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Abstract

Some studies show that when a dynamical system approaches its critical transition point, the

changing spectral exponent can be used as an early warning signal. However, the performance of

the spectral exponent may be influenced by different bifurcation types and spectral estimation

techniques. We therefore test the performance of spectral exponents obtained from different spectral

estimation algorithms in several prototypical stochastic dynamical models and find that the spectral

exponent based on the Burg method outperforms other existing estimators, which helps to improve

the spectral exponent’s robustness in practical application. We also find that in most numerical

experiments, the early warning ability of the Burg-method-based spectral exponent is obviously

better than the lag-one autocorrelation (AC1) and variance for an upcoming tipping point. We then

employ spectral exponents for early warning of the abrupt change of sea level pressure in the North

Pacific Ocean in 1976-1977. The spectral exponents obtained by the Periodogram and Burg method

show a decreasing trend since 1966, which we interpret as a warning signal hindcasting the transition.

While the spectral exponent estimated by the Periodogram method is sensitive to the frequency band,

the spectral exponent estimated via the Burg method exhibits a consistent trend across frequency

bands. This futher indicates the robustness of the spectral exponent obtained from the Burg method

as an early warning signal of critical transition point.

Key words: tipping point, critical transition, power spectrum, early warning signal

1. Introduction

Many studies show that there are critical thresholds in numerous dynamic systems. An abrupt

change will occur when the parameters of the system cross its critical thresholds, such as

eutrophication of lakes (Carpenter, 2005; Glibert, 2019; Zhou. J et al., 2022), the reduction of
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species diversity (Peter Soroye et al., 2020; Pacoureau et al., 2021) and abrupt climate change
(Dakos et al., 2008; Simpson, N. P. et al., 2021; Boers 2021; Boers and Rypdal, 2021; Boers et al.,
2022, Boulton et al., 2022). Such dramatic, bifurcation-induced state shifts are typically referred to
as "critical transition" in nonlinear dynamics (Scheffer, 2009; Boers et al., 2022). A critical transition
often brings a series of negative consequences, which may have hazardous effects on human society
and natural systems (Boers et al., 2022; Armstrong McKay, 2022). Therefore, the development of
methods to anticipate or predict critical transitions has become a very active field of research in
recent years.

Several essential components of the Earth system that might exhibit critical thresholds have
been identified (Lenton et al., 2008; Armstrong McKay, 2022). Some of these 'tipping elements'
have been suggested to be approaching their critical thresholds (Lenton et al., 2019; Boers 2021;
Boers and Rypdal, 2021; Boers et al., 2022, Boulton et al., 2022). The Greenland ice sheet, for
example, is melting at an accelerated rate (Trusel et al., 2018) and modelling studies suggest that its
critical threshold in terms of global mean temperatures is between 1.7° and 2.3° above preindustrial
levels (Robinson et al., 2011; Bochow et al., 2023); it should be emphasized, however, that given
the inertia of the Greenland ice sheet, a full melt down could be avoided if global temperatures are
reduced to safe levels within several centuries (Bochow et al., 2023). Nevertheless, the accelerating
melting of the Greenland ice sheet causes an ongoing global sea level rise, threatening coastal
regions and islands in many low-altitude countries and potentially forcing millions of people to
migrate in the future (Hauer et al., 2019). It is worth noting that when a subsystem of a complex
dynamic system approaches its critical threshold, transition cascades may be triggered due to the

interactions between subsystems of the complex system (Juan C. Rocha et al., 2018; Schneider et
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al., 2019). As an example, Greenland and Arctic sea ice melting induce net fresh water import into

the Northern Atlantic Ocean, which might weaken the Atlantic meridional overturning circulation

(AMOC) (Wunderling et al., 2019). The weakening of AMOC would in turn lead to a drying of the

tropical monsoon systems of Western Africa, India, and eastern Asia (Ben-Yami et al., in revision).

On the other hand, an AMOC weakening would likely lead to increasing rainfall sums of large parts

of the Amazon rainforest especially during the dry season, showing that interactions between

subsystems can also have a stabilizing effect (D. Nian et al., 2023).

Generally speaking, critical transitions of climate subsystems in response to anthropogenic

climate change might have devastating climatic, ecological, and socioeconomic consequences

(Boers et al., 2022). Therefore, methods to reliably anticipate such transitions are urgently needed,

e.g. to formulate appropriate mitigation or adaptation strategies. If there is independent reasons to

assume that an abrupt shift would be caused by a (co-dimension one) bifurcation, warning signs can

be identified based on phenomenon of critical slowing down (Dakos et al., 2008; Boers, 2021; Boers

et al., 2022; Forzieri et al., 2022). The closer a system is to the critical threshold marking the

bifurcation point, the weaker the restoring forces and the longer the recovery time to the initial stable

state from a small external perturbation (Veraart et al., 2011; Boers et al., 2022). Accordingly, the

statistical characteristics of the system will change, which can be quantified by various approaches,

including increasing autocorrelation (Dakos et al., 2012) and variance (Carpenter et al., 2006;

Spielmann et al., 2016) of the time series encoding the dynamics of the system. In addition to the

classical early-warning indicators autocorrelation and variance, some additional indicators have

been proposed as possible early warning signals for critical transitions of ecosystems or climate

components, including skewness, direct estimates of the recovery rate, as well as some spectral
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properties, have been proposed (Kleinen et al., 2002; Guttal et al., 2008; Boers, 2022). For example,

on the basis of the changes of autocorrelation coefficient and variance, we can identify whether a

specific species community is approaching its critical threshold (Dakos et al., 2014). According to

the changing skewness, the state transition of shallow lakes can be anticipated in advance (Guttal et

al., 2008).

