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ABSTRACT

Neural networks are popular data-driven modeling tools that come with high data collection costs. This paper proposes a residual-based mul-
tipeaks adaptive sampling (RMAS) algorithm, which can reduce the demand for a large number of samples in the identification of stochastic
dynamical systems. Compared to classical residual-based sampling algorithms, the RMAS algorithm achieves higher system identification
accuracy without relying on any hyperparameters. Subsequently, combining the RMAS algorithm and neural network, a few-shot identifica-
tion (FSI) method for stochastic dynamical systems is proposed, which is applied to the identification of a vegetation biomass change model
and the Rayleigh–Van der Pol impact vibration model. We show that the RMAS algorithm modifies residual-based sampling algorithms and,
in particular, reduces the system identification error by 76% with the same sample sizes. Moreover, the surrogate model accurately predicts
the first escape probability density function and the P bifurcation behavior in the systems, with the error of less than 1.59× 10−2. Finally, the
robustness of the FSI method is validated.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0209779

Dynamical modeling is the basis for the analysis and control of
complex systems. With the advancement of data science, data-
driven dynamical modeling has emerged as a hot research topic.
Neural network techniques have made significant progress in
the field of stochastic dynamical system identification, which
requires a large amount of trajectory data to estimate statisti-
cal features. Therefore, it is a challenging task to develop effi-
cient sampling algorithms to reduce the training cost of a neural
network. Classical residual-based sampling algorithms, such as
residual-based adaptive refinement and residual-based adaptive
distribution, mainly focus on a single maximum in the residual
space, lacking the utilization of global information and being dif-
ficult to generalize due to their dependence on hyperparameters.
To overcome these problems, we propose a residual-based mul-
tipeaks adaptive sampling (RMAS) algorithm that does not rely
on any hyperparameters. Furthermore, this work combines the
RMAS algorithm with the neural network to develop a few shot
identification (FSI) method for stochastic dynamical systems.

Numerical results show that, compared to classical sampling algo-
rithms, RMAS achieves higher system identification accuracy
with fewer samples.

I. INTRODUCTION

With the rapid development of data science, data-driven
modeling has become a powerful alternative and complementary
approach to first-principles modeling.1–4 In the last decade, neural
network-based identification has clearly become the most popular
black-box modeling technique.5 Machine learning methods includ-
ing neural network have been gradually applied to inverse problems
for ordinary, partial and stochastic differential equations.6–9

Neural networks embedded with physical information can
be effectively applied to the study of dynamical systems, such
as Hamiltonian neural network,10 Lagrangian neural network,11

physics-informed neural network,12 and Neural ODE.13 Despite
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the good performance of these neural networks, there is still
room for improvement in the design of sampling algorithms.
Recently the stochastic physics-informed neural ordinary differen-
tial equation (SPINODE) method has been proposed, which can
efficiently identify stochastic differential equations with Gaussian
noise excitation.14 However, SPINODE requires a large amount of
trajectory data from the same initial value to describe main statistical
characteristics of the system. It is challenging to develop an efficient
sampling algorithm to reduce the cost of acquiring trajectory data. In
practical engineering, a small number of samples means that fewer
sensors can be used to avoid damage to the equipment structure and
to save costs.

The residual-based adaptive refinement (RAR) algorithm is a
classical and effective method in the sampling step of treating a
dynamical system inverse problem.15 In order to extract more infor-
mation from the residuals, the residual-based adaptive distribution
(RAD) algorithm has been proposed recently.16 There has been a
growing wealth of studies pertaining to the estimation of resid-
ual probability density functions.17–20 However, there is a paucity
of research examining the utilization of global characteristics of
the sampling space for selecting suitable sampling positions. The
method of dividing the sampling space into multiple subregions
effectively utilizes global information of the sampling space.21 How-
ever, such a division is inflexibly dependent on many hyperparame-
ters. The existing sampling methods lack the consideration of mul-
tiple maxima of the residual probability density function p(x). To
overcome this drawback, a new residual-based multipeaks adaptive
sampling (RMAS) algorithm is proposed in this paper. The method
composed of a neural network and an RMAS algorithm is utilized
for the basic tasks of stochastic dynamical system identification.

The RMAS algorithms and the neural network are trained alter-
nately. After the neural network completes one epoch of training,
RMAS estimates the probability density function p(x) of the resid-
ual based on prior knowledge of drift and diffusion coefficients.
Then, the RMAS algorithm collects a sample at each maximum
in the residual probability density function to form a new sample
set, which is used to support the training of the neural network
in the next epoch. This process continues until the error of sys-
tem identification is below a preset threshold. Compared to classical
residual-based sampling algorithms, RMAS has the advantage of not
relying on hyperparameters.

The paper is organized as follows: Section II describes the pro-
cess of combining the RMAS algorithm with neural network to
identify stochastic differential equations. Two basic examples are
studied using the identification method in Sec. III: a vegetation
biomass change model and the Rayleigh–Van der Pol impact vibra-
tion model. Section IV discusses the robustness of the identification
method. Concluding comments are made in Sec. V.

