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ABSTRACT

A beautiful feature of nature is its complexity. The chaos theory has proved useful in a variety of fields, including physics, chemistry, biology,
and economics. In the present article, we explore the complex dynamics of a rather simple one-dimensional economic model in a parameter
plane. We find several organized zones of chaos and non-chaos and different routes to chaos in this model. The study reveals that even this
one-dimensional model can generate intriguing shrimp-shaped structures immersed within the chaotic regime of the parameter plane. We
also observe shrimp-induced period-bubbling phenomenon, three times self-similarity of shrimp-shaped structures, and a variety of bistable
behaviors. The emergence of shrimp-shaped structures in chaotic regimes can enable us to achieve favorable economic scenarios (periodic)
from unfavorable ones (chaotic) by adjusting either one or both of the control parameters over broad regions of these structures. Moreover,
our results suggest that depending on the parameters and initial conditions, a company may go bankrupt, or its capital may rise or fall in a

regular or irregular manner.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0226934

The chaos theory has attracted global interest across various
fields, including chemistry, physics, materials science, engineer-
ing, and economics, to name a few. In this article, the intriguing
and captivating dynamical behaviors of a rather simple one-
dimensional economic model in a parameter plane are explored
with the help of isoperiodic and Lyapunov exponent diagrams.
The emergence of shrimp-shaped structures immersed in the
chaotic regime and different routes to chaos, namely, period-
doubling and period-bubbling routes, are observed. Several types
of bistability between various attractors are also found. These
insights can aid economists in forecasting possible changes in the
financial landscape and making decisions to navigate potential
pitfalls effectively. To better visualize the system’s dynamics, a few
animations are added in the supplementary material.

I. INTRODUCTION

In general, a system is defined as a collection of objects con-
nected in some way, whether physical, biological, social, economic,
or any other trait." Systems that follow a consistent set of laws over
time are known as dynamical systems. Over the years, the inter-
actions between multiple components of a dynamical system have
been elaborated and predicted by formulating mathematical mod-
els, usually in two different frameworks, namely, continuous-time
dynamical models using differential equations and discrete-time
dynamical models using difference equations. Discrete-time dynam-
ical systems are appropriate to model such processes where decisions
are repeatedly made over discrete-time intervals. In economics, data
are released at discrete intervals, and accordingly, decisions are
made. Thus, it is better to formulate an economic system using
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difference equations in such circumstances where the economic
time is discrete due to the inability to revise economic decisions con-
tinuously. Aside from this, discrete models have gained tremendous
acceptance among researchers for their inherent complex dynamical
features over the past few decades in different fields.” ° Despite their
simplicity and deterministic nature, difference equations are capa-
ble of showing a broad range of dynamics, including steady state,
periodicity, quasiperiodicity, chaos, etc.”*%’ In 1974, May’ stud-
ied a one-dimensional discrete-time model considering the logis-
tic growth for a single species population and showed that even
such a simple model can exhibit chaotic behavior where it is well
known that autonomous nonlinear continuous-time systems can-
not exhibit chaos unless it is of dimension at least three. Following
May’s pioneering work, the chaotic behavior of discrete dynamical
systems has been investigated intensively across a variety of disci-
plines, including physics,® ecology,” economics, ' etc. In the context
of economics, the chaos theory can well explain the complexity of
interactions among consumers, firms, labors, government, finan-
cial institutions, and other components of the environment, which
lead to the dynamic evolution of industries over time. As a con-
ceptual framework, chaos theory provides a useful way to reconcile
industries’ inherent long-time unpredictability with their distinctive
patterns. The appearance of chaos may be considered undesirable
sometimes in economics due to the difficulty in long-term fore-
casting and unexpected dramatic change, but it is inevitable. Chaos
in economics could be used for a wide range of purposes, such
as making economic policy, predicting foreign exchange, analyzing
stock market movements, or understanding international business
dynamics.'**? This concept has the potential to play a role in busi-
ness strategy when it comes to managing complex organizational
relationships such as technical collaboration with suppliers and
long-term contracts, as well as hybrid forms of organizational con-
trol like joint ventures. In addition, chaos helps economic models
adapt rapidly to changing conditions, one of the most essential
features of the modern world. Hence, from a dynamical point of
view, it can be said that the emergence of chaotic behavior in an
economic model makes it realistic. For all such reasons, the occur-
rence of chaos along with other dynamical features of discrete-time
economic models, including steady state, periodic, quasiperiodic
behaviors, etc., have been extensively explored.®*'* Pohjola*® dis-
cretized Goodwin’s growth cycle model‘® along with other modi-
fications and found that the model exhibits chaotic behavior via a
period-doubling route. Day'” modified the Solow model*® using a
difference equation and showed that the system can exhibit peri-
odic as well as chaotic behavior. Bischi and Tramontana'® applied
the concept of the three-dimensional discrete-time Lotka Volterra
model to economics describing the interactions among industrial
clusters, and studied the intrinsic dynamics of the system. However,
most of these studies regarding the dynamics of an economic sys-
tem focus on discussing the alterations appearing within the system
due to the change of only a single parameter, which is often not
sufficient to explore more intricate aspects of the system’s behav-
ior. To gain further information of a system’s dynamics, a better
approach is to analyze the system’s behavior by altering at least two
parameters simultaneously using tools like isoperiodic diagrams and
Lyapunov exponent diagrams. These tools help to uncover complex
periodic structures and distinguish among various states within
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a parameter plane. They are also useful for detecting multistabil-
ity phenomenon.” 2 Recently, exploring dynamics of a system in
the parameter plane has become popular among researchers, not
only in economics®®* but also in fields like physics,” ecology,”*?
ecoepidemiology,”’ etc. In the present study, we primarily focus on
exploring the complex dynamical behaviors of a one-dimensional
discrete-time economic model with the variation of two vital sys-
tem parameters. In Sec. |1, we discuss the construction of the model
and present the basic mathematical results. The tangled dynamics of
the model are numerically explored in Sec. |11 using the isoperiodic
and Lyapunov exponent diagrams. At last, we end the article with a
conclusion.