Although some encouraging results have been achieved in improving early warning signals of

critical transitions (Boers, 2021; Boettner and Boers, 2022,Hessler and Kamps, 2023), there are still

great challenges both in theoretical developments and in the practical applications. On the one hand,

the underlying dynamic process of some complex systems is still unclear; however, it only makes

sense to search for early warning signs based on critical slowing down if one has strong reasons to

assume that the system in question may exhibit a bifurcation induced transition. On the other hand,

it is often difficult or impossible to obtain suitable high-resolution observational data capturing the

relevant system characteristics comprehensively (Biggs et al., 2009; Scheffer et al., 2009). Some

researches have questioned the applicability of early warning signals (Boettiger et al., 2013), and

pointed out that these methods also have failures (Perretti et al., 2012; Boerlijst et al., 2013). For

example, the variance and autocorrelation do not always rise when a dynamic system undergoes an

abrupt change (Dakos et al., 2012). Even if the system does not approach a critical transition point,

the lag-one autocorrelation (AC1) and variance can still increase with time for independent reasons,

such as increasing correlation in the noise driving the system (Boers, 2021). Before reaching the

critical point, kurtosis and skewness coefficient do not always give early warning signals in advance

(Xie et al., 2019; 2023). Moreover, strong noise can affect the range of skewness and kurtosis, and

shorten their effective early warning time (He et al., 2018; He et al., 2019).
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It has been shown that spectral characteristics can also be exploited to warn of a forthcoming critical

transition. Technique to quantify signal power in the unit frequency range is the power spectral

density, which reveals the frequency-related changes of time series, that is, the distribution of signal

power in the frequency domain. When a system approaches the critical threshold, a concentrated

change at low frequencies can be observed; this has been referred to as spectral reddening (Kleinen

et al., 2002). Based on this phenomenon, various early warning signals of critical transition have

been developed (Carpenter et al., 2010). One of these methods is the spectral exponent, which can

be easily obtained by linearly fitting the power spectrum and frequency curves on the double

logarithmic axis (that is, the slope of the logarithmic curve) (Prettyman et al., 2018). Spectral

exponent reflects the scaling characteristics between power spectrum and frequency. Due to the

scaling properties, the lag-1 autocorrelation function (ACF(1)) will show a power-law decay with

the increase of time lag in time series with long-term autocorrelation. Detrended fluctuation analysis

(DFA) has similar characteristics after averages the variance over non-overlapping segments of time

series length after subtracting the trend of n-order polynomial. There is a certain correlation between

three scaling exponents, which indicates that the spectral exponent may be informative before

critical transition like ACF(1) and DFA. Bury et al. (2020) found that when a system approaches its

critical point, the power spectrum exhibits characteristic properties related to the bifurcation types.

In some cases, the early warning signals dependent on the reddening phenomenon of the power

spectrum may not work. Therefore, it is still an open scientific question whether the spectral

exponent can be used to provide effective early warning when the system undergoes critical

transition through different types of bifurcation. In addition, considering the differences of the

power spectrum obtained by the various spectral estimation techniques, different estimation
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techniques may affect the performance of the spectral exponent as an early warning signal of critical
transitions. In view of this, based on pitchfork bifurcation and fold bifurcation models, the early
warning performance of the spectral exponent obtained by four spectral estimation algorithms is
studied in detail in the following. Spectral exponents using the different spectral estimation
techniques are then computed prior to an interdecadal abrupt change of sea level pressure that
occurred in the North Pacific Ocean in 1976/1977 (Kevin, 1990). The performance of different
spectral estimation algorithms in this real-world example of abrupt climate changes is then

thoroughly compared and results are discussed and put into context.

2.Methods
2.1 Power spectrum

The estimation techniques of the power spectrum can be divided into parametric and
nonparametric methods. Parametric methods are based on regression models, while nonparametric
methods use the Fourier transform. In this study, the Periodogram method (Auger et al., 1995; Fulop
et al., 2006), Welch method (Hayes et al., 1996; Stoica et al., 2005), Yule-Walker method
(Friedlander et al., 1984) and Burg method (Kay et al., 1988; Orfanidis et al., 1988) are used to
compare the influence of different spectral estimation techniques on the derived spectral exponent.
The spectral exponent could be obtained by estimating the slope of power spectrum-frequency curve
on the logarithmic axis. Unless otherwise specified, the frequency range used for calculating the
spectral exponentis 1072 < f < 10~ (Prettyman et al., 2018).
2.2 Kendall’s tau to measure nonlinear trends

Kendall rank correlation coefficient can be used to quantitatively characterize the monotonous
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trend of a time series, which is commonly represented as t, and the range of values is [-1, 1]. The
upward or downward trend of time series is represented by the positive or negative values of 1, the
greater the significance of the corresponding upward trend, the closer tis to 1, and vice versa (Mann,
H. B., 1945). In this study, the monotonicity of the spectral exponent obtained by different spectral
estimation techniques is quantitatively measured by . To measure the significance of a given trend,
the Mann-Kendall trend test is a nonparametric test method that assumes subsequent data points to
be distributed identically and independently.
2.3 Models

Based on four nonlinear stochastic dynamic models, the early warning performance of the
spectral exponent for critical transition is tested. A typical pitchfork bifurcation model is given by

Equation (1).

dz _

a t
ac 5(24 + (3 - E)ZZ) + ozN7 (1)

In this model, there exists a single stable equilibrium point Z=0 before the bifurcation. After
t=600, there will be two stable states, which are £0.05v/T — 600, respectively, and Z=0 becomes an
unstable equilibrium point. Here, the random variable 71z is Gaussian white noise, scaled to a
standard deviation of 07=0.05.