II. METHOD

A stochastic dynamical system under parametric excitation in
an n dimensional state space can be defined by as

d

dt
Xj(t) = fj(X(t))+ hj(X(t))Wj(t), j = 1, 2, . . . , n, (1)

where X(t) = [X1(t), X2(t), . . . , Xn(t)]
T is the state variable of an n

degree of freedom system, Wj(t)(j = 1, 2, . . . , n) are Gaussian white
noise, and their correlation function are

E
[
Wj(t)Wj(t+ τ)

]
= 2πKjδ(τ ), j = 1, 2, . . . , n. (2)

Equation (2) can be converted into Itô form given in Eq. (3),
where Bj(t)(j = 1, 2, . . . , n) are independent unit Wiener processes,

dXj(t) = fj(X(t))dt+ hj(X(t))dBj(t). (3)

A. Data collection

Multiple trajectory data from the same initial values are used to
extract statistical features (for example, moment information). To
achieve accurate moment information, we use the Euler–Milstein
method [Eq. (4)] as a numerical simulation method to generate the
training data, which is a discretized form of t,

Xj(t+1t) = Xj(t)+ fj (X(t))1t+ hj(X(t))1Wj, (4)

where j = 1, 2, . . . , n. Despite starting from the same initial values,
the trajectories of numerical solutions of stochastic differential equa-
tions are different due to the diffusion term. Therefore, Eqs. (5)
and (6) are used to calculate the first and second moments of
the trajectory data as statistical values, where the mean µ ∈ R

n

and the covariance P ∈ R
n×n. For each initial value, the stochastic

differential equation is solved N times with a step size of L,

µ (tk) =
1

N

N∑

n=1

X (tk) , (5)

P (tk) =
1

N

N∑

n=1

(X (tk)− µ (tk)) (X (tk)− µ (tk))
T . (6)

B. Neural network training

It is challenging to estimate the true state distribution from lim-
ited state data. Therefore, this paper utilizes matching of moment
information for neural network training. Unscented transforma-
tion is a useful tool for estimating moment information by using
a set of data points called sigma points.22–24 Sigma points z(i)(tk)

(i = 1, 2, . . . , 2n) have dynamics in the form of differential equa-
tions, enabling the prediction of moment information, which can
be calculated using Eq. (7) when the mean µ(tk) [Eq. (5)] and the
covariance P(tk) [Eq. (6)] of trajectory data are known,

z
(0)(tk) = µ(tk),

z(i)(tk) = µ(tk)+ [A]i, i = 1, . . . , n,

z(i)(tk) = µ(tk)− [A]i−1, i = n+ 1, . . . , 2n,

(7)

where matrix A =
√

n+ λP denotes the Cholesky decomposition
and [A]i is the column i of the matrix A. The weights of the
sigma points relative to the mean and covariance are calculated
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using Eq. (8),

w(c)
0 (tk) =

λ

(n+ λ)− (1− α2 + β)
,

w(m)
0 (tk) =

λ

n+ λ
,

w(c)
i (tk) =W(m)

i (tk) =
1

2(n+ λ)
, i = 1, . . . , 2n,

(8)

where α, β , and λ are hyperparameters.
Neural ODE networks can approximate any continuous func-

tion, and here, they are used to a nonlinear map F(z(i); θ) of sigma
points, satisfying the dynamical equation ż

(i) = F(z(i); θ). z(i)(tk+1; θ)

can be calculated through integrating the Neural ODE when z(i)(tk)

is known. Then, the mean and covariance at time tk+1 can be
predicted using Eqs. (9) and (10),

µ̂(tk+1; θ) =
2n∑

i=0

w(m)
i z(i)(tk+1; θ), (9)

P̂(tk+1; θ) =
2n∑

i=0

w(c)
i

(
z(i)(tk+1; θ)− µ̂(tk+1; θ)

)

×
(
z(i)(tk+1; θ)− µ̂(tk+1; θ)

)T
. (10)

Two independent neural networks F(z(i); θ1) and F(z(i); θ2) can
be used to predict the mean and covariance, respectively, because the
disturbance in Eq. (1) is Gaussian white noise with a mean of zero.14

In particular, the following two optimization problems are solved
separately during the neural network training process,

θ ?
1 = arg min

θ1

L−1∑

k=0

∥∥µ(tk+1)− µ̂(tk+1|tk; θ1)
∥∥2

, (11)

θ ?
2 = arg min

θ2

L−1∑

k=0

∥∥P(tk+1)− P̂(tk+1|tk; θ
?
1 , θ2)

∥∥2
. (12)

C. Residual based sampling

The drift term 8(X) = [f1(X), f2(X), . . . , fn(X)]T and the diffu-

sion term 9(X) = [h1(X), h2(X), . . . , hn(X)]T in Eq. (3) can be esti-
mated, respectively, by F

(
z(i); θ1

)
and F

(
z(i); θ2

)
when z(i) is replaced

with X. The residual εr(X) of this estimation can be calculated as

εr(X) = ‖F(X; θ1)−8(X)‖1 + ‖F(X; θ2)−9(X)‖1. (13)

The domains of both 8(X) and 9(X) are assumed to be
� ⊂ Rn. To calculate the residual, some prior information about
the drift and the diffusion term needs to be known. The RMAS
method assumes that there only a small number of discrete points
X ∈ �0 ⊂ � that satisfy 8(X) and 9(X) are known. The probability
density function (PDF) of the residual p(X), X ∈ � will be obtained
by fitting a polynomial to the discrete values of εr(X), X ∈ �0.