Il. MATHEMATICAL MODEL

Here, we aim to construct a simple one-dimensional discrete-
time economic model to capture the change in the company’s capital
with variations of two system parameters simultaneously. For this,
we first consider the following assumptions.

1. Suppose that the growth rate of a company’s capital varies with
its current capital size, as mathematically represented through
the differential equation

dx

— Drx, 1

@t ()
where x signifies the company’s capital and r represents the
per capita growth rate of capital at any time t. However, the
main drawback of system (1) is that it yields exponential capital
growth, which contradicts economic realism. It is well known
that real-world processes including economic factors like com-
pany capital, national income, and labor force, typically exhibit
growth saturation due to limited resources. Considering this,
we adopt a logistic growth pattern where the company’s capi-
tal saturates at a certain level. Then system (1) can be modified
as

dx X

—Drx 1 -, 2

dt k @
where k represents the saturation level.

2. It is essential to note that a minimum capital threshold is
required for a company to function profitably. If the invested
capital falls below this threshold, the company suffers losses and
eventually faces bankruptcy. This is incorporated as follows:

dx X X

—DbDrx1 - — 1, 3

dt k A @)
where A denotes the threshold value, which lies between
Oandk.

3. It can also be assumed that the company invests a portion of
the capital in some other companies, or some other companies
and organizations invest a portion of funds in the company, i.e.,
there is always an outflow or inflow of a portion of the capital.
Incorporating this notion, system (3) can be written as

dx X X

aDrxl « A 1 fx/, 4)

where f.x/ signifies the rate of capital outflow or inflow.
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It is well known that economic decisions cannot be revised
continuously, rather those are taken at discrete-time intervals.
Therefore, it is more appropriate to modify system (4) using a
discrete-time framework. Now, considering f.x/ D x, i.e., a lin-
ear outflow or inflow of the capital and using the forward Euler
algorithm with step-size 1, system (4) can be written in a discrete-
time setup as
Xn  Xn
k A

where X, represents the company’s capital at the nth time period.
The parameters r, k, and A are taken to be positive for economic
significance.  represents the per capita outflow or inflow rate of
the capital and can take both positive and negative values based on
outflow or inflow of capital.