Fold bifurcations can be used to describe many critical transitions in nature, such as the abrupt
change in the population density of fish (Steele et al., 1984), spruce budworms (Ludwiget al., 1978),
charophytes (van Nes et al., 2002), or the impacts of Amazon deforestation on South American
climate (Boers et al., 2017; Bochow and Boers, 2023). In addition, fold bifurcations have also been
found in ecosystem dynamics such as lake eutrophication (Guttal et al., 2008). Based on this, we

employ three stochastic dynamic models with typical fold bifurcation phenomena to investigate the
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early warning performance of the spectral exponent. The univariate vegetation model as shown in
Equation (2) can be used to describe the dynamic change of vegetation biomass (V) with the

maximum grazing rate (c¢) (Guttal et al., 2008).

av \' v?2
2 = VA9 e toviv(® @

Except for ¢, the other parameters of equation (2) in this study are fixed at constant values,
namely the environmental carrying capacity K=10, the growth rate r=1, and the parameter Vo=1.
The stochastic variable 7y is Gaussian white noise, scaled with a standard deviation oy=0.25.

A bivariate vegetation model can be used to simulate the interaction between soil water and

vegetation (Guttal et al., 2007) via

aw

o= R — aw — AwB + 0,1, (1) 3)
dB B B
o = PBW =) — -+ 0gns(0) “4)

In formula (3), soil water w will increase at a rate of R as a result of rainfall, but it will also decline

due to evaporation and vegetation absorption. The vegetation biomass B of Equation (4) is affected

by rainfall and grazing. The physical meanings and values of the remaining parameters in Equations

(3) and (4) are presented in Table 1.

Table 1. Parameter Description of Bivariate Vegetation Model

Parameter Description and value
B Vegetation biomass;dynamic variable of interest
w Soil water
R Rainfall rate;control parameter (range:0-3)
a Rate of soil water loss;a=1. 0
A Consumption rate of water by biomass, 1=0.12
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Oy SD of fluctuations in rainfall rate R (range:0-1)

p Maximum biomass growth rate (for w=1), p=I
B¢ Carrying capacity of biomass (for w=1), B-=10
U Maximum grazing rate, u=2
B, Biomass at which the grazing rate is half maximum, By=1
op SD of external noise (range:0—1)
Nw (), ng(t) Uncorrelated Gaussian noise, <n; (t) nj (t') >=0;;0 (t-t"), where i, jJ=w or B.

Our third model has been introduced to describe Arctic sea ice. The sea ice coverage will be
affected by many factors, and the process can be well explained by the sea ice-ocean coupled model
shown in Equation (5) (Eisenman et al., 2009).

% = Atanh(;) + [Ry®() — B + L —F — 1+ M + oy (¢) )

The coverage of sea ice is represented by I in this model, and when 1<0, the sea ice disappears
completely. Various factors affecting sea ice are expressed by the parameter M, and O(-) is a

Heaviside step function. The corresponding parameter descriptions and values are listed in Table 2.

Table 2. Description of sea ice model parameters

Parameter Description and value
I Sea ice
A Ocean-sea-ice albedo diff. 4=0.43
h Albedo transition smoothness, h=0.5
Ry Sea ice export, Ry=-0.1
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B Outgoing longwave radiation coeff. B=0.45

L Incoming longwave radiation, L=1.25

F Ocean forcing on sea-ice, F=1/28

oy SD of fluctuations in ice rate I, ¢;=0.05

n;(t) Uncorrelated Gaussian noise, <n (t) i (t) >=6 (t-t")

In this study, the Euler Maruyama scheme is adopted to integrate the above models. For each

numerical experiment, each stochastic differential equation is repeatedly integrated for 100 times to

investigate the stability and robustness of the spectral exponent as a warning indicator. In numerical

experiments, the initial value is selected according to the stable state corresponding to the control

parameters in the bifurcation diagram of each model. Different sizes of Kendall rank correlation

coefficient t are taken as thresholds, and the proportion of spectral exponents obtained by different

methods meeting the corresponding thresholds is counted to measure the strength of the different

estimation methods.

3.Results

3.1 The performance of the spectral exponent in different synthetic models

In order to quantitatively compare the influence of different spectral estimation methods on the

early warning performance of the spectral exponent, we first compute the latter with four methods

to compute the spectral density, namely the Periodogram method, Welch method, Yule-Walker

method, and Burg method. We first test them in the pitchfork bifurcation model. The time series of

100 repeated integrations is shown in Fig. 1 (a). Each integration starts at t=0 and ends at t=1000

with a time step dt=0.05. There exists only one stable equilibrium point in the system, Z=0, when
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the integration time is less than t=600. However, the pitchfork model has two stable states for t>600,

which means that the system state will undergo an abrupt change through fork bifurcation around

t=600. Fig.1(b) displays the four versions of the spectral exponent, obtained by the different

estimation methods in a sliding window of length 200 time steps. It can be seen that the average

spectral exponent of 100 time series all exhibit an upward trend in different degrees before t=600,

no matter which spectral exponent estimation method is used. The monotonicity of the increasing

trend of spectral exponents based on the Yule-Walker method and the Burg method (Kendall rank

correlation coefficients t are 0.91945 and 0.91656, respectively) indicates that, at least for the

purpose at hand, these two spectral estimation methods perform better than the Welch method

