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ABSTRACT

Nonlinear dynamical systems with control parameters may not be well modeled by shallow neural networks. In this paper, the stable fixed-
point solutions, periodic and chaotic solutions of the parameter-dependent Lorenz system are learned simultaneously via a very deep neural
network. The proposed deep learning model consists of a large number of identical linear layers, which provide excellent nonlinear mapping
capability. Residual connections are applied to ease the flow of information and a large training dataset is further utilized. Extensive numerical
results show that the chaotic solutions can be accurately forecasted for several Lyapunov times and long-term predictions are achieved for
periodic solutions. Additionally, the dynamical characteristics such as bifurcation diagrams and largest Lyapunov exponents can be well
recovered from the learned solutions. Finally, the principal factors contributing to the high prediction accuracy are discussed.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0187866

Deep neural networks have been recognized as innovative and
powerful tools to develop predictive models for complex non-
linear systems. The approaches are able to learn sophisticated
nonlinear relationships by stacking simple affine mappings,
bypassing the involved domain knowledge and mathematical
treatment. In this study, a neural network-based modeling
approach is proposed to predict parameter-dependent chaotic
dynamics with high accuracy, which is an appropriate model-
ing for various real-world systems. We verify its efficiency by
considering the classical chaotic Lorenz system with three con-
trol parameters. As it will be shown below, our method gives
an impressive prediction accuracy. The key factors which may
affect the capability of the deep learning-based method are also
explored via simulations. We discuss the potential, but also the
limitations of the proposed approach, which can provide guid-
ance for future research on the prediction of highly complex
systems and nonlinear processes.

I. INTRODUCTION

Nonlinear dynamical systems have been utilized in many fields
of natural and social sciences, such as epidemiology, aerodynamics,

neurodynamics, and finance.1–5 In real applications, it is often dif-
ficult to obtain a priori mathematical model. The law of dynamics
has to be inferred from data, recently often resorting to machine
learning methods.6–8 Among these methods, deep learning-based
approaches9–14 have shown outstanding performance, where deep
neural networks with rather simple building blocks are constructed
to model complex mappings.

Not surprisingly, the interplay between deep learning and non-
linear dynamics has become a research hotspot. Different deep neu-
ral networks have been successfully applied to classify periodic and
chaotic time series,15–19 to recognize time series of different dynam-
ical systems20,21 as well as identifying dynamical changes of chaotic
systems.22 In this interdisciplinary research field, the state predic-
tion of dynamical systems from data is an important yet challenging
task, especially for chaotic systems. An accurate state prediction is
not only practically useful for foreseeing time series and calculat-
ing dynamical characteristics such as the largest Lyapunov exponent
(LLE),23,24 but also a basis for a better control or synchronization of
the considered system.25

Till now, several popular deep learning architectures have
been applied in modeling chaotic dynamical systems. A fully
connected neural network (FCNN) with four hidden layers26 has
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been applied to predict the states of discrete maps and continu-
ous systems from several recent states. Reservoir computers,27–29

recurrent neural networks,30 long short-term memory neural
networks,3,31–33 and autoencoders34 have been adopted to perform
one-step prediction of nonlinear dynamical systems. Multi-step pre-
diction has been achieved by recursively using the obtained neu-
ral networks. These studies reveal the power of deep learning in
modeling complex systems.

However, the previous studies of state prediction or trajec-
tory generation often assume that the control parameters of the
dynamical systems are fixed.3,24,27–29,31,32 Separate neural networks
have to be trained to learn parameter-dependent systems, which
is inconvenient and computation-intensive. Though the existing
neural networks26 can handle one to three control parameters, the
prediction accuracy is limited. When the control parameters of a
nonlinear system vary, the dynamics of the solutions may change
dramatically. For instance, the well-known Lorenz system35 has sta-
ble fixed-point, chaotic or multi-periodic solutions.36 The complex
and rich phenomena of a parameter-dependent system often make
it difficult to achieve a highly accurate model by using shallow neu-
ral networks with limited nonlinear mapping abilities. Compared
to shallow neural networks, deep neural networks can represent
abstract functions more efficiently37 and implement functions of
higher complexity with the same amount of resources.38 Therefore,
it is instructive to investigate a general deep neural network for the
prediction of parameter-dependent dynamical systems as well as
exploring possible guidelines to build capable methods.

In order to forecast parameter-dependent systems such as the
Lorenz system, the learning model should not only be capable of
encoding the highly complex dynamics, but also be properly trained.
The main contribution of our work is to numerically verify that
one can obtain a promising neural network by simply stacking a
large number of identical linear layers and training it on a mas-
sive dataset. The residual connections used by the ResNet18,20,39 are
also indispensable to alleviate the inefficiency of information trans-
fer across shallow and deep layers. These connections directly link
every few layers of the neural network, serving as highways for the
flow of gradient information. They have made the ResNet achieve
the best performance in classifying time series.40 Extensive experi-
ments will be conducted to show the capability of our method. The
key factors for an accurate state prediction will be scrutinized and
the limitations will also be discussed.