Before exploring the intrinsic dynamical behaviors of system
(5) with extensive numerical simulations, first, we briefly present
the existence and stability criteria of its fixed points along with the
bifurcations occurring around them in Subsection |1 A.

Xnct D Xn C X, 1 1 Xn, )

A. Mathematical results
The fixed points of system (5) can be determined by solving

g.x/ D x, (6)
X X
whereg.x/ DxCrx 1 K A 1 X.

We see that system (5) has three fixed points, namely, the triv-
ial fixed point and a pair of non-zero fixed points. Here, we briefly
discuss the existence criteria along with the stability criteria of these
fixed points.

4 Ak A k
First, letusdenote ;D .k A? =, ,Dr —C- ,
r k A
1 1
and ;Dr -C— .
$ kA

Now, it is analytically found that

the trivial fixed point E; D 0 always exists and is stable if 0 <r C
<2 p

kCA 1

the non-zero fixed point E; D C/g)cl exists if ;>0

13

andisstableif0<2CrC2 < 2;and

_2
2
pP—
kKCA/
the non-zero fixed point E; D Tl exists if >0

and isstableif0<2CrC2 ?ZC 213

Remark 11.1. For ; D 0, there exists only one non-zero fixed

kCA
point E DE; DE, D — (with multiplicity 2). At this point,

<2

1 1 . .
¢.E/Dland¢".E/D r X C © Hence, E is semi-stable.

Bifurcations
Now, we analytically determine the bifurcations occurring
within system (5) due to the variatipn of the parameter .

4 1Ak

First, let us denott MD .k A/ 1r , where
pL

lies on the curve 2CrC2 ?2 %DO, and
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r
ND .k AP

13

4 ,Ak
2 , where , lies on the curve 2CrC2

Zc D Owith ;> 0.
We find that system (5) undergoes

2
1
a flip bifurcation around Ey, if Cr D 2and 73 B ﬁ;

a transcritical bifurcation around Ey, if CrD0;

L . . 3rM
a flip bifurcation around E;, if kKCACM/ ;C K B4
3IM 2 4r
and ;C— B —;
Ak Ak p_
a saddle-node bifurcation around E;, if rC 2 ?2 21 8
D 0 where ; > 0;and
3rN
aflip bifurcationaround E,, if kCA N/ 3 K B 4and
3N % 4r
* A Pac

To visualize the stability of the fixed points and bifurcations
around them, we present a diagram in the r parameter plane
following the existence and stability criteria of the fixed points,
where k and A are fixed at 1 and 0.7, respectively (see Fig. 1). In
Fig. 1, the entire r parameter plane is divided into eight dif-
ferent regions, each distinguished by a distinct color. The system’s
dynamics in these colored regions are described on the right side
of Fig. 1. The system exhibits bistability in the regions R,, and R.
It is interesting to note that the system undergoes flip bifurcations
along the Flip curves, transcritical bifurcations along the TB curve,
and saddle-node bifurcations along the SN curve.

I1l. NUMERICAL SIMULATIONS

In this section, we perform numerical simulations of system (5)
with the aid of MATLAB to shed more light on the intricate dynam-
ics inherent in the system. Here, each diagram results from running
the simulations for a total of 10° iteration steps and the first5  10*
iteration steps are discarded to eliminate transient effects. We also
fix the values of the parameters k and A at 1 and 0.7, respectively,
and the initial state at x, D 0.3 throughout the simulations unless
we specify it.