(t=0.75543) and Periodogram method (t=0.38046). In order to compare the performance of these

four spectral exponents more quantitatively, we calculated the proportion of Kendall rank

correlation coefficient T exceeding a certain threshold in 100 repeated experiments (Fig.1(c)). The

results indicate that the area under the curve of the Yule-Walker method is basically the same as

obtained using the Burg method. For both the area under the curve is larger than that for the

Periodogram and Welch methods, where the area under the curve of Periodogram method is the

smallest (Fig.1(c)). As shown in Figs. 1(b) and 1(c), as far as the critical transition of the pitchfork

bifurcation model is concerned, the spectral exponents obtained by four spectral estimation methods

can all give early warning signals far away from the critical point, that is, the four spectral exponents

all increase uniformly before approaching the critical transition point. Generally speaking, among

the four spectral estimation methods, Yule-Walker and Burg methods have the strongest early

warning ability for the critical transition of the pitchfork bifurcation model, followed by Welch

method, and Periodogram method has the worst early warning effect.
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224 Fig. 1 Early warning for critical transition of pitchfork model based on the spectral

225 exponents obtained from four different power spectral estimation methods. (a) the time series
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of Z (t) is obtained after repeated integration of the pitchfork bifurcation model for 100 times, and

each time series is represented by lines with different colors. (b) Average results of the spectral

exponent obtained using the four spectral estimation methods.The error bar is a standard deviation.

(c) In 100 repeated experiments, the proportion of the increasing trend of the spectral exponent

exceeds a certain Kendall rank correlation coefficient threshold, and the larger the area under the

curve (AUC), the better the early warning effect of the spectral exponent. In Fig. 1(b) and Fig. 1(c),

the curves of four different colors respectively represent the changes of the spectral exponent

obtained by the four spectral estimation methods with the sliding window, in which the black line

represents the Periodogram method, the red line represents the Welch method, the blue line

represents the Yule-Walker method, and the green line represents the Burg method. The average

changes of the spectral exponents obtained by the four methods are basically the same, but the

fluctuation variance of the spectral exponents obtained by the Burg and Yule-Walker methods is

smaller than that obtained via the Periodogram and Welch methods. As can also be seen in Fig.1 (c),

most of the results of spectral exponents obtained by Burg method and Yule-Walker method have a

stronger trend.

In all fold bifurcation models, the time step of the integration process is 0.1, and the total

integration time is 100. In numerical experiments, the initial values of the integration are obtained

from the bifurcation diagram of each model. Fig. 2 (a) shows a bifurcation diagram of the univariate

vegetation model, which exhibits a typical fold bifurcation. In this model, the maximum grazing

rate parameter ¢ is one of the key control parameters, The critical transition points of vegetation

model are c*=1.8 and c*=2.6, respectively. When c<1.8, the vegetation biomass is in a relatively



248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

high-density state, and when ¢>2.6, the vegetation biomass is in a relatively low density state.

However, the vegetation model is bistable for 1.8<c<2.6, which means that the vegetation state can

change between high density and low density. The maximum grazing rate ¢ gradually and linearly

increases from 1 to 3 at the rate of 0.02 per time step (initial condition V=8.89). When t=80, the

value of parameter ¢ is just equal to the critical threshold c¢*=2.6, after which the decay rate of

vegetation biomass increases clearly (Fig. 2 (b)). When the maximum grazing rate ¢ cross the critical

point (c*=2.6), in 100 repeated integration experiments, most of the vegetative biomass decreased

to zero in a short time (Fig. 2 (b)). Before reaching the critical point (c*=2.6), except Yule-Walker

method, the average spectral exponents obtained by the other three spectral estimation techniques

all showed an obvious increasing trend (Fig. 2 (c¢)). The monotonicity (=0.98588) of the spectral

exponent obtained via the Burg method is better than the other three spectral estimation methods,

followed by Welch method (t=0.82662). It is worth noting that the average power spectral exponent

obtained by the Yule-Walker method had almost no change trend. (Fig. 2c). The statistical results of

Kendall rank correlation coefficient t of the spectral exponent values exceeding a certain threshold

are shown in Fig. 2d, which indicates that the area under the curve of the spectral exponent based

on the Burg method is the largest. The results show that the early warning ability is better than that

of the other three spectral estimation methods, followed by Welch method and Periodogram method.

The spectral exponent estimated by Yule-Walker method performs worst in giving an early warning

of critical transitions in the univariate vegetation model (Fig.2 (d)).
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Fig.2 Early warning for critical transition of univariate vegetation model using spectral

exponent. (a) Bifurcation diagram of the univariate vegetation model, the abscissa is the maximum

grazing rate parameter c, and the ordinate is the biomass density V of the system state variable. The

solid line indicates stable equilibrium points, and the dotted line indicates unstable equilibrium

points. The two bifurcation points are c*=1.8 and c*=2.6 respectively. (b) The change of vegetation

biomass V in 100 repeated integrations, and the black line represents the average biomass. (c) The

early warning results based on the spectral exponent, obtained by four spectral estimation methods,

and the upper and lower parts of the horizontal axis are the control parameter ¢ and integral time,

respectively. (d) Under different Kendall 1 thresholds, the proportion of the increasing or decreasing

trend of spectral exponent exceeding a certain threshold in 100 repeated experiments. The trend of

the spectral exponent obtained by the Yule-Walker method is very weak. Although the spectral

exponent obtained by the Welch method is relatively strong, its rising amplitude is smaller than that

obtained by the Periodogram and Burg methods.
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In the bivariate vegetation model, with the increase of rainfall rate R, the vegetation biomass

density will show a nonlinear change, that is, the vegetation state might change abruptly through a

classical fold bifurcation (Fig.3(a)). In the bivariate vegetation model, soil water and vegetation

coverage are both affected by rainfall rate R. and the two critical points are R*=1.06 and R*=2.0