The rest of the paper is organized as follows. Section II intro-
duces the deep learning model for state prediction. Section III
evaluates the accuracy of one-step and multi-step predictions. Abla-
tion studies of the network architectures and the training datasets
are presented in Sec. IV, and Sec. V concludes the work.

II. THE METHODOLOGY

A. Problem definition

We consider the autonomous dynamical system described by
the ordinary differential equations

ẋ(t) = F(x(t); 2), x(0) = x0, (1)

where x(t) is the vector or scalar state at time t and F is a vector field
parameterized by the control parameters 2. The dot over variables

denotes differentiation with respect to time t. The solution of the
system equation (1) at time t with the initial state x0 is denoted by
φt(x0; 2). It satisfies the following group property:

φt+s(x0; 2) = φt(φs(x0; 2); 2), (2)

which implies that a long-term state prediction could be partitioned
into several consecutive short-term predictions.

For the initial state x0 and parameters 2, if the system equation
(1) is explicitly known, the map φ1t(x0; 2) that predicts the state in
1t later can be obtained traditionally by finite difference methods
such as the fourth-order Runge–Kutta (RK4) method. A high accu-
racy could be achieved by using a low enough time increment h. By
using Eq. (2), the k-step prediction of the state in k1t later can be
calculated by recursively utilizing the map φ1t, i.e.,

φk1t(x0; 2) = φk
1t(x0; 2).

Therefore, learning the solutions of Eq. (1) can be simplified to
learn the function φ1t(x; 2) for all possible parameters 2 and states
x ∈ {φt(x0; 2)|t ≥ 0} with a fixed small time step 1t.

In this paper, we assume that the system equation (1) is
unknown. The one-step prediction function φ1t(·; ·) is modeled by a
neural network φNN(·; ·), which is learned from samples on solution
trajectories with different control parameters. A sample is defined
as a triple (x, 2, y), which includes the state x at the previous time
step, the control parameters 2 and the one-step true prediction

y = φ1t(x; 2). The input of φNN is the vector [xT, 2T]
T

and the out-
put is the learned prediction ŷ = φNN(x; 2) expected to be close to y.
Once the neural network φNN is obtained, the long-term prediction
of φt(x0; 2) initialized at x0 is approximated by recursively applying

the neural network bt/1tc times, i.e., φ
bt/1tc
NN (x0; 2), where b·c is the

round down function.

B. The Lorenz system

In the following, we apply the state prediction neural network
φNN on the paradigmatic Lorenz system, which is an autonomous
dynamical system with the vector field

F(x; 2) =





a(y − x)
bx − xz − y
xy + cz



 ,

where x = [x, y, z]T is the three-dimensional state and 2 = [a, b, c]T

includes the three control parameters. Accordingly, the input of
the neural network φNN is six dimensional and the output is three
dimensional. The time step 1t is fixed27 to 0.02.

The solutions of the Lorenz system may reach asymptotically to
stable fixed points, stable limit cycles or chaotic attractors,41 depend-
ing on the parameters 2. The dynamical behaviors of the solutions
are indicated concisely by the LLE. The LLE is defined in terms of the
length of the longest ellipsoidal principal axis p1(t) of the ellipsoid
evolved from an infinitesimal sphere of initial states,42

λ1 = lim
t→∞

1

t
ln

p1(t)

p1(0)
. (3)

It measures the average rate of exponential divergence between adja-
cent solution trajectories.43 The LLE will be utilized in Sec. III as a
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quantitative metric to compare the learned solutions generated from
φNN and the true solutions.

C. Neural network architecture

The 1t-time prediction φ1t(x; 2) is a highly nonlinear and
complex function, requiring a capable neural network to learn. In
general, a neural network is a multivariable function that cascades
several layers of neurons. The nonlinear mapping capability of a
neural network increases with the number of layers and the number
of neurons in each layer.44 We mainly explore the first more effective
idea and briefly discuss the second idea in Sec. IV.

As shown in Fig. 1, the proposed deep neural network φNN

cascades LRB identical sub-networks named residual blocks (RBs),39

which are mainly small traditional neural networks with extra con-
nections named residual connections. If the input vector of the ith
residual block is Ii, then the output Oi is the vector addition of the
main part Mi and the residual connection Ri,







Oi = Mi(Ii) + Ri(Ii), i = 1, . . . , LRB,
Ii = Oi−1, i = 2, . . . , LRB,

Ii = [xT, 2T]
T
, i = 1.

(4)

The main part Mi of the ith residual block is defined by

Mi(Ii) = fELU(fLN,i,3(fELU(fLN,i,2(fELU(fLN,i,1(Ii)))))).