First, we draw two bifurcation diagrams together with Lya-
punov exponent (LE) diagrams for the variation of the two vital
control parameters r and  [per capita rate of outflow ( > 0) or
inflow (< 0) of the capital] separately in order to study the evo-
lution of system (5). In Fig. 2, we draw the bifurcation diagram
[Fig. 2(a)] and its associated LE diagram [Fig. 2(b)] by varying the
parameter r. From both diagrams, it is clear that as the param-
eter r increases, system (5) gradually enters into a chaotic state
around the fixed point E; via a period-doubling route. When r
< 0.2297, the system remains stable. However, at the critical value
r D 0.2297, a flip bifurcation occurs, leading to periodic behavior.
Further increase in r results in a series of period-doubling bifurca-
tions, leading to chaotic oscillations (around E;) and this persists
up to r D 1.483. However, for r > 1.483, the system becomes stable
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Region Existence and stability

Ry E, is unstable, F; and
FE5 do not exist
Ry E) is stable, Fy and E,
do not exist
Ry Ey and FE, are stable, Es
is unstable
_| Rs Ej is stable, Ey and Ey
are unstable
i R 4 R4 Ey and Ey are unstable,
B E is stable
SN curve ! R Ey and E; are unstable,
R3 Es is stable
B Ry E, is unstable, E; and
ip curve ’
Flip ¢ | E» are stable
Ry R Ey, E; and E, are
| unstable
R? - Rl Bifurcation curves
| SN curve: Saddle-node bifurcation curve
TB curve: Transcritical bifurcation curve
i RO Flip curve: Flip bifurcation curve

FIG. 1. Regions of different dynamical scenarios presentin the .r, /2 [0.1,5] [ 1.5,2] parameter plane of system (5). Here,k D 1and A D 0.7.

around the fixed point Eq. As r increases further, the system becomes
periodic via a flip bifurcation (around the fixed point Ey) atr D 2.61
and eventually becomes chaotic around the fixed point Eq through a
series of period-doubling bifurcations.

To observe the dynamical behaviors of the system for the
changes of the parameter , we now draw the bifurcation diagram
[Fig. 3(a)] and the associated LE diagram [Fig. 3(b)] for the vari-
ation of the parameter  within the range [ 1.1,0.6]. We see that
the system becomes periodic via a flip bifurcation (around the fixed
point Eg) from the stable state as  crosses the threshold value

0.9. As increases further, a series of period-doubling bifurca-
tions takes place, and the system becomes chaotic around the fixed
point Eq.

To put it briefly, system (5) exhibits complex dynamical behav-
iors that are significantly influenced by the parameters r and
Moreover, there are some clearly visible periodic windows inside
the chaotic zones of both diagrams. For a more immersive depic-
tion of the evolving dynamical scenarios brought about by changes
in the control parametersrand , we have included two animations,

Anim_bif_rmp4 and Anim_bif_ .mp4, in the supplementary
material. Now, the individual variation of these control parameters
(rand ) provides only partial insights of the behavior of the sys-
tem. However, it fails to give its complete overview. To overcome
this limitation, it is essential to systematically study the impact of

simultaneous variation of these two parameters (r and ) on sys-
tem (5). Through this two-parameter analysis, it is also possible to
study the organization of the periodic structures embedded within
the chaotic regimes and characterize the regimes of multistability
formed by overlappings among different attractors. This serves as
a focal point of interest in this article. First, we will analyze the
two-dimensional isoperiodic diagram of system (5) in the r
parameter plane, and its iterative zooms to uncover finer intricate
behaviors. We will also examine the underlying LE diagram of the
associated isoperiodic diagram within the same selective region of
ther parameter plane.

Figures 4(a) and 4(b) are the isoperiodic and LE diagrams of
the system (5) in the .r, /2[0.1,5] [ 1.5,2] parameter plane,
respectively. Each diagram is set up on a dense grid of 1000