(Fig.3(b)). When the rainfall rate decreases slowly and linearly along the upper branch of the

bifurcation diagram, the vegetation biomass density exhibits the characteristics of fluctuating

decrease, and the average vegetation biomass density decreases almost monotonically (Fig.3(c)).

The closer to the critical point R*=1.06, the faster the vegetation biomass density decreases

(Fig.3(c)). Before approaching the critical transition point, the spectral exponent obtained using the

Burg method increases almost monotonically (7= 0.97917), and the spectral exponent based on the

Welch method exhibits fluctuating but overall steady increase (1=0.86652) (Fig.3(c)). The average

spectral exponents obtained using the Periodogram first show a decreasing and then an increasing

trend (Fig.3(d)).The spectral exponent obtained by Yule-Walker method has only a slight downward

trend (1= -0.18504). According to the statistical result that the Kendall t of the spectral exponent

obtained by each spectral estimation method exceeds a certain threshold, the area under the curve

of the spectral exponent based on the Burg method is the largest, which shows that its early warning

ability is obviously better than that of the other three spectral estimation methods, followed by the

Welch method (Fig.3(e)). The early warning performance of the spectral exponents computed using

the Periodogram and Yule-Walker methods is poor (Fig.3(e)).



303

304

Vegetation biomass (B)

Bifurcation digram

15
Rainfall rate (R)

(a) Bifurcation digram (b)
10 [ e Vegetated ' ' ' L 2 | == Abundant '
----- Unstable sanns Unstable
e Bare. J—C) )
8L .
15
6F . <
B
g
Al 1
% 1
(7]
21 \ ]
»,%...
0 ""'"---...,,,__ ] 05
0.5 1 15 2 25 0.5
Rainfall rate (R)
Rainfall rate - R
1.5 133 116 1 0.7 0.4 0.1
"]
2
2
a4
©
(7]
2}
£
R
[ . .
(d)
- -2 -_ Pe:iodograml ' ) ' ) i : i h
1< 7=0.62777 |
Q — Welch e
g 3F 7=0.92019 1 b
a — Yule-Walker | 1
™3 7=0.2675
eh N _/ 7
E 7=0.98755 |
=) ~ |
8-5F : -
Q.
n - sliding window - b= |
o L i 1 ' L L L i L 3
(1] 10 20 30 40 50 60 70 80 920

Time

100

25



305

306

307

308

309

310

311

312

313

314

315

316

317

318

L L] L]
— Periodogram AUC = 0.3645
— Welch AUC = 0.4285
Y ule-Walker AUC = 0.1058
Burg AUC =0.7108

0.8 L

0.6 kL

04 L

0.2 L

Proportion of regime shift detected

0.2 04 0.6 0.8 1
Kendall ,rthreshold

Fig. 3 Early warning for critical transition of bivariate vegetation model using spectral

exponent. (a) and (b) Bifurcation diagrams of the bivariate vegetation model. The abscissa is the

rainfall rate R, and the ordinate is the system state variable, which is the vegetation biomass density

B and soil water w, respectively. The two critical transition points of the model are R*=1.06 and

R*=2, respectively. (¢) The change of vegetation biomass density B with time obtained by 100 times

integration, and the black line represents the average (initial condition B=6.8). (d) The results of the

average spectral exponent obtained by four spectral estimation methods, and the upper and lower

parts of the horizontal axis are rainfall rate R and integration time, respectively. (e) Under different

Kendall t thresholds, the proportion of the changing trend of spectral exponent exceeding a certain

threshold in 100 repeated experiments. In this model, the spectral exponents obtained by the Burg

method are better than those obtained by the other three methods, both for averaged and single

results.
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The sea ice-ocean coupled model can be used to describe the melting process of sea ice affected by

different factors, which shows a typical fold bifurcation (Fig. 4 (a)). For >0, there is sea ice covering

the ocean, however, the sea ice will disappear completely for 1<0. In the coupled model, various

factors affecting the sea ice coverage are represented by the parameter M. M*=-0.28 and M*=-0.11

are two critical thresholds for the critical transition of I. When the parameter M decreases slowly

and linearly along the upper branch of the bifurcation diagram, the coupled model gradually

approaches the critical threshold (M*=-0.28), which makes the sea ice coverage show a consistent

decreasing trend in 100 experiments (Fig. 4 (b)). With the further decrease of M, the sea ice

gradually disappears (Fig. 4 (b)). As the model approaches its critical transition, the average power

spectral exponents obtained using the four spectral estimation methods all show an increasing trend.

The spectral exponent obtained via the Burg method increases almost monotonically before reaching

the critical point, and the Kendall rank correlation coefficient T was 0.99335. The spectral exponent

based on Welch method also clearly shows increasing characteristics with 1=0.95426 (Fig. 4 (c)).