In this paper, residual-based multi-peak adaptive sampling
(RMAS) algorithm is proposed. Fitting εr(X) with a polynomial of
order greater than 2 is necessary to guarantee the existence of p′′(X).

ALGORITHM 1. RMAS algorithm without hyperparameters.

Input: PDF of the residual p(X); Sample set 0k

Output: Sample set of the (k+ 1)th epoch 0k+1

1: ω← {X|p′(X) = 0 ∧ p′′(X) < 0 ∧ X ∈ �}
2: for Xi ∈ ωn do
3: A← U(Xi, 5) ∩� \ 0k

4: B← arg max
X

{p(X)|X ∈ A}
5: 0k ← 0k ∪ B
6: end for
7: 0k+1 ← 0k

Based on the definition of the maximum point and the continu-
ity of p(X), it is easy to find the set of maximum points, which is
defined as ω = {X|p′(X) = 0 and p′′(X) < 0}. The RMAS algorithm
emphasizes sampling only in the neighborhood U(Xi, r) of maxi-
mum point Xi ∈ ω. Specifically, the RMAS algorithm only selects
one sample for each U(Xi, r). The specific sampling process is shown
in Algorithm 1.

Compared to the method of collecting m points with the largest
residual error, the RMAS algorithm takes into account the influence
of multiple maximum values (Fig. 1). It does not require addi-
tional parameters for finding extreme points and exhibits stronger
adaptability.

The guiding principle of the RMAS algorithm is to extract the
maximum information with the minimum number of points, con-
sidering each maximum of the residual probability density function
with minimal cost. More critically, the RMAS algorithm is a fully
adaptive sampling algorithm that does not depend on any hyper-
parameters. This means that the RMAS algorithm can be directly
applied to different tasks without spending effort on parameter
tuning.

It is worth noting that when the degrees of freedom of the sys-
tem are greater than 2, the probability density function of residuals
will be defined in a high-dimensional space. The RMAS algorithm
can utilize gradients to find the maximum value of the residual
probability density function, but this process becomes significantly
difficult. In certain cases, there may not be a maximum value, and it
may be necessary to define points similar to saddle points. The spe-
cific scenario is discussed in Sec. IV. The system degrees of freedom
for the experimental cases are all less than or equal to 2.

D. Few-shot identification framework

The stochastic physics-informed neural ordinary differential
equation (SPINODE) framework successfully identifies the system’s
governing equations (Itô form) from a large amount of trajectory
data.14 A new few-shot identification (FSI) method for stochastic
dynamical systems based on the neural network and RMAS meth-
ods is proposed in this paper. The SPINODE framework trains the
neural network with all the training data at once. However, the FSI
method utilizes the RMAS algorithm to selectively train the neu-
ral network with samples in multiple rounds of training, choosing
the most valuable samples to expand the training set of the neural
network.

Chaos 34, 073118 (2024); doi: 10.1063/5.0209779 34, 073118-3
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FIG. 1. Comparison of sampling strategies between the classical RAR algorithm and the RMAS algorithm. (a) RAR, m = 9; (b) RMAS. The mark ∗ indicates the sampling
position.

The processes of the FSI method are shown in Fig. 2. The train-
ing set of the first epoch of the neural network training process
comes from several sample points randomly selected in the sample
space �. The RMAS algorithm and the neural network training

are executed alternately. The RMAS algorithm generates the data
required for each epoch of the neural network training process. The
training results of the neural network provides the prerequisite for
the RMAS algorithm. Such repeated operations will not stop until

FIG. 2. Framework diagram for few-shot identifying stochastic dynamical systems.
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the error (RMSE, RRMSE, etc.) of the neural network training result
is less than a preset threshold.

The root mean square error (RMSE) and the relative root mean
square error (RRMSE) are used to compute the training error of the
neural network at different scales as follows:

RMSE= 1√
n |�0|

∑

X∈�0

(
‖F(X; θ1)−8(X)‖2 + ‖F(X; θ2)−9(X)‖2

)
,

(14)

RRMSE = 1√
n |�0|

∑

X∈�0

(∥∥∥∥
F(X; θ1)−8(X)

8(X)+ ρ

∥∥∥∥
2

+
∥∥∥∥

F(X; θ2)−9(X)

9(X)+ ρ

∥∥∥∥
2

)
, (15)

where ρ is a small value, for example, 10−6. In addition to RMSE
and RRMSE, the FSI framework can have more complex stopping
criteria, for example, restrictions on the sample size.