1000 equidistant points, ensuring a comprehensive coverage of
the parameter plane. Figure 4(a) is drawn by coloring each point
of the grid according to the period of the attractors. The colorbar,
positioned on the right side of the figure, provides the periods of the
attractors related to each color. To determine the period of a periodic
attractor, we conduct an extensive time series analysis of the system.
We first extract the time series data after removing the initial tran-
sients at each grid point and then analyze it to identify any repetitive
patterns of the solution trajectory. An attractor is considered to have
period s if the system revisits the same state after s number of steps.
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FIG. 2. (a) Bifurcation and (b) LE diagrams of system (5) for the variation of the control parameter r. As the parameter r increases, the system gradually becomes chaotic
from stable state via period-doubling route around E;. At r D 1.483, the system switches to a stable state (at Ey), and then after a sequence of period-doubling bifurcations,
it again becomes chaotic around E,. Within the chaotic zones (around E, and E; ), several periodic windows with different periodicity are apparent. Here, D  0.61 and

values of k and A are xed at 1 and 0.7, respectively.

In Fig. 4(a), attractors ranging from more than 17 period to 100
period are colored in white, while attractors exceeding 100 period
are in black. Here, FP, stands for trivial attractor (marked in pink-
ish red color), FP represents nonzero fixed point attractor (marked
in deep green color), and Unb. denotes the unbounded solutions
(marked in light blue color). In Fig. 4(b), we calculate the values of
Lyapunov exponent at each grid point and color each point accord-
ing to the LE values given in the colorbar. The system’s behavior

is periodic or stable in the continuously changing white to orange-
colored region (LE < 0). The rust color corresponds to bifurcation
points (LE D 0). In the green to cyan-shaded region (LE > 0), the
system exhibits chaotic oscillations. The blank region is related to
unbounded solutions. Both the figures unveil complex and highly
interleaved regions in the parameter plane, revealing a multitude
of dynamical features. The shrimp-shaped periodic structures that
emerge amidst the chaotic sea are of particular interest. Inside these
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a

FIG. 3. (a) Bifurcation and (b) LE diagrams of system (5) for the variation of the control parameter . As the parameter increases, the system becomes chaotic from stable
state via period-doubling route. Here, r D 2.9, and values of k and A are xed at 1 and 0.7, respectively.

shrimp-shaped structures, there exist superstable cycles character-
ized by remarkably high stability. Some of these superstable cycles
can be readily identified in Fig. 4(b), represented by white curves
(LE << 0).

A. Shrimp-shaped structure and period-bubbling
route to chaos

A shrimp-shaped structure is a typically organized peri-
odic structure characterized by a prominent central body and
four elongated, slender antennae. Throughout the 1980s, several

researchers observed these shrimp-like structures in various sys-
tems, though they were not initially labeled as shrimps.
Moreover, numerous follow-up studies have revealed the presence
of shrimp-like periodic structures. These periodic structures have
been referred to by several names, including swallow, ** cross-
road area, * compound window, > etc. The name shrimp to
describe these periodic structures was given and popularized by
Gallas.>* Vitolo et al.* provided the following definition for shrimp:
Shrimps are formed by a regular set of adjacent windows cen-
tered around the main pair of intersecting superstable parabolic
arcs. A shrimp is a doubly infinite mosaic of stability domains
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FIG. 4. Global view of the dynamics of the system represented by the (a) isoperiodic and (b) LE diagrams in the 1000 1000 grid points of .r, /21[0.1,5] [ 15,2]
parameter plane. Both diagrams reveal a multitude of dynamical features [stable state, periodicity (including higher-periodicity), chaos, etc.]. Notably, the presence of
shrimp-shaped structures within the chaotic regime is clearly visible in both diagrams. The values of the parameters k and A are kept xed at 1 and 0.7, respectively.

composed of an innermost main domain plus all the adjacent sta-
bility domains arising from two period-doubling cascades together
with their corresponding domains of chaos.” The presence of these
complex shrimp-shaped periodic structures within chaotic regions

-1
4.9 & 0

2.85 2.94 r 3.04 3.14

(@)

is significant because it facilitates the control of chaos by selecting
parameters within the shrimps. Recently, several researchers studied
shrimp-shaped complex structures in parameter planes of many
nonlinear systems.’” *° In Figs. 4(a) and 4(b), we observe that the

%107 , , P

4.9 0.7
0
s
2.85 2.94 3.04 3.14
r
(b)