Although the Kendall T of the spectral exponent obtained by Yule-Walker method is 0.51671 in the

process of approaching the critical point, its variation amplitude and t value are far less than the

Kendall rank correlation coefficient obtained by the other three estimation methods. Fig.4 (d) shows

the statistical results that the Kendall T of the spectral exponent obtained by four spectral estimation

methods exceeds a certain threshold. We found that the area under the curve of the spectral exponent

based on the Burg method is the largest, which indicates that the early warning performance of the

spectral exponent inferred via the Burg method is substantially better than the other three spectral

estimation methods, followed by Welch method, Periodogram method, and Yule-Walker method

(Fig.4 (d)). It is worth pointing out that for the critical transition in the conceptual sea ice-ocean
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model, although the difference of T between Burg method and Welch method is relatively small, and

the variation amplitude is basically the same as that of Periodogram method, the performance of

different spectral estimation methods in the early warning of critical transition can be understood

more intuitively and quantitatively by counting the proportion of the t that exceed a certain threshold

in 100 experiments.
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349 Fig. 4 Early warning for critical transition in a conceptual sea ice-ocean model using the
350  spectral exponent. (a) Bifurcation diagram of the sea ice model, the abscissa is the parameter M,
351  and the ordinate is the sea ice coverage /. The solid line indicates a stable equilibrium point, and the
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dotted line indicates an unstable equilibrium point. The two bifurcation points are M*=-0.28 and

M#*=-0.11, respectively. (b) Changes of sea ice coverage 1. Lines with different colors represent time

series after repeated integration for 100 times, and the black line represents the average of sea ice

coverage (initial condition I=1.1). (c¢) The results of the average spectral exponent obtained by four

spectral estimation methods, and the upper and lower parts of the horizontal axis, are the control

parameter M and the integration time, respectively. (d) Under different Kendall t thresholds, the

proportion of the increasing trend of spectral exponent exceeding a certain threshold in 100 repeated

experiments.

3.2 Application of the spectral exponent for early warning of abrupt change in sea level

pressure-

Based on the above benchmarks using conceptual models, we now apply the spectral exponent

to a real-world example of an abrupt transition. The winter sea level pressure in the North Pacific

experienced an abrupt change between 1976 and 1977 (Trenberth,1990) (Fig.5 (a)). This abrupt

change in sea level pressure had effects on the fishery and general environmental conditions in the

region, but it was not noticed until more than ten years later (Wooster et al., 2004). In view of this,

we investigate the effectiveness of the spectral exponent in hindcasting this abrupt climatic change,

and further compare the performance of the four different versions of the spectral exponent. Based

on the monthly sea level pressure data in the winter of 30 years from 1946 to 1976 (from November

of each year to March of the following year), the spectral exponent is calculated with a sliding

window length of 100 months. Before the abrupt change of sea surface pressure, the spectral

exponent obtained by Welch method and Yule-Walker method does not show a clear trend (Figures



374  are omitted) 5(b) and Figure 5(c)). However, the spectral exponent of both the Periodogram method

375  and Burg method show an obvious downward trend since 1966 (Figs 5(b) and Figure 5(c)). This

376  means that the abrupt change of sea level pressure in the North Pacific in winter in 1976/1977 can

377  be hindcasted by monitoring changes of the spectral exponent.
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379
380 Fig. 5 Application of spectral exponent to early warning of a transition of sea level pressure in

381  the North Pacific in 1976/1977. (a) The winter sea level pressure in the North Pacific Ocean from

382 1946 to 1988. The dotted line indicates the mean value of sea level pressure before and after the

383  abrupt change. (b) The spectral exponents of sea level pressure obtained via the Periodogram

384  method. (¢) Same as Fig. 5b, but for Burg method. In the process of calculating the power spectrum,

385  the winter data of 30 years from 1946 to 1976 (November to March of the following year) is used,

386  and the sliding window size is 100 months.

387
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It is worth noting that in the theoretical model experiments, the monotonicity of the spectral

exponent and the stability of the early warning results based on Burg method are better that of the

Periodogram method. However, in the early warning of the sea level pressure critical transition, the

spectral exponent based on the Periodogram method shows a more obvious decreasing trend than

that obtained by Burg method. Therefore, we calculate the spectral exponent in several frequency

ranges and observe their changes with the sliding window. As shown in Fig. 6, the spectral exponents

of sea level pressure based on the Periodogram method are calculated in three different frequency

ranges, namely, 0.01-0.05, 0.05-0.1 and 0.01-0.15 respectively. The results show that after the

frequency range is narrowed, the variation characteristics of the spectral exponent obtained by the

Periodogram method change considerably. When the frequency range is 0.01-0.05, the spectral

exponent does not exhibit a clear trend change between 1966 and 1972, and then it increased rapidly

after a brief and abrupt decline (Fig.6 (a)). However, when the frequency range is 0.05-0.1, the

variation of the spectral exponent shows the opposite characteristics to that in the range of 0.01—

0.05 (Fig.6 (b)). As for the frequency range of 0.01-0.15, the change characteristics of spectral

exponent are similar to those in Fig. 6 (b), and it exhibits a abrupt downward trend only before 1973.