III. RESULT

In order to verify the effectiveness of the FSI method, two
examples, a vegetation biomass change model and the Rayleigh–Van
der Pol impact vibration model, are selected for system identifi-
cation in this paper. These two examples involve cases with one-
dimensional and two-dimensional systems and have rich dynamical
behaviors that can be used for an analysis (first escape probabil-
ity and stochastic P bifurcation). The accurate prediction of the
dynamical behavior provides a strong evidence that the method is
effective.

A. Vegetation biomass change model in grazing

systems

The classic vegetation biomass dynamical model in grazing sys-

tems is defined by equation ẋ = sx(a− x)− q cx2

x2+x2
0
, where s, a, q, c,

and x0 are all system parameters. This system has two steady states.25

The transition of the system’s state between the two attractors may
lead the system toward different equilibrium states, which can have a
significant impact on human production. Therefore, it is valuable to
identify and analyze the first escape probability of the system model.

There are unavoidable random factors in the real ecological
environment, so parametric noise is added to the model as equation

ẋ = sx(a− x)− q cx2

x2+x2
0
+ xξ(t). The solution of the system may

jump between both domains of attraction when the noise of the
parameters is taken into account.

By adding the Wong-Zakai correction term, an Itô stochas-
tic differential equation in the form of dx = f(x)dt+ h(x)dB(t) is
obtained. B(t) is a unit Wiener process, and the drift and diffusion
terms are defined as follows:

f(x) = sx(a− x)− q
cx2

x2 + x2
0

+ Dx,

h(x) =
√

2Dx.

(16)

The system state x and the noise intensity D are treated as
independent variables for the drift term and the diffusion term,
which are defined in the domain (x, D) ∈ [2.1, 5]× [0.001, 0.12]
= � ⊂ R2. The space � is divided into a uniform grid of
40× 40. The initial values of each node in the grid are used to solve
dx = f(x)dt+ h(x)dB(t) by utilizing the Euler–Milstein method
[Eq. (4)].

Some system parameters and simulation parameters that
appear in Sec. II and Eq. (16) are set as 4t = 0.01, L = 25,
N = 10 000,14 α = 10−3, β = 2, λ = 1, s = 0.125, a = 8, q = 1.9,
c = 1, and x0 = 1.25 The neural network that represents F(θ1) and
F(θ2) is comprised of two intermediate layers, each consisting of 150
dimensions. The neural network is initialized and then trained for
10 epochs in each cycle as shown in Fig. 2.

This system has two regions of attraction when the parameters
are chosen as above. The region of attraction within the range of
D1 = (0.74, 2.10) is named low vegetation attraction and the regions

FIG. 3. Analysis of error and sampling distribution after fitting grazing system with RMAS algorithm. (a) Comparison of the training results of RMAS algorithm and RAR
algorithm, where AGT is the result of training using 40× 40 (uniform grid) sample points as a reference. Each algorithm is repeatedly trained 10 times. The solid line in each
curve represents the average of the training results, and the boundary of the area is one standard deviation of the training results. The red line is used to highlight the number
of samples required by the RMAS algorithm to achieve the desired accuracy; (b) the direction field of the drift term in Eq. (16) is labeled with all sampling positions from the
RMAS algorithm. The red arrows are used to indicate a larger slope, while the blue arrows indicate the opposite; (c) cumulative residual distribution from the RMAS algorithm.
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of attraction within the range of D2 = (2.10, 5.16) are named high
vegetation attraction.25

AGT indicates training using all sample points in the grid.
Compared to the RAR algorithm (which requires 250 points), the
RMAS algorithm (which requires 100 points) uses much fewer sam-
ple points to make the training process achieve the desired result
(AGT) [Fig. 3(a)]. In order to achieve the same level of accuracy
(error threshold), the RMAS algorithm requires a sample size of
approximately 10% of AGT. The RMAS algorithm tends to sample
where the slope of the function being fitted is large [Fig. 3(b)]. The
cumulative residuals are also large in the region where the slope of
the fitted function is larger [Fig. 3(c)]. This implies that the govern-
ing equations of the system are more difficult to be identified in the
regions where the system state changes rapidly.

The neural network combined with the RMAS algorithm
demonstrates a good performance in system identification as shown
in Fig. 4 when three different intensities D of noise are applied to
the system. Although the primary method used in the fitting task is
not ours, when combined with the RMAS algorithm, the same effect
can be achieved in system identification with only a much smaller
number of samples.

To test the accuracy and usefulness of the trained neural net-
work models, the neural networks are used as surrogate models
for dx = f(x)dt+ h(x)dB(t) for dynamical analysis. The first escape
probability (FEP) PE(x) from the high vegetation attraction to the
low vegetation attraction can be calculated by Eq. (17).26 The numer-
ical solutions to Eq. (17) are calculated using the difference method,

PE(x) =
∫

C1e
∫ −2m(x)

σ2(x)
dx

dx+ C2. (17)

The true FEP and the predicted FEP are very similar (Fig. 5),
with an RRMSE of 0.0159. The neural network trained using the
RMAS algorithm can be used as surrogate functions for dynamical
analysis.