It stacks a linear (LN) layer followed by the exponential linear unit
(ELU)45 activation function for three times to extract deep features
from the input vector. The linear layer fLN,i,j is defined by the affine
function

fLN,i,j(x) = Wijx + bij, j = 1, 2, 3,

with the weight matrix Wij and the bias vector bij. fELU is the
elementwise activation function

fELU(x) =

{

x, x > 0,
ex − 1, x ≤ 0,

which provides nonlinearity to the neural network.46 In Fig. 1, an
(m, n)-linear layer represents that the lengths of its input and output
vectors are m and n, respectively. For simplicity, we set all linear

layers in the main parts {Mi}
LRB
i=1 to the type (128, 128).

The residual connection Ri of the i-th residual block is defined
by

Ri(Ii) =

{

W1I1 + b1, i = 1,
Ii, i = 2, . . . , LRB,

(5)

serving as a shortcut to send the input feature directly to the output
side. Hence the main part of the residual block is only responsible for
fine-tuning the increment between the input Ii and output Oi. The
only exception is for the first residual connection, where a (6, 128)-
linear layer with the weighting matrix W1 and the bias vector b1 is
required to adjust the vector shape. Therefore, the two parts M1 and
R1 have the same length 128 and the vector addition in Eq. (4) can
be carried out.

Finally, a (128, 3)-linear layer with the weighting matrix W2

and the bias vector b2 is required after the last residual block to
map the obtained deep features to the one-step state prediction ŷ.
As a result, the tunable parameters of the neural network are all

distributed in the 3LRB + 2 linear layers, namely, {W1, b1, W2, b2} ∪

{Wij, bij}i=1,...,LRB ,j=1,2,3
. We choose LRB = 17 such that there are more

than 50 linear layers. It is worth noting that though the classic design
of three linear layers is used in each residual block,39 a preliminary
experiment shows that cascading two linear layers in each residual
block achieves a comparable prediction accuracy.

Compared with the traditional deep neural networks,26 the
main improvement of our method is the adoption of the residual

connections {Ri}
LRB
i=1 such that very deep neural networks can be

effectively trained. The residual connections can greatly accelerate
the learning speed of the neural network as well as considerably
lowering the training loss,47 as the gradient information can flow
backward easily without passing through the nonlinear activation
functions. Compared with the previous shallow ResNets18,20 which
include less than 10 layers, a key improvement of our method is to
utilize much more residual blocks to provide outstanding nonlinear
mapping capability. The residual connections ensure that our very
deep neural networks with excellent nonlinear mapping capability
can be brought into full play.

D. Data acquisition

A deep neural network with huge tunable parameters often
requires a large number of data in the training stage. Therefore, we
intend to generate a large training dataset that consists of one-step
predictions of the Lorenz system with random control parameters
and initial states. The ranges of the control parameters are chosen in
the 3D cuboid

P =
{

(a, b, c)|a ∈ [10, 26], b ∈ [35, 55], c ∈ [−6.5, −0.5]
}

, (6)

which includes chaotic and multiple periodic solutions as well as sta-
ble fixed-point solutions. The training dataset includes 200 million
samples and the validation set includes another 2 million samples.

To generate a sample (x, 2, y) for training and test, the con-
trol parameters 2 are first uniformly sampled in P . The states
x and y apart by 1t = 0.02 are then randomly selected near the
corresponding attractor. In detail, an initial state x0 = [ξ1, ξ2, |ξ3|]

T

is randomly sampled where ξi, i = 1, 2, 3 are independently drawn
from the centered Gaussian distribution N (0, 10 000) with variance
10 000. Then, a solution trajectory in t ∈ [0, 300] governed by 2 is
simulated by the RK4 method with the time increment h = 0.001
and the initial state x0. The sample points in t ∈ [0, 75) are not con-
sidered, since they are likely to be transient or distant from the
attractor. x = φt(x0; 2) and y = φt+1t(x0; 2) are chosen from the
solution trajectory where t is uniformly sampled from the time range
[75, 300 − 1t].

This sampling strategy of one point per trajectory (OPPT) max-
imizes the variability of the training dataset, because each sample has
uniformly generated unique parameters 2 as well as a state x ran-
domly distributed across the attractor. The samples are generated
by CUDA parallel programming such that the generation could be
finished in a day. If only a limited number of solution trajectories
is available, sampling multiple points on each trajectory also works
well, which will be shown in Sec. IV.
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FIG. 1. The architecture of the proposed neural network that cascades LRB residual blocks. The training stage uses samples of one-step predictions while in the test stage
multi-step predictions are achieved by recursively using the neural network.