Therefore, when the frequency range of the calculated power spectrum changes, it has a significant

impact on the early warning time of spectral exponent based on the Periodogram method for the

abrupt change of sea level pressure in the North Pacific.
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Fig. 6 Based on the Periodogram method, the influence of different frequency ranges on the
performance of the spectral exponent as an early warning signal. (a) The spectral exponent of the
sea level pressure based on the Periodogram method when the frequency range is 0.01-0.05. (b)
Same as Fig. 6 (a), but the frequency range is 0.05-0.1. (¢) Same as Fig. 6 (a), but the frequency
range is 0.01-0.15. In different frequency ranges, the spectral exponent obtained by the Periodogram

method is quite different.

We also compared the spectral exponent based on Burg method in three frequency ranges. It is found
that the spectral exponent calculated by Burg method shows a continuous downward trend in three
different frequency ranges before the abrupt change in sea level pressure. When the frequency
ranges are 0.01-0.05 and 0.01-0.15, respectively, The change of the spectral exponent is essentially
the same as that in Fig.5 (c) (Fig.7). When the frequency range for calculating spectral exponent is

0.05-0.1, the spectral has only a slight downward trend (Fig.7 (b)). Therefore, the influence of the
2



420

421

422

423

424

425

426

427

428

429

430

431

432

frequency selection on the early warning time is almost negligible. However, the selection of

frequency range will affect the early warning intensity of the spectral exponent. The results further

show that, compared with the Periodogram method, the spectral exponent obtained by the Burg

method has a more stable early warning effect. We also use Welch and Yule-Walker methods to

calculate spectral exponents in various frequency ranges, but the results of these two methods have

no clear trend, even after trying a wider frequency range. The results show that the spectral exponent

estimated by the Welch and Yule-Walker methods do not work for early warning of this interdecadal

transition event in North Pacific (Figures omitted).
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Fig. 7 Same as Figure 6, but for Burg method. In different frequency ranges, the spectral

exponents obtained by the Burg method show relatively little differences, and the overall downward

trend has not been significantlly affected.
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4.Discussion and conclusions

Based on several classical bifurcation models, we compared the performance of power spectral

exponents obtained by four spectral estimation methods for early warning an abrupt change.

Methods for spectral estimation include the Periodogram, Welch, Yule-Walker, and Burg methods.

The Kendall rank correlation coefficient t is used to quantitatively measure the nonparametric trend

of the spectral exponents. The results show that the spectral exponent can provide early warning

signals in all employed conceptual models, but there are pronounced differences in their early

warning capabilities. For example, the performance of the spectral exponent obtained by the Yule-

Walker method performs well in the pitchfork bifurcation. However, in our test on the three fold

bifurcation models, the performance of the Yule-Walker method is markedly weaker than that of the

other three methods. This is attributed to the mathematical characteristics before different types of

bifurcation and spectral estimation methods used to estimate spectral exponent. Take pitchfork

bifurcation and fold bifurcation as example, they all have similar critical slowing down phenomenon

near the critical point, however, there are still differences in the mathematical characteristics before

bifurcation. In the fork bifurcation model, the spectral exponent obtained by Yule-Walker method

can provide early warning before bifurcation just like the spectral exponent obtained by other

methods, but in the fold bifurcation, it hardly changes before bifurcation. In the more detailed results

in the appendix, it can be found that its obvious changes are basically after the obvious transition of

the variables in the fold bifurcation models. Generally speaking, the Burg method is hence superior

to the other three methods in calculating spectral exponent. Followed by Periodogram and Welch

method, both of which have their own advantages. The Periodogram method has a more obvious

change before the critical transition, while Welch method has a more stable trend. Spectral
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exponents computed via the Yule-Walker method showed comparably weak early warning

capability in most numerical experiments in this study. In the appendix, we show the changes of

the four spectral exponents after the critical transition of different models (Fig.S1-S4).

The ocean shows a high degree of persistence or memory in temperature and pressure, which

means that the state of the ocean changes slowly in general. But before the interdecadal transition,

it may show a critical slowdown similar to that in a bifurcation. This motivates us to apply the

spectral exponent to the 1976/1977 North Pacific interdecadal transition event. On the one hand, we

do this in order to further test the early warning performance of the spectral exponent in the critical

transition of a real-world example, based on four spectral estimation methods. On the other hand,

we try to provide early warning signals for the interdecadal transition in the North Pacific based on

critical slowing down. We calculated the spectral exponent before an abrupt change of the sea level

pressure in winter of 1976/1977 in the North Pacific. The spectral exponent shows a clearly

decreasing trend since 1966, and the decreasing trend of the spectral exponent based on the

Periodogram method is more obvious than that for Burg method. This result is obviously different

from what we get from the theoretical models. That is to say, in the theoretical model simulations,

the trend monotonicity and the early warning stability of spectral exponent based on Burg method

are better than those based on Periodogram method. In order to clarify this problem, we calculated

the spectral exponent of the sea level pressure for three different frequency ranges. It is found that

the selection of frequency ranges for calculating the spectral exponent has a significant influence on

the early warning results of the Periodogram method, and the evolutionary trend of the spectral

exponent calculated in different frequency ranges might be completely opposite (Figs. 6 (a) and 6

(b)). Therefore, the spectral exponent obtained based on the Periodogram has a serious frequency
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selection dependence in the early warning ability of sea level pressure abrupt change. However,

before the abrupt change of the sea level pressure, the spectral exponent obtained from the Burg

method exhibits a consistent decreasing trend in the three different frequency ranges. This indicates

that in the early warning of the critical transition of the North Pacific sea level pressure, the warning

performance of the spectral exponent obtained by Burg’s method is more robust than that of the