B. Rayleigh–Van der Pol impact vibration model

In recent decades, in engineering mechanics, applied mathe-
matics, applied physics, and other fields, various collision systems
have received extensive attention.27 The Rayleigh–Van der Pol col-
lision vibration system under parameter excitation is considered in
this paper as follows:

ẍ−
(
s− ax2

)
ẋ+ qẋ3 + x = xξ1(t)+ ẋξ2(t), x > 0,

ẋ+ = −rẋ−, x = 0,
(18)

where the parameters s, a, and q are real numbers and ξi(t)(i = 1, 2)
are independent Gaussian white noise. The collision occurs at the
position where the displacement is zero.

By adding the Wong-Zakai correction term, Eq. (18) can be
transformed into an Itô stochastic differential equations in the form,

dx1(t) = f1 (x1, x2) dt+ h1 (x1, x2) dB(t),

dx2(t) = f2 (x1, x2) dt+ h2 (x1, x2) dB(t),
(19)

where B(t) is a unit Wiener process, and the drift and the diffusion
terms are defined as follows:

f1 (x1, x2) = x2,

h1 (x1, x2) =
√

2D1x1,

f2 (x1, x2) = (s− ax2
1)x2 − qx3

2 − x1 + Dx2,

h2 (x1, x2) =
√

2D2x2.

(20)

The Gaussian noise intensities are D1 and D2. The system
states x1 and x2 are treated as independent variables for the drift
term and the diffusion term, which are defined in the domain
(x1, x2) ∈ [1, 3]× [−3,−1] = � ⊂ R2. The space � is divided by a
uniform grid of 40× 40. The initial values of each node in the grid
are used to solve Eq. (19) by utilizing the Euler–Milstein method
[Eq. (4)]. Some system parameters and simulation parameters that

FIG. 4. Learning drift and diffusion terms for grazing system using RMAS algorithm. (a) Drift term; (b) diffusion term. The three curves from top to bottom represent the
cases of D = 0.015, D = 0.013, and D = 0.010. The prediction within the training interval � cannot reflect the generalization effect of the algorithm.
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FIG. 5. Top view of first escape probability density function based on analytical method and Monte Carlo simulation. (a) The true first escape probability density function is

obtained by Monte Carlo simulation of equation ẋ = sx(a− x)− q cx2

x2+x2
0

+ xξ(t); (b) the predicted first escape probability density function is obtained by solving Eq. (17)

with the neural networks F(x; θ1) and F(x; θ2) as surrogate functions for m(x) and σ(x).

appear in Chapter II and Eq. (18) are set as
a

t = 0.01, L = 25,
N = 10 000,14 α = 10−3, β = 2, λ = 1,28 s = 0.03, a= 0.01, q= 0.01,
r = 0.98, and D1 = D2 = 0.015.29 The neural network that repre-
sents F(θ1) and F(θ2) is comprised of two intermediate layers, each
consisting of 150 dimensions. The neural network is initialized and
then trained for 10 epochs in each cycle (Fig. 2).

Compared to the RAR algorithm (which requires 1000 points),
the RMAS algorithms (which requires 465 points) can use fewer
sample points to make the training process achieve the desired result

(AGT) [Fig. 6(a)]. In order to achieve the same level of accuracy
(error threshold), the RMAS algorithm requires a sample size of
approximately 30% of AGT. The RMAS algorithm tends to sample
where the slope of the function being fitted is large [Fig. 6(b)]. The
cumulative residuals are also large in the region where the slope of
the fitted function is larger [Fig. 6(c)]. This implies that the govern-
ing equations of the system are more difficult to be identified in the
regions where the system state changes rapidly. This is consistent
with what is observed in the grazing system.

FIG. 6. Analysis of error and sampling distribution after fitting Rayleigh–Van der Pol system with RMAS algorithms. (a) Comparison of the training results of RMAS algorithms
and RAR algorithm, where AGT is the result of training using 40× 40 (uniform grid) sample points as a reference. Each algorithm is repeatedly trained 10 times. The solid
line in each curve represents the average of the training results, and the boundary of the area is one standard deviation of the training results. The red line is used to highlight
the number of samples required by the RMAS algorithm to achieve the desired accuracy; (b) the direction field of the drift term in Eq. (20) is labeled with all sampling positions
from the RMAS algorithm. The red arrows are used to indicate a larger slope, while the blue arrows indicate the opposite; (c) cumulative residual distribution from the RMAS
algorithm.
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The neural network combined with the RMAS algorithm can
accurately identify the system equations within the specified interval
(Fig. 7). It is feasible to use the neural network function instead of
the drift term and the diffusion term for the dynamical analysis of
the system.

