o) is pro-
duced (see Fig. 7) with the help of the global order parameter Sy,.
As Sy is no longer of any use in making the distinction between the
different OD states, we use the intrinsic properties of these patterns,

0 . . . . .
g, 0 500 1000 1500 2000 2500
o'><N 24 i ! 1

Q0

>

o -2 2400 , 12600
* 0 500 1000 1500 2000 2500

t
c.m.
X10 X20 X20 — — x=0

FIG. 5. Time series of the global order parameter S, and time series xj (t) for
two selected oscillators of the amplitude chimera pattern of Fig. 2(c). The two
incoherent regions of the initial amplitude chimera collide at a certain time and the
two-headed amplitude chimera (2-AC) is transformed into one-headed amplitude
chimera (1-AC), which justifies the change of slope in the time series of Sjy..
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FIG. 6. Some collective dynamical regimes for integer-order van der Pol oscilla-
tors network with the corresponding time series of the global order parameter Siyc:
(@) dynamical regimes of Fig. 2(b): classical amplitude chimera and in-phase syn-
chronization and (b) dynamical regimes of Fig. 2(c): damped amplitude chimera
and alternating OD.

i.e., the way the oscillators are organized in these patterns. We see
that there is a striking similarity between the two subsets (a) and (c)
of Fig. 7 showing the mapping of the dynamical states occurring in
networks of van der Pol oscillators and Rayleigh oscillators, respec-
tively. A comparison with the results in Ref. 11 shows that there is
also a similarity with the map, in the same parameter space, of the
dynamical states occurring in a network of the same number of Stu-
art-Landau oscillators coupled in the same way and subject to the
same initial conditions as in the present work.

Figures 7(b) and 7(d) show that there is a region in the parame-
ter space where the transient amplitude chimeras are more and more
important with high lifetimes (tr,,ns) able to reach 40007, where
T is the period of oscillation of an uncoupled unit. This region of
amplitude chimeras with high lifetimes occurs at the transition from
asymptotic in-phase synchronization to asymptotic alternating OD
as the coupling strength o varies for a fixed coupling exponent s.
As the value of o comes closer to the bifurcation point oc, the life-
time (frrans) Of amplitude chimeras increases at the two sides, as
shown in Fig. 8. However, the growth of the lifetime of classical
amplitude chimeras is modest compared to the growth of the life-
time of damped amplitude chimeras. This is the reason why one
should pay attention to the damped amplitude chimera. Figure 8 also
shows that the growth of #1.,,s follows the logarithmic law f1y,ns (07)
= blog (Jo — oc|) + d in an exponentially narrow interval of the

ARTICLE scitation.org/journal/cha

2000 8000
rans B0

FIG. 7. Asymptotic dynamical regimes [(a) and (c)] and lifetime of transient
regimes trans [(b) and (d)] in the plane (s, o) of coupling parameters. (a) and
(b) Network of integer-order van der Pol oscillators for ¢ = 4 as in Fig. 1; (c)
and (d) network of integer-order Rayleigh oscillators for @ =2 and i =1 as
in Fig. 1. Sync: in-phase synchronization, COD: coherent OD, AOD: alternat-
ing OD, 1-SOD: one-cluster solitary OD, and 3-SOD: three-cluster solitary OD.
The asymptotic alternating OD regime is preceded by an amplitude chimera with
noticeable lifetime, whereas the asymptotic in-phase synchronized state regime is
sometime preceded by an amplitude chimera. For the sake of visibility, the asymp-
totic in-phase synchronized state region is split up in two subdomains according
to the range of the lifetime of transient amplitude chimera states : trans < 50T
in the region labeled Sync (1), and trans > 50T in the region labeled Sync (2),
where T is the period of oscillation of an uncoupled unit. The circle, square, and
diamond markers show the parameter values used for Figs. 2, 3(a)-3(c), and 3(d)
and 3(e), respectively. Note that extending the range of o in (a) up to 15 as in (c)
does not bring any important information since no new state appears.

bifurcation parameter o. Similar behavior of the lifetime of the clas-
sical amplitude chimera with respect to the coupling parameters was
observed in networks of Stuart-Landau oscillators” and Rayleigh
oscillators'® under phase-antiphase (or antisymmetric) distribution
of initial conditions. Indeed, under such initial conditions, these net-
works exhibit long-living, even stable classical amplitude chimeras
in the parameter space at the interface between the asymptotic
in-phase synchronized state and asymptotic OD states.