E. Network training and validation

Given a batch of n samples {(xi, 2i, yi)}
n
i=1, the loss function

for training the neural network is the mean squared error (MSE)
between the true values yi = φ1t(xi; 2i) and the learned predictions
ŷi = φNN(xi; 2i) by the neural network for i = 1, . . . , n, i.e.,

Ltrain

(

{(xi, 2i, yi)}
n
i=1

)

=
1

n

n
∑

i=1

‖yi − ŷi‖
2

=
1

n

n
∑

i=1

‖φ1t(xi; 2i) − φNN(xi; 2i)‖
2, (7)

where ‖x‖ =
√

x2 + y2 + z2 is the l2 norm for x = [x, y, z]T. The val-
idation loss for the model comparison in Sec. IV is defined as the
root mean squared error (RMSE),

Lval({(xi, 2i, yi)}
n
i=1) =

√

Ltrain

(

{(xi, 2i, yi)}
n
i=1

)

.

The neural network is implemented in PyTorch48 and opti-
mized by the ADAM algorithm49 with a small learning rate 0.0002. It
is trained for 600 epochs with the batch size being 0.2 million. Each
epoch includes 1000 batches such that all the training samples could
be used once. All the simulations are carried out on a desktop with
an Intel Core i9-13900K CPU and a NVIDIA RTX 4090 GPU with
24 GB memory.

III. NUMERICAL RESULTS

A. Prediction accuracies of the solutions

In order to demonstrate the prediction accuracies of φNN across
the parameter space P , six ac-slices with b = 35, 39, 43, 47, 51, 55
are considered in Fig. 2. The bifurcation diagrams in Fig. 2(a) show
the categories of the solutions in these slices. The classification of
each parameter choice is obtained by generating a solution trajectory
by the RK4 method and counting the number of different local max-
ima of z(t), i.e., the number of loops.50 The solutions with more than
20 loops are labeled as chaotic solutions. As shown in Fig. 3, when
c is small, the solutions are stable fixed points. Increasing c leads to

chaotic behaviors and finally when c is near −0.5, multiple periodic
solutions occur and the period doubling bifurcation happens.

Given the state x at the previous time step and the parameters
2, the error between the one-step prediction ŷ = φNN(x; 2) and
the true value y = φ1t(x; 2) is evaluated by the l2 norm ‖y − ŷ‖.
The errors on the six ac-slices in Fig. 2(a) are detailed in Fig. 2(b).
Each subfigure is summarized on 1 million random samples gen-
erated by the method described in Sec. II D with the fixed b. Each
ac-slice is partitioned into a 100 × 100 grid and each pixel of the grid
represents the average error of around 100 random samples with a
and c falling in it. It can be seen that the prediction errors are low,
medium, and high for the parameters in the regimes of stable fixed
points, periodic solutions and chaotic solutions, respectively. The
most inaccurate parameter regions are around the left, bottom, and
top boundaries of Fig. 2(b6), corresponding to the chaotic regimes
near the upper boundary b = 55 of the parameter space P , where
the training data are insufficient for an accurate prediction. Sim-
ilarly, the prediction errors in Fig. 2(b1) are higher than those in
Fig. 2(b2), as Fig. 2(b1) corresponds to the lower boundary b = 35
of P .

The accuracy of the k-step prediction of φNN for the parameter
choice 2 and initial state x0 is measured by the normalized error

E(k) =
‖φk·1t(x0; 2) − φk

NN(x0; 2)‖
√

〈‖φt(x0; 2)‖2〉
, (8)

where the mean operator 〈·〉 is the average of a long trajectory gen-
erated by the RK4 method. The accuracy of multi-step prediction
of φNN is concisely evaluated by the valid prediction time (VPT) tv,
defined as28

tv = 1t · inf
k

{k|E(k) > δVPT, k ∈ N}, (9)

where N is the set of natural numbers, inf is the infimum operator
and δVPT is a threshold. In other words, the VPT is the time when
the deviation between the trajectory generated by φNN and the true
solution first exceeds the relative ratio δVPT, which is fixed to28 0.4
in the follow experiments. It is worth noting that the predictabil-
ity of a chaotic system is often measured by the normalized VPT
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FIG. 2. The categories of the true solutions of Lorenz system and the prediction errors of the neural network on several ac-slices. The true solutions corresponding to the
six crosses in (a1) are plotted in Fig. 3.

tv · λ1 where the normalization factor is the Lyapunov time 1/λ1, i.e.,
the inverse of the LLE.43 We do not normalize the VPTs in terms
of the Lyapunov time for that the calculation of millions of LLEs
is time-consuming and the periodic solutions have no Lyapunov
times. As expected, the unnormalized VPTs tv are often lower for
chaotic solutions with larger LLEs.