When the noise intensity D2 changes from 0.005 to 0.05, the
shape of the steady-state probability density function changes from
a semicircle to a point, which is called P bifurcation [Figs. 8(a)
and 8(c)]. The phenomenon of P bifurcation is reproduced using
the neural network as a surrogate model [Figs. 8(b) and 8(d)].
These two results are very close with an RRMSE of 0.0419.
This indicates that the stochastic differential equations identified
with the RMAS algorithm are effective to compute the steady-
state probability density function and observe the bifurcation
behavior.

IV. DISCUSSION

A. Initial value perturbation

The RMAS algorithm does not need to do sensitivity analy-
sis for hyperparameters because it has no hyperparameters. Solv-
ing inverse problems in dynamics using neural network usually
requires a large amount of snapshot data of the unknown system.
The trajectory data of the system usually contain noise and dis-
turbances in practical engineering mechanics or climate fields as
ẋ = f(t, x, ε), x(t0) = η(ε). To eliminate and measure the effects
of disturbances, various methods have been developed, including
perturbation, Bayesian, and uncertainty quantization methods.30–33

With the development of embedding physical information into neu-
ral network and the popularization of big data technology, using
RMAS algorithm to mitigate the impact of noise on dynamical

FIG. 7. Learning drift and diffusion terms for Rayleigh–Van der Pol system using RMAS algorithm. (a) and (b) are drift terms. (c) and (d) are diffusion terms. The prediction
within the training interval � cannot reflect the generalization effect of the algorithm.
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FIG. 8. Predicting P-bifurcation behavior of Rayleigh–Van der Pol system using neural network functions. The probability density functions are derived from Monte Carlo
simulations of Eq. (19). The data labeled as True are derived from the original Eq. (19). The drift and diffusion terms in Eq. (19) are replaced by F(x, θ1) and F(x, θ2) in the
data labeled as Predict. (a) True, D2 = 0.005; (b) Predict, D2 = 0.005; (c) True, D2 = 0.05; (d) Predict, D2 = 0.05.

system inverse problems is a novel and important perspective per-
ceived in this paper.

Neural networks combined with the RMAS algorithm are
highly dependent on data from 10 000 simulations starting from
the same initial values when identifying system equations. The true
initial values of two simulations are slightly different in practical
engineering, as the ancient Greek philosopher Heraclitus said “one
cannot step into the same river twice.” The initial value perturbation
problem as shown in Eq. (21) is considered in this paper,

ẋ = f(t, x, 0), x(t0) = η(ε). (21)

Disturbed initial values can introduce errors in both the
drift and the diffusion coefficients. The statistical characteristics
(moment information) extracted from multiple trajectory data start-
ing from the same initial value may become inaccurate. The trajec-
tory data generated by repeating simulations (10 000 times) from
perturbed initial values are used to analyze the impact of initial value
perturbations on moment information. In this case, the magnitude
of the noise intensity within the dynamical system is much smaller
than the magnitude of the state variables. Therefore, in relation to
the moment information itself, the impact of initial value perturba-
tions on the mean is small but significant on the variance [Fig. 9(a)].
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FIG. 9. The effect of initial value perturbation on the identification of Rayleigh–Van der pol system. (a) The effect of initial value perturbations on moment information; initial
values were set to x1 = 2.1 and x2 = −1.9. The perturbations obeyed the distribution N(0, 0.252). Equation (19) is solved 10 000 times repeatedly at 25 steps each time;
(b) the effect of initial value perturbation on system identification. The system parameters and simulation parameter settings are consistent with those of the AGT in Sec. III.

The result of the system identification is bad especially the diffu-
sion term is shown in Fig. 9(b). It is very important to mitigate
the adverse effect of the initial value perturbation on the system
identification.

Three metrics, including RMSE, RRMSE, and Mh, are used to
measure the effectiveness of system identification. In order to mea-
sure the effect of the initial value perturbation on the diffusion term
identification, we introduce a new metric Mh defined as

Mh = max {‖F(X; θ2)−9(X)‖1 |X ∈ �0}. (22)

We show that the RMAS algorithm requires only 300 sample
points to achieve the training result of AGT (1600) in system iden-
tification for the Grazing system [Fig. 10(a)]. The required number

of samples is 195 for the Rayleigh–Van der Pol system as shown in
Fig. 10(b). The RMAS algorithm mitigates the bad effect of trajectory
data containing initial value perturbations on system identification
by selecting a small number of samples.

The Rayleigh–Van der Pol system exhibits higher sensitivity
to initial value perturbations than the Graz system. This is sup-
ported by the much larger value of RRMSE in Fig. 10(b) compared
to Fig. 10(a). The RMAS algorithm can also achieve training results
compare to AGT with much smaller samples when the identified
system is more sensitive to perturbed trajectory data.