Futhermore, it is interesting to investigate how the network size
influences the dynamical regimes attained by the two networks. To
do so, we increase the size of each network from N = 100 oscillators
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FIG. 8. Amplitude chimeras lifetime trans Vs coupling strength o and vs the shift
|o — o¢| in the logarithmic scale, where o marks the threshold between clas-
sical amplitude chimeras and damped amplitude chimeras. Black (respectively,
red) dots for classical (respectively, damped) amplitude chimeras. Network of inte-
ger-order van der Pol oscillators (a) and (b); network of integer-order Rayleigh
oscillators (c) and (d). The gray lines in (b) and (d) are fitting curves with the
formula trans (0) = blog (o — oc|) + d, where b and d are different sets of
fit parameters for each curve. For this figure, s = 3.5, and other parameters as
in Fig. 1.

to N = 200. Keeping the same initial conditions as above, the two
networks are studied using numerical simulations. For the two net-
works, we observe the same dynamical states as above. However, the
region of existence of asymptotic alternating OD states in the plane
(s, 0) shifts significantly to higher values of the coupling strength
o in the case of the network of van der Pol oscillators. In other
words, the transition from the in-phase synchronized state to alter-
nating OD states occurs at higher values of 0 compared to the case
N = 100. As a consequence, the growth of the lifetime of amplitude
chimeras observed for N = 100 as the value of o approaches the
transition point o¢ is not anymore observed. Overall, in the case
of the network of van der Pol oscillators, the lifetime of classical
amplitude chimeras decreases with increasing size of the network,
a phenomenon observed in networks of Stuart-Landau oscillators.”
Contrarily, in the case of the network of Rayleigh oscillators, the
position of the transition point o¢ does not vary significantly. So,
the growth of the lifetime of the chimera states is still observed as
confirmed by Fig. 9. In addition, as shown by this figure, the rate
of growth of the chimeras lifetime increases with increasing size of
the network. Interestingly, as the value of the coupling strength o
decreases coming closer to oc, damped amplitude chimera states
disappear at 0 = o5 and the amplitude chimeras become stable. In
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FIG.9. Lifetime trans Of amplitude chimeras occurring in networks of integer-order
Rayleigh oscillators vs |o — o¢| in the logarithmic scale, where o marks the
threshold between classical amplitude chimeras and damped amplitude chimeras:
(a) classical amplitude chimeras and (b) damped amplitude chimeras. Black
(respectively, magenta) dots for N = 100 (or N = 200, respectively). For this
figure, s = 3.5, and other parameters as in Fig. 1(b). o5 is the critical value of &
at which there is transition from damped amplitude chimeras to stable amplitude
chimeras.

this case, the bifurcation scenario can be read as follows: classi-
cal amplitude chimeras for o < o¢, stable amplitude chimeras for
oc < 0 < o5, and damped amplitude chimeras for o > o5. We
believe that the growth of the lifetime of chimera states might
become more and more drastic as the size of the network increases,
and as a consequence, the region oc < o < oy of stable amplitude
chimeras might get larger.

The results depicted in Fig. 7 rely on the extensive numerical
simulations. In Sec. IV C, we will perform the stability analysis of
the in-phase synchronized state, coherent OD and alternating OD
states in order to verify the results of numerical simulations and to
predict the effect of fractional derivatives.

C. Linear stability analysis of dynamical states

For the study of the stability of the in-phase synchronized state,
coherent OD, and alternating OD states, we make use of the prop-
erties of the variational equations of the coupled fractional-order
systems. Let us recall that for certain parameter values, the in-phase
synchronized state and alternating OD states are asymptotic states
preceded by amplitude chimeras. The linear stability analysis pro-
ceeds in the same way as for the Stuart-Landau fractional-order
oscillator."!

We investigate the stability of a given state x, by considering
small perturbations 8x; = X — X,. By linearizing Eq. (1) around x,
we obtain the following variational equations:

N
Diox, = DF (x.) dx + - Y GyyESx;, (17)
n

j=1

where k= 1,2,...,N and DF (x,) is the Jacobian matrix of the
vector function F(-) evaluated on x,. Equation (17) can be
treated using the discrete Fourier transforms of the sequence
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way, it was recently found that classical solitary states may mediate
the transition from complete coherence to chimera states.**’

All these dynamical regimes are mapped in the parameter
space with the help of the aforementioned characterization tools,
as shown in Figs. 13 and 14. As predicted by the above stability
analysis, the in-phase synchronized state disappears progressively
to the benefit of multi-cluster chimera death states and alternating
OD states whose degree of coherence decreases as « decreases. This
also means that, for high values of the coupling exponent s, classical
amplitude chimera patterns (corresponding to asymptotic in-phase
synchronized state) are replaced progressively by damped ampli-
tude chimera patterns (corresponding to asymptotic alternating OD
states).