The VPTs on 0.5 million random samples are drawn in each
subfigure of Fig. 2(c), where each pixel represents the average VPT of

around 50 samples. For each sample (x, 2), the maximal prediction
step is set to 750 in the simulation for convenience of computation,
corresponding to the time horizon T = 7501t = 15. One can see
that the fixed-point solutions on the left sides and the periodic solu-
tions on the right sides of Figs. 2(c1)–2(c6) can be well predicted for
a long time, as the VPTs reach the maximum T = 15. In contrast, the
VPTs of chaotic solutions are short, especially when the parameters
deepen into the chaotic regime. Even though, the minimal average

FIG. 3. Six solutions of the Lorenz system for various c and fixed a = 24.5 and b = 35. The cases correspond to the crosses in Fig. 2(a1).
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FIG. 4. Comparisons between the multi-step predictions by the proposed neural network φNN and the true solutions generated by the RK4 method. The green dots indicate
the states at the VPTs tv . The LLEs and the normalized VPTs tvλ1 are presented in the four chaotic cases (a)–(d).

VPTs in each pixel of Figs. 2(c1)–2(c6) are 3.73, 3.97, 3.50, 3.32, 3.11
and 2.77, respectively.

Several groups of multi-step predictions of x(t) by φNN are
detailed in Fig. 4. Figures 4(a) and 4(b) show that φNN can accu-
rately predict more than t = 10 for two chaotic solutions. In (c) and
(d), the VPTs are lower since these two cases are more chaotic, i.e.,
they have larger LLEs λ1. The VPTs of all the four chaotic cases
reach five multiples of the Lyapunov time, i.e., tvλ1 > 5. Though
the learned solutions deviate from the true solutions in less than
t = 10, they may be still visually similar for large t. For example,

when t ∈ [13, 15] in (c) and (d), the x components of φ
bt/1tc
NN approx-

imate the opposite of the true solutions. It indicates that the neural
network occasionally switches to the symmetric solution

x̃(t) = [−x(t), −y(t), z(t)]T (10)

of the true solution x(t) = [x(t), y(t), z(t)]T. Not surprisingly, the
correct information of x(t) such as the extreme values of x(t) and the
LLE can still be extracted from the learned solution that incorrectly

mixes x̃(t) and x(t). The parameters in (e) correspond to a stable
fixed point. The true solution trajectory is a spiral as the initial state
is near the fixed point. The convergent speed of φNN to the fixed
point is slightly faster than the true solution. The last three exam-
ples in (f)–(h) show that φNN can excellently predict weakly chaotic
solutions as well as periodic solutions.

The accuracy of multi-step prediction φk
NN(x0; 2) depends not

only on the control parameter 2, but also on the initial state x0

and the training progress. To illustrate the latter observations, the
control parameters 2 = [15, 38.4, −2.9]T are fixed and the neural
networks right after the 1, 5, 10, 50, 200, and 600 training epochs
are selected to perform multi-step predictions. The VPTs of 1 mil-
lion initial states x0 randomly sampled on the chaotic attractor
are visualized in Fig. 5 in terms of the xz-projections. Figure 5(a)
shows that after just one epoch of training, the neural network can
accurately predict more than t = 0.5 or 25 1t-steps in the worst
case. Figure 5(c) illustrates that 50 epochs of training makes the
VPTs reach around t = 5 for almost all initial states. When the
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FIG. 5. The VPTs of solutions with different initial states scattered on the attractor for 2 = [15, 38.4,−2.9]T (λ1 = 1.18). The accuracy of multi-step prediction depends on
the initial state as well as the training process.

training process continues, i.e., the number of training epochs
increases, the VPTs increase in general. The improvements are
locally non-uniform. For example, in Fig. 5(a) the solutions starting
near the right hole of the attractor achieve higher VPTs than those
starting near the left hole, while in Fig. 5(c) the opposite happens.

B. Statistics of the solutions

We next consider the statistics of the learned solutions. Several
bifurcation diagrams of the local maxima of z(t) from the true solu-
tions by the RK4 method and the recursively generated solutions
by φNN are compared in Fig. 6. In each of the three columns, one
of the parameters a, b, and c is varied as the bifurcation parameter
and the other two are fixed. To produce the data of every parameter
choice 2, the true solution {φt(x0; 2)|t ∈ [0, 800]} and the learned

solution {φk
NN(x0; 2)}

40000

k=1 are generated from the same random ini-
tial state x0 on the respective attractor, corresponding to the same
time horizon T = 800. It is clear that the bifurcation diagrams in
the second row of Fig. 6 are largely overlapped with the counter-
parts in the first row. In Fig. 6(a), the main inconsistency takes place

at a = 22, which is a bifurcation point in that the symmetric solu-
tions defined in Eq. (10) coincide with the true solutions only when
a > 22. Near this bifurcation point, the learned solutions fluctuate
slightly around the true periodic solutions. In general, the long-term
statistics of the solutions are learned well by the proposed neural
network even though the VPTs are short.