When the noise intensity is small or large, the RMAS algorithm
requires only a small number of sample points to achieve the same
accuracy as AGT in all three metrics as shown in Fig. 11. The effect

FIG. 10. The variations in the three indicators in the system identification tasks of the Graz system and Rayleigh–Van der Pol system. (a) Graz system. (b) Rayleigh–Van der
Pol system. The system parameters and simulation parameters used in the experiment are consistent with those in Sec. III. RMAS algorithm is repeatedly trained 10 times.
The solid line represents the average of the training results, and the boundary of the area is one standard deviation of the training results.
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FIG. 11. The number of samples required for RMAS algorithm to reach the AGT training results for different strengths of the initial value perturbation under the three metrics.
(a) Graz system. (b) Rayleigh–Van der Pol system. The system parameters and simulation parameters used in the experiment are consistent with those in Sec. II. The solid
scatter indicates the mean value of the results of 10 replicate experiments. The fitted curves of the scatter points are bounded by a 95% confidence interval.

of the RMAS algorithm is not significant when the trajectory data
of the system contains moderately initial value perturbation noise
[about N(0, 0.5)].

These results indicate that the RMAS algorithm is robust in
the task of system identification using deep learning methods. By
using fewer samples, the RMAS algorithm can mitigate the impact
of initial value perturbations on the system identification task.

B. Lack of residual information

The RMAS algorithm utilizes residual information to select
efficient sampling locations, thereby saving at least 70% of the data
collection cost (for directly simulating the Itô equation). Undoubt-
edly, the more accurate the residual probability density function, the
better the performance of the RMAS algorithm. However, obtaining
an accurate residual probability density function is challenging in
practical engineering applications. Therefore, it is necessary for this
paper to discuss the performance of the RMAS algorithm when there
is insufficient prior information. Let Mr represent the proportion of
missing points with insufficient prior information on the drift term
8(X) and diffusion term 9(X) within the domain In, relative to the
total number of points in a sampling grid space.

In order to perform system identification experiments on the
vegetation biomass change model and Rayleigh–Van der Pol impact
vibration model, this study conducted the experiments five times
to ensure data adequacy and result stability while keeping other
variables constant.

Figure 12 demonstrates that for small sample sizes (less than
50), the identification results deteriorate as the number of points
with missing prior information increases. This is primarily due
to the lack of prior information, which results in inaccurate

computation of the residual function. As a result, the RMAS method
fails to find the most effective sampling points, leading to larger
errors in the surrogate function. It is worth noting that as the sample
size gradually increases, the drawbacks of missing prior information
become less pronounced. This is because even though the RMAS
method does not find the most effective sample points in each iter-
ation, when the sample points accumulate sufficiently, the number
of sample points reaches a “saturation” state, where the surrogate
function errors for different Mr values are at the same level.

With repeated execution of the RMAS algorithm, the sample
size gradually increases, and the influence of the error in the resid-
ual probability density function on the results diminishes, resulting
in the convergence of system identification accuracy to a stable
level. Additionally, the required sample size for the RMAS algorithm
(82 and 280) remains significantly lower than the total sample size
(1600). Therefore, this study concludes that RMAS exhibits good
robustness in the presence of missing prior information. The neg-
ative impact of missing prior information on the results can be
mitigated by slightly increasing the sample size (performing addi-
tional rounds of the RMAS algorithm). However, it is undeniable
that RMAS is still an efficient sampling algorithm.

C. High-dimensional dynamical system

Few-shot identification can indeed be applied to high-
dimensional systems, including ODE systems arising from the dis-
cretization of stochastic partial differential equations. For example,
in the field of nonlinear manifold learning, machine learning tech-
niques such as clustering and autoencoder neural network can be
used to learn the underlying low-dimensional dynamics.34–36 The
residual-based multipeaks adaptive sampling (RMAS) method can
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FIG. 12. Graph of the variation in sample size and error under the condition of missing prior information.Mr represents the proportion of points with missing prior information
on the drift term and diffusion term within the domain In, relative to the total number of points. (a) Grazing System. (b) Rayleigh–Van der Pol System.

be directly applied when manifold learning involves time snap-
shot data of the system and neural network. The entire process is
illustrated in Fig. 2. The RMAS algorithm can provide sampling
suggestions when any residual distribution can be obtained.

One specific concern is how to adaptively search for extremal
points of high-dimensional functions. The first-order and second-
order derivatives can be used to find the maximum points of low-
dimensional (n ≤ 2) functions. However, when the dimensionality
of the system is greater than or equal to 3, the increasing dimen-
sionality of the residual probability density function p(X) makes it
challenge to compute the maximum points in the RMAS method.
To overcome this challenge, this paper presents the definition of
m-order saddle points.

Definition 1. For a domain In =
[
x1

L, x1
U

]
×

[
x2

L, x2
U

]
× · · ·

×
[
xn

L, xn
U

]
, an n-dimensional function f

(
x1, x2, . . . , xn

)
is defined.