E. Fractional derivatives effect on amplitude chimeras

It was shown in Ref. 11 that the distribution of initial condi-
tions described in the beginning of this section is not favorable to the
occurrence of stable amplitude chimeras in the network of integer-
order Stuart-Landau oscillators. However, it was found that under
the effect of fractional derivatives, the lifetime of damped amplitude
chimeras increases exponentially as the order of fractional deriva-
tives approaches a certain critical value, suggesting the occurrence of
a stable amplitude chimera at this critical value. It is worth pointing
out that the lifetime of amplitude chimeras strongly depends on the
initial conditions in the deterministic case.”” The phase—antiphase
(or antisymmetric) distribution of initial conditions has proved to
induce stable amplitude chimeras.'®®"">%* In this work, we intend to
confirm the result in Ref. 11 according to which fractional deriva-
tives can help to induce long-living, even stable amplitude chimeras
with the distribution of initial conditions considered here. To do
so, we analyze the effect of fractional derivatives on the amplitude
chimera patterns shown in Figs. 2(b) and 3(d). Figure 15 shows that,
decreasing the derivatives order o from the value 1, the classical
amplitude chimera is transformed into damped amplitude chimera
at a critical point noted ac. Also, Fig. 15 shows that the lifetime fyyans

10%
@) { (b) '
10*
(2] \
g \ 103 .
-o—'|_ >
10° | :
a = OZC—) a = O[C——>
102
0.96 0.98 1 0.985 0.99 0.995 1
« «

FIG. 15. Amplitude chimeras lifetime tyans (in logarithmic scale) vs fractional
derivatives order «: (a) network of fractional-order van der Pol oscillators with the
parameters of Fig. 2(b) and (b) network of fractional-order Rayleigh oscillators with
the parameters of Fig. 3(d). Red (respectively, black) dots for classical (respec-
tively, damped) amplitude chimeras. The gray lines are fitting curves obtained with
the formula trans () = bexp (¢/ (a — €)) + d, where b, ¢, d, and e are different
sets of fit parameters for each curve.
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of these two types of amplitude chimeras grows exponentially as the
value of « comes closer to oc. At equal distances from «c, the life-
time of the damped amplitude chimera is extremely larger than that
of the classical amplitude chimera. The exponential growth of #ryans
at the two sides of «c is stopped at certain values of o very close to
ac, and one would expect a logarithmic dependence of fry,,s with
respect to « in the exponentially narrow interval of & around «c, as
it is the case for tr.,s (o) in Fig. 8.

V. CONCLUSION

In this paper, we have explored the impact of fractional deriva-
tives on the symmetry-breaking dynamics of coupled systems of
identical limit-cycle oscillators. In a previous work,'" it was found
that a decrease in the derivatives order induces significant qualita-
tive and quantitative changes in the symmetry-breaking dynamical
behavior of a network of fractional-order Stuart-Landau oscillators.
In the present work, we have considered two important limit-cycle
oscillators, namely, the van der Pol and Rayleigh oscillators. The
coupled systems of these two oscillator models are capable, as cou-
pled Stuart-Landau oscillators, to exhibit amplitude chimeras and
oscillation death phenomena. It was previously found that coupled
systems of Rayleigh oscillators can exhibit amplitude chimera states,
but their occurrence in a network of van der Pol oscillators has
not been observed yet. Studying networks of fractional-order ver-
sions of these two limit-cycle oscillators, we have demonstrated that
the results of the aforementioned previous work can be generalized.
At first, the coupled dynamics of integer-order oscillators has been
explored thoroughly. And, it has been found that the two coupled
systems can exhibit two types of amplitude chimeras, namely, the
classical amplitude chimera (transient to an in-phase synchronized
state) and a novel amplitude chimera state named here “damped
amplitude chimera,” whose (i) incoherent region(s) size increases
continuously in the course of time and (ii) drifting units oscillations
are damped continuously until they are quenched. Besides these
transient regimes with oscillatory behaviors, some simple oscillation
death states emerge in the behavior of the two networks. In particu-
lar, we have observed solitary oscillation death states in the behavior
of the network of Rayleigh oscillators. Then, the effect of fractional
derivatives has been investigated, which reveals that multi-cluster
chimera death states are induced in the networks’ dynamics by the
fractional derivatives. Under the effect of fractional derivatives, the
classical amplitude chimera is transformed into damped amplitude
chimera. Indeed, as the value of the fractional derivatives order
decreases, the lifetime of classical amplitude chimeras increases, and
there is a critical point at which there is a transition to damped
amplitude chimeras. In addition, damped amplitude chimera pat-
terns become gradually short-living transient states, which expresses
the tendency of the coupled systems to stabilization toward steady
states under the effect of fractional derivatives. Overall, a decrease
in the order of fractional derivatives reduces the networks’ ability
to synchronization and promotes diverse oscillation death patterns.
The results have been verified by the stability analysis of synchro-
nization and of some oscillation death states carried out with the
help of the properties of the dynamic eigenvalues associated with
the block-diagonalized variational equations of the coupled systems.
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The present study will deepen our understanding of the emergent
dynamics of coupled fractional-order systems.
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