The LLE defined in Eq. (3) is widely applied as a quantitatively
metric for evaluating deep learning-based predication methods.3,27

Figure 7 plots the LLEs of the true solutions by the RK4 method
and the learned solutions by φNN with the parameters on six line
segments in the parameter space P . For each parameter choice 2,
the true solution {φt(x0; 2)|t ∈ [0, 2000]} is generated with a ran-
dom initial state x0 on the attractor and the 100 000 states equally
spaced by 1t = 0.02 are retained. The corresponding learned solu-

tion {φk
NN(x0; 2)}

100 000

k=0 is recursively calculated. The LLEs are calcu-
lated by Wolf algorithm42 from the two trajectories. It can be seen
that the two groups of LLEs in the six subfigures are well aligned,
especially near the sharp changes in Figs. 7(a), 7(c), and 7(f), demon-
strating that in general φNN indeed recovers the correct signatures of
chaos.

FIG. 6. Three groups of bifurcation diagrams of the local maxima of z(t) calculated from the solutions by the RK4 method (top) and the proposed neural network (bottom).
The corresponding LLEs are plotted in Figs. 7(a)–7(c).
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FIG. 7. The LLEs calculated by Wolf algorithm on the true solutions and the solutions recursively generated by the neural network φNN. Cases (a)–(c) correspond to
Figs. 6(a)–6(c), respectively. The apparently inconsistent LLEs are marked by black circles.

There are five pairs of apparently inconsistent LLEs in
Figs. 7(a)–7(c) and 7(f), respectively, which are marked by small
black circles. Though the true solutions in these cases are periodic,
the corresponding control parameters are located in small windows
of periodic solutions interspersed in the chaotic regime41 of the
parameter space P . In contrast, the learned solutions by φNN may
be chaotic, leading to overestimated LLE values. By using the param-
eters 2 = [16, 37.802, −2]T of the inconsistent case in Fig. 7(b),
two true solution trajectories φt(xi; 2), i = 1, 2 initialized at x1

= [−8.82, −7.87, 7.42]T and x2 = [−8.82, −7.87, 7.43]T are shown
in Figs. 8(a) and 8(b) for t ∈ [0, 200] and t ∈ [900, 1000], respec-
tively. Figure 8(a) shows that the two solutions are transiently
chaotic or metastable chaotic51,52 for t < 200. Figure 8(b) shows that
for large t the true solutions converge to two coexisted stable limit

cycles, even though the initial states are very close. For t ∈ [0, 200],
the learned solutions in Fig. 8(c) deviate from the true solutions in
(a). By comparing Figs. 8(d) and 8(b) for large t values, one can see
that the long-term predictions of both solutions by φNN are wrong.
The periodic solution initialized at x1 becomes chaotic in Fig. 8(d),
leading to the overestimation of the LLE in Fig. 7(b). Though the
learned solution initialized at x2 is still periodic in Fig. 8(d), it
converges to the wrong limit cycle.

By confining the initial states on the xz-plane with y = −7.87,
the basins of attraction of the two limit cycles in Fig. 8(b) are detailed
in Fig. 8(e). Except for a few narrow open sets converging entirely
to one of the two limit cycles, the initial states converging to either
limit cycle are densely distributed across the majority of the plane. It
indicates that the basins of attraction could be fractal.53,54 The values

FIG. 8. The true solutions φt and the solutions predicted by φ
bt/1tc

NN from two close initial states x1 and x2 with the same control parameters 2 = [16, 37.802,−2]T. The
basins of attraction of the two limit cycles in (b) are detailed in (e), where the colors indicate the proportions of nearby initial states being attracted by the red dashed limit
cycle in (b).
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FIG. 9. Comparison of the training processes and the prediction accuracies among the neural networks listed in Table I.

and types of the long-term map φt(·; 2) for large t have significant
initial value sensitivity. As a result, the misleading transient chaos
in the long-term predictions of the neural network and the conver-
gence to the wrong limit cycles may not be solved by using deeper
neural networks or denser training datasets.

IV. MODEL DISCUSSION AND COMPARISON

In building a capable deep learning model, it is vital to choose a
proper size of the neural network, including the number of layers
and the number of neurons in each layer. In addition, the train-
ing process and dataset also affect the accuracy of the resulting
neural networks. In this section, we discuss possible guidelines by
investigating several neural networks.

In Table I, the neural network utilized in the previous sections
is named ResNet-1, consisting of 17 residual blocks. As shown in
Fig. 1, each residual block includes three (128, 128)-linear layers. In
the first residual block and after the last residual block, a (6, 128) and
a (128, 3)-linear layers are required, respectively, to align the shapes
of vectors. Therefore there are 17 × 3 + 2 = 53 linear layers in total.
Since the number of tunable parameters of a (m, n)-linear layer is
mn + n. ResNet-1 has 827 779 tunable parameters.