Periodogram method. In Fig.5, the decreasing trend of the spectral exponent obtained via the

Periodogram is more significant than that of Burg’s method, which may be related to the frequency

range used to calculate the power spectrum. In addition, before the abrupt change of the sea level

pressure, the spectral exponents obtained by the Yule-Walker and Welch methods do not exhibit any

obvious linear trend characteristics, and there was still no statistically significant early warning

signal when the frequency range for calculating the spectral exponents was changed. These results

indicate that the spectral exponent based on the Yule-Walker and Welch methods failed in the early

warning of the abrupt change of sea level pressure in the North Pacific in 1976-1977. We also

calculated the spectral exponent obtained by each method under the sliding window length of 120

months (Fig.S5). The results show that the early warning signal of spectral exponent obtained by

the Periodogram method is clearly reduced after changing the window length, while the spectral

exponent obtained by Burg’s method is consistent with that in Fig.5(c). The results of the four

methods in different frequency ranges also show the robustness of the spectral exponent obtained

by Burg’s method (Fig.S6-S9).

The selection of the frequency range is very important when calculating the spectral exponent.

To find the state transition of the system through frequency domain characteristics, we must first

determine the frequency range in which a transition event mainly concentrates its frequency domain
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changes. But for different systems, the frequency range of change may be quite different. When

calculating the spectral exponent, choosing a smaller frequency range may miss the main changes.

If the frequency range is too large, the main features may be weakened, just as the spectral exponents

obtained by Periodogram method in different frequency ranges in sea surface pressure data show.

Differences in spectral estimation methods are equally important, because the spectral estimation

method largely determines the accuracy and resolution of the power spectrum (The specific

calculation process of different spectral estimation methods can refer to the research of Auger et al).

The spectral exponent based on a better power spectrum can enhance its interpretability to some

extent. The Periodogram method is a simple and direct method, but the variance of power spectrum

obtained by it is relatively large. It can be seen from the results that the fluctuation of the spectral

exponent obtained by the Periodogram method is the largest. Welch’s method can reduce this

fluctuation variance through window function, making the obtained power spectrum relatively

smoother, but at the same time it will cause a decline in resolution, which will make some false

peaks appear, or cover up some peaks. This means that if the window function is not properly

selected, excessive inclination to one aspect will lead to the variation range and trend of the obtained

spectral exponent. In the model, we can see that the spectral exponent of Welch’s method has a

smooth and stable increase in most models. However, in the interdecadal transition of sea surface

pressure, when the spectral exponent of the Periodogram method shows a downward trend before

the transition, the spectral exponent of Welch’s method has no corresponding change, which may

be due to the choice of window function. Therefore, the window function improves the estimation

quality to some extent, but it does not fundamentally solve the problems of variance, deviation and

resolution. Compared with these two nonparametric classical methods, modern spectral estimation
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methods have improved greatly in these aspects. The Yule-Walker and Burg methods both estimate

the power spectrum according to a suitable regression model. We can see that the variance of the

spectral exponent obtained by these two methods is very small and the curve is very smooth. The

difference between them lies in the calculation process of model parameters. In the calculation

process of Yule-Walker method, the parameters are estimated by autocorrelation function before

estimating the power spectrum, while Burg method directly solves the model parameters by

observing data. This makes Burg method have some advantages in estimating the peak value of

power spectrum and the resolution of curve. In this study, the model order of the two methods is the

same (order =10), but the change range of Yule-Walker method is obviously not enough, which may

be one of the reasons. However, it should be noted that when the power spectrum is estimated by

the model, if the order is too low, the peak will not be detected, and if it is too high, a false peak will

appear. The quality of spectral estimation is affected by the order of the model, which is the

consequence that a parameterization method needs to choose. Through numerical experiments and

historical data tests, it can be considered that Burg’s method is more suitable for the calculation of

spectral exponent than the other three methods.

We also compare the spectral exponent obtained by Burg’s method with lag-1-autocorrelation

(AC1) and variance, two classical early warning signals. In some models, the spectral exponent

estiamted using Burg’s method is excellent in intensity and time of early warning, trend of average

results and single results (Fig.S10-S13). At the same time, we also apply AC1 and variance to the

sea surface pressure transition event in the North Pacific. Under the same sliding window of 100

months, the spectral exponent changes before AC1 and variance (Fig.S14). When the length of the

sliding window increased to 120 months, the three of them begin to show a continuous increase
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before 1976, more specifically around 1973 (Fig.S15). Our results show that some methods with

good early warning ability for critical transitions in the theoretical model may fail in a real-world

dynamical system, assuming that the abrupt sea level pressure change was indeed caused by a

bifurcation. One of the reasons for this is that real-world systems show more complex nonlinear

interactions than simple models. Therefore, it is crucial to have a more comprehensive

understanding of various early warning signals before using them. Moreover, the selection of

frequency ranges and the spectral estimation methods used to calculate spectral exponent will

become an important factor affecting the early warning performance of spectral exponents for

upcoming critical transitions.

With more extensive research, the number of critical transition events observed in biological

and climatic systems is increasing. There is a broad prospect for early warning of impending critical

transition through various indicators, including the spectral exponent on which we focused here.

However, due to the complexity of real-world dynamical systems, considerable future work will be

needed in order to develop more robust early warning signals. This study provides some analysis of

the spectral exponent as an early warning signal of critical transition, but it is necessary to further

investigate the characteristics of complex systems before an abrupt change caused by critical

transition can be reliable anticipated.
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