FIG. 5. Magni cation of the regions enclosed by white and yellow rectangular boxes in Figs. 4(a) and 4(h), respectively. A comprehensive view of the shrimp-shaped structure
of period 4 can be visualized from both panels. The values of k and A are xed at 1 and 0.7, respectively.
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FIG. 6. Zoomed-in view of the region enclosed by the white rectangular box inside
Fig. 5(a). It demonstrates that the system exhibits a period-bubbling phenomenon
with respect to the variation of the parameter . Here,k D 1 and A D 0.7.

chaotic regime is densely populated with numerous shrimp-shaped
periodic structures. To thoroughly capture a complete understand-
ing of one of those shrimp-shaped structures, we take fine-scale
magnifications of the white and yellow rectangular boxes inside
these figures [Figs. 4(a) and 4(b), respectively] and plot them in Figs.
5(a) and 5(h), respectively. These magnifications give a complete
view of the shrimp-shaped structure of period 4. We see that two
arrays of shrimp-shaped structures appear along the inner bound-
ary of this shrimp-shaped structure, and they are organized almost
in lines and the point of intersection of the superstable curves of
each shrimp-shaped structure lies on these lines. In Fig. 5(a), saddle-
node bifurcation creates the boundary between the black and light
green regions. The boundaries between the light green and crys-
tal blue regions, as well as the boundary separating the crystal blue
and yellow-shaded regions, are due to period-doubling bifurcations.
This pattern continues for the adjacent boundaries as well. In this
way, a two-dimensional Feigenbaum scenario,” the path to chaos
via a series of period-doubling bifurcations, is formed near the
inner boundary of the shrimp-shaped structure. This is more obvi-
ous from Fig. 6, a zoomed-in view of the region enclosed by the
white rectangular box in Fig. 5(a). In fact, in close proximity to the
inner boundary of the shrimp-shaped structure, we observe the well-
known period-bubbling® phenomenon. We will now explore this
phenomenon in detail.

The concept of period-bubbling manifests as a notable phe-
nomenon within the realm of nonlinear systems when a specific
parameter of the system undergoes gradual and systematic varia-
tions. A sequence of events unfolds within this dynamic process:
periodic attractors are generated through period-doubling bifurca-
tions and subsequently disappear through reverse period-doubling
bifurcations. This intricate sequence of bifurcations culminates in
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the formation of an intriguing bubble-shaped structure. To grasp
the detail of the period-bubbling phenomenon, particularly near the
inner boundary of a shrimp-shaped structure given in Fig. 5(a), we
take an amplification of the inner region of the white box delin-
eated within it. Figure 6 is the corresponding amplified diagram,
illustrating the period-bubbling path to chaos. Here, the parame-
ter  generates the period-bubbling path to chaos and r adjusts the
breadth of the bubbles. Now, changing the value of , while keep-
ing the value of r constant at some discrete values, we discover that
depending on the values of r, the system may or may not show the
period-bubbling phenomenon. To confirm it, we draw four bifur-
cation diagrams in Fig. 7 along the four rust-dotted lines of Fig. 6
(from left to right). Figure 7(a) shows four curves at r D 2.969 with
respect to change of the parameter , where no bubble is formed.
Figure 7(b) presents the period 4 2 bubbleatr D 2.98. In Fig. 7(c)
(r D 2.988), a period 4 4 bubble is formed inside the original
period 4 2 bubble. As r increases, smaller and smaller bubbles
are formed within these larger bubbles, leading to the creation of a
continuously branching tree of bubbles. This ultimately leads to the
emergence of chaos, as depicted in Fig. 7(d) (r D 2.9913). For a finer
visualization of this bubble formation process, see the animation
Anim_bubbling.mp4 in the supplementary material.