In each training epoch, the training losses Eq. (7) of ResNet-1
may fluctuate significantly after every few training batches, instead
of decreasing monotonously, as shown in Fig. 9(a). The reason is
that each batch of data is insufficient to guide the best optimization
direction, such that overshooting and undershooting often occur. In
order to conduct a more stable evaluation of the training process,
in each epoch, we propose to only record the best model among the
1000 batches when the lowest training loss is attained. Then the val-
idation loss on the independent validation set is calculated on the
best model as the validation loss of the whole epoch. The curve
of ResNet-1 in Fig. 9(b) demonstrates that the validation losses of
these best models decrease more steadily when the training process
continues.

By varying the network architectures and the sizes of the train-
ing datasets using OPPT sampling, we find that the neural networks
having more layers and more training data achieve higher prediction
accuracies. By decreasing the number of residual blocks, ResNet-
1, ResNet-2, and ResNet-3 in Table I have less and less tunable
parameters. The average one-step errors in Table I and the valida-
tion losses in Fig. 9(b) increase accordingly. Though the architecture
of ResNet-4 is identical to ResNet-1, ResNet-4 uses 40 millions train-
ing samples, which is only 1/5 of the data size used for training
ResNet-1. Figure 9(b) shows that ResNet-4 is considerably inferior

Chaos 34, 033108 (2024); doi: 10.1063/5.0187866 34, 033108-9

Published under an exclusive license by AIP Publishing

 06 August 2024 13:34:03

https://pubs.aip.org/aip/cha


Chaos ARTICLE pubs.aip.org/aip/cha

TABLE I. A comparison of neural networks with different architectures and training data.

No. Residual Shapes of No. Linear No. Tunable No. Training samples One-step errorc Training time per epoch
ID blocks LRB residual blocks layers parameters in millions MEAN/SD × 103 in second

ResNet-1a 17 (128, 128, 128)b 53 827 779 200 1.50/1.05 1121
ResNet-2 9 (128, 128, 128) 29 431 491 200 3.21/2.28 1139
ResNet-3 3 (128, 128, 128) 11 134 275 200 9.42/7.06 1109
ResNet-4 17 (128, 128, 128) 53 827 779 40 4.07/2.93 222
ResNet-5 6 (512, 128, 512) 20 829 699 200 3.17/2.24 1154
ResNet-6 40 (128, 64, 128) 122 822 915 200 1.56/1.07 1319
FCNN-1 0 NA 10 133 379 200 39.90/28.74 1109

aThe neural network is utilized throughout Sec. III.
b(m, n, k) stands for that the three linear layers in one residual block have the input and output lengths being (m, n), (n, n), and (n, k),
respectively. The first residual block in the neural network is different as an additional linear layer described in Eq. (5) is required.
cThe mean and standard deviation (SD) of the one-step prediction errors (l2 norm) are calculated on 100 million samples with the parameters
uniformly distributed in P .

to ResNet-1. Nevertheless, the last column of Table I indicates that
the training of ResNet-4 is the fastest since the time of each training
epoch is roughly proportional to the size of the training dataset.

The aforementioned neural networks ResNet-1 to ResNet-4
mainly utilize the same residual blocks cascading three (128, 128)-
linear layers with 49 536 parameters. We now increase the numbers
of neurons in the linear layers such that the sizes of the three
linear layers in each residual block are (512, 128), (128, 128), and
(128, 512) and there are 148 224 parameters in each residual block.
ResNet-5 cascades 6 such wider residual blocks such that the num-
ber of tunable parameters is comparable to ResNet-1. Figure 9(b)
shows that ResNet-5 is inferior than ResNet-1 but comparable to
ResNet-2.

In contrast, we can readily increase the number of residual
blocks and decrease the number of neurons in each residual block.
For example, the ResNet-6 in Table I has 40 residual blocks. Each
block consists of three linear layers with the smaller sizes (128, 64),
(64, 64), and (64, 128), such that the total number of parameters is
comparable to ResNet-1. Though there are 130% more linear layers
in ResNet-6, its training speed is only 18% slower than ResNet-1.
Table I and Fig. 9(b) show that the performance of ResNet-6 is com-
parable to ResNet-1. In summary, if the tunable parameters and the
training dataset are comparable, the deeper neural network with less
neurons in each layer may achieve a better prediction accuracy than
the shallower neural network with more neurons in each layer. If we
keep increasing the depth of the neural network, the improvement
of prediction accuracy may reach a limit.

If we remove all the residual connections in ResNet-3, it
becomes a FCNN that stacks 10 linear layers separated by activa-
tion functions. The simplified neural network is named FCNN-1.
As listed in Table I, the number of tunable parameters of FCNN-1
is comparable to ResNet-3, except that there is an additional lin-
ear layer in the first residual block of ResNet-3 to adjust the output
shape of the residual connection. However, Fig. 9(b) shows that
the learning speed of FCNN-1 in terms of the validation loss is
significantly slower than ResNet-3, verifying the vital role of the
residual connections in speeding up the training process.47,55 Table I

further shows that the average one-step error of FCNN-1 is four
times higher than ResNet-3. It demonstrates clearly that the residual
connections can greatly improve the nonlinear mapping capability
of the neural network.