For a point
(
x1

0, x
2
0, . . . , xn

0

)
∈ In, if there exist m elements xi

0 ∈
{
xi

0

}
,

and each xi
0 satisfies that

(
x1

0, x
2
0, . . . xi

0, . . . , xn
0

)
is a local maxi-

mum point of the one-dimensional function f
(
x1

0, x
2
0, . . . , xi, . . . , xn

0

)
,

where xi ∈
[
xi

L, xi
U

]
, then the point

(
x1

0, x
2
0, . . . , xn

0

)
is called a m-

order saddle point of the n-dimensional function f
(
x1, x2, . . . , xn

)
.

If m = n, then the point
(
x1

0, x
2
0, . . . , xn

0

)
is called a local maximum

point of the n-dimensional function f
(
x1, x2, . . . , xn

)
.

The definition of an m-order saddle point considers the val-
ues of extreme points in each dimension of an n-element function
f(x1, x2, . . . , xn). A point that is an extreme point in more dimen-
sions is more likely to be an extreme point of the multivariate
function over its entire domain. Typically, an n-element function
f(x1, x2, . . . , xn) does not necessarily have a global maximum, but it
may have several saddle points of different orders.

The definition of an m-order saddle point involves finding the
maximum points of a high-dimensional residual function p(X). The
procedure is as follows: for an n-dimensional PDF of the residual

p(X), first calculate its n-order saddle points. If no solution is found,
calculate the (n− 1)-order saddle points, and so on, until the set of
m-order saddle points with 0 < m < n is non-empty. Then, select
all m-order saddle points from this set as new sampling positions.
Additionally, this is a fully adaptive algorithm.

The definition of a m-order saddle point ensures that in each
iteration of the FSI method, the RMAS method can always obtain
new sampling positions. This is because, even in the most extreme
case, any non-constant p(X) will have several first-order saddle
points (including interval endpoints). One important detail to note
is that in the main loop of FSI, if a selected new sampling point
X0 = (x1

0, x
2
0, . . . , xn

0) already exists in the existing set of sampling
points, the new sampling point should be chosen from the set of
points closest to X0 in terms of Euclidean distance, with the con-
dition that it has the largest residual and is not already part of the
existing set of sampling points.

V. CONCLUSION

In this paper, in order to reduce the demand of data for sys-
tem identification, a residual-based multi-peak adaptive sampling
(RMAS) method is proposed, which is a fully adaptive sampling
algorithm without hyperparameters. Subsequently, this paper com-
bines the RMAS method and neural network to propose a small
sample identification (FSI) method for stochastic dynamical sys-
tems. The FSI method gradually inputs the sample points into the
neural network for training through iteration.

We have used the FSI method for two stochastic differential
equations for the system identification task in the case study section.
After the training process, the trained neural network can be used as
a surrogate function to analyze the stochastic dynamical behavior of
the system. Our results show that the neural network combined with
the RMAS algorithm requires only 20%–30% of the original sample
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size (uniform grid sampling) to get an accurate surrogate model. The
RMSE of the surrogate model prediction is less than 2× 10−2. The
surrogate model accurately predicts the first escape probability den-
sity function and the P bifurcation behavior in the systems with an
RMSE of less than 1.6× 10−2.

The robustness of the FSI method is tested by adding an initial
value perturbation to the trajectory data. The initial value pertur-
bation that follows a normal distribution with mean zero has a
detrimental effect on the identification of the diffusion term. A new
metric, named Mh, is defined to measure this effect. The FSI method
can effectively alleviate the overfitting of neural network to initial
value perturbation as demonstrated by the RMSE, RRMSE, and Mh.
The effect of the FSI method is not significant when the system
trajectory data contain moderately strong initial perturbation noise
[approximately N(0, 0.5)]. Therefore, the FSI method is a robust
few-shot learning algorithm.

The current sampling algorithm only determines residuals and
sampling positions based on the training results of one epoch of
the neural network. In future research, the training results of mul-
tiple epochs of the neural network will be used to develop more
advanced sampling strategies. Additionally, improving the gener-
alization ability of neural network as surrogate model through
reasonable sampling is future research direction.
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35M. Meilă and H. Zhang, “Manifold learning: What, how, and why,” Annu. Rev.
Stat. Appl. 11, 393–417 (2023).
36A. J. Linot and M. D. Graham, “Deep learning to discover and predict dynamics
on an inertial manifold,” Phys. Rev. E 101, 062209 (2020).

Chaos 34, 073118 (2024); doi: 10.1063/5.0209779 34, 073118-14

Published under an exclusive license by AIP Publishing

 28 N
ovem

ber 2024 14:08:14

https://pubs.aip.org/aip/cha
https://doi.org/10.1021/acs.iecr.7b00602
https://doi.org/10.1016/j.apm.2019.06.009
https://doi.org/10.1016/j.chaos.2020.110631
https://doi.org/10.1016/j.cnsns.2020.105553
https://doi.org/10.1016/S0096-3003(01)00312-5
https://doi.org/10.1061/(ASCE)0733-9399(1998)124:4(455)
https://doi.org/10.1061/(ASCE)0733-9399(1998)124:4(463)
https://doi.org/10.1038/s42256-022-00575-4
https://doi.org/10.1103/PhysRevE.101.062209