The multi-step predictions of x(t) by the neural networks listed
in Table I with the same random initial state and control parame-
ters are compared in Fig. 9(c). ResNet-1 and ResNet-6 perform the
best as they are the deepest and they are trained on a large dataset.
The shallow ResNet-2, ResNet-3 and the deep ResNet-4 with limited
training data achieve inferior performances. The performance of the
shallowest FCNN-1 without residual connections is the poorest. A
more thorough comparison of the VPTs by these neural networks
on the ac-slice with fixed b = 39 is detailed in Fig. 9(d) using the
similar setting for producing Fig. 2(c2) of ResNet-1. It can be seen
that all the neural networks are effective to some extent. The shal-
low neural networks ResNet-2, ResNet-3, and FCNN-1 as well as the
ResNet-4 with limited training data may not achieve accurate long-
term predictions for the periodic solutions when c values are near
−0.5. ResNet-5 and ResNet-6 achieve comparable performances to
ResNet-1, since they have comparable sizes of tunable parameters
and training dataset.

Though the proposed method requires a large training dataset,
the OPPT sampling is not necessary. When only a limited number
of solution trajectories with different control parameters is avail-
able, one can construct a large dataset by sampling multiple points
on each trajectory. The neural network still can learn comprehen-
sively the parameter-dependent system. For example, the ResNet-4
in Table I utilizes 40 million samples on 40 million trajectories.
Instead, here we train ResNet-4 from another three training datasets
that include only 4,000, 400 and 200 trajectories. Each trajectory is
generated using the method described in Sec. II D with the control
parameters uniformly sampled in Eq. (6). In the three new cases,
10,000, 100,000 and 200,000 training samples are uniformly sampled
on each trajectory with t ∈ [75, 300], respectively, such that all the
training datasets include 40 million samples. The validation losses
in Fig. 10(a) and the VPTs in Figs. 9(d3) and 10(b2) demonstrate
that the prediction accuracies of the models trained on 40 million
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FIG. 10. Comparison of four implementations of the ResNet-4 trained on datasets with 40 million samples, which are sampled from 40 million, 4000, 400, and 200 trajectories
(TRAJs), respectively. The VPTs of the implementation using 40 million trajectories are shown in Fig. 9(d3).

trajectories and 400 trajectories have no significant difference.
Only when the number of training trajectories decreases to 200,
Fig. 10(b3) indicates that the long-term predictions of the periodic
solutions near c = 0.5 fail early.

Figure 10(c) further details the predictions of three solutions
using the four implementations of ResNet-4. Figure 10(c1) shows
that the deviations between the x components of the stable fixed
points of the learned solutions and the true fixed point increase
when the numbers of training trajectories decrease. Remarkably,
even though there are only 200 training trajectories, the deviation
is less than 0.05. Figure 10(c2) implies that 200 training trajectories
are sufficient for accurately predicting a chaotic solution for t = 3.
The periodic solution in (c3) is effectively learned from 200 training
trajectories, though the period of the learned solution is a slightly
longer than the true solution. Overall, a large dataset sampled from
hundreds of solution trajectories is enough for training a neural net-
work capable of generating visually similar solutions for different
control parameters.

V. CONCLUSION

In this work, a very deep neural network is proposed to per-
form recursive prediction of the chaotic Lorenz system with three
control parameters. The neural network cascades a large number
of simple linear layers with residual connections. A large dataset of
one-step predictions is used to sufficiently train it. The results show
that the proposed method can simultaneously perform long-term
predictions for the periodic solutions and accurately predict chaotic
solutions for several multiples of the Lyapunov time. The long-term
predictions of the neural network well approximate the dynamical
characteristics of the true solutions such as the bifurcation diagrams
and the LLEs. Nevertheless, the method may learn the misleading

transient chaos captured by the training dataset and fail to predict
the asymptotic behaviors of the solutions due to the initial value
sensitivity of the Lorenz system.

An ablation study of different network architectures further
shows that the residual connections are indispensable for improv-
ing the nonlinear mapping capability of very deep neural networks.
When the numbers of tunable weights are comparable, the neu-
ral networks consisting of more layers or being trained on larger
datasets perform better. A dataset sampled from a very limited num-
ber of solution trajectories is enough for an effective learning. The
training speed is roughly proportional to the size of training dataset
and insensitive to the increase of the network layers. These obser-
vations suggest that constructing massive training data and building
very deep neural networks with residual connections are promising
modeling strategies for parameter-dependent dynamical systems.
Nevertheless, shallow neural networks trained on limited data are
also effective with inferior prediction accuracies.
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