The literature on shrimp-shaped structures has established a
captivating universal feature: three times self-similarity.* This char-
acteristic of the shrimp-shaped structures can be demonstrated in
system (5) through fine-scale magnifications. Figure 8(a) is the
magnification of the interior area of the yellow-colored box inside
Fig. 5(b). In this figure, we observe that two smaller shrimps with
higher periodicity appear close to the inner legs of the shrimp-
shaped structure of period 4. The periodicities of these two shrimps
are 12, three times of the periodicity of the bigger shrimp. To fur-
ther explore this pattern, we amplify the yellow-colored rectangular
area in Fig. 8(a), which is located near the inner leg of the shrimp
of period 12. The zoomed-in view, as shown in Fig. 8(h), reveals a
similar feature. By applying subsequent amplifications with appro-
priate scaling, we observe a repetition of these small shrimp-shaped
structures and see that the periodicities of these small shrimps are
always three times that of the associated larger shrimp, namely, 36,
108, 324, and so on. Hence, shrimp-shaped structures, their three
times self-similar properties and period-bubbling route to chaos can
be found in this rather simple one-dimensional model.

B. Bistability between different attractors

Multistability is a fascinating phenomenon with potential
applications in a variety of fields.”>** “° It refers to a phenomenon
in which a system can exhibit multiple states purely through the
manipulation of initial conditions without invoking any adjust-
ments in the underlying parameters of the system. Specifically,
when a system has precisely two such states, this phenomenon is
termed as bistability. In essence, bistability exemplifies a subset of
the broader multistability phenomenon, where two distinct attrac-
tors coexist, thereby enhancing the complexity and richness of the
system’s dynamics.

In Fig. 8(a), we observe overlappings between several pairs
of coexisting attractors, which indicates the presence of bistabil-
ity between different attractors in system (5). To confirm such
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FIG. 7. Bifurcation diagrams along the four dotted lines in Fig. 6, demonstrating the emergence of chaos through period-bubbling path near the inner edge of the
shrimp-shaped structure. Here, k D 1, A D 0.7, and for (a) r D 2.969, for (b) r D 2.98, for (c) r D 2.988, and, nally, for (d) r D 2.9913.
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FIG. 8. (a) Enlargement of the region bounded by the yellow-colored rectangular box of Fig. 5(b). (b) Magni cation of the interior area of the yellow-colored box inside (a).
Both diagrams show the three times self-similarity of the shrimp-shaped structure. The numbers at the top of the shrimps represent their respective periodicities.
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FIG. 9. Bifurcation diagrams for two different methods of following the attractor, (a) forward and (b) backward, displaying bistability between different pairs of attractors
(highlighted by light pink-colored rectangular lled boxes). The starting initial condition for each diagram is X, D 0.3. The values of r, k, and A are xed at 3.06, 1, and 0.7,

respectively.

an indication, we draw two bifurcation diagrams in Fig. 9 using
the conventional approach of following the attractor (the way of
changing initial states): forward and backward, along the black line
(r D 3.06) in Fig. 8(a). In the attractor-following approach, we begin
at one end of the parameter interval with a fixed initial condition.
As we move to the next subsequent point in the interval, we no
longer use the fixed initial condition. Instead, the final point from
the previously computed solution is used as the new initial con-
dition. We repeat this procedure until reaching the other end of
the parameter interval, effectively following the attractor through-
out the interval. It plays a fundamental role in identifying the
parameter regions associated with multistability,”*** i.e., the pres-
ence of coexisting attractors in phase space. Based on the choice
of starting point, we have two different types of bifurcation dia-
gram by following the attractor method: forward and backward.
If the forward and backward bifurcation diagrams do not appear

identical or perfectly overlap, it indicates the presence of multista-
bility. The parameter intervals, where the diagrams differ, represent
the multistable zones. In Fig. 9, the diagram with green dots is the
forward bifurcation diagram (for increasing values of ), and the
one with navy blue dots is the backward bifurcation diagram (for
decreasing values of ). Both diagrams are generated by running the
simulations in the following manner: for the smallest (or largest)
value of 2 [0.398,0.429], the initial state is set to xo, D 0.3; for
each subsequent value of , the last point of the previously deter-
mined solution, i.e., solution derived for earlier value of  serves
as the initial state and we repeat this procedure until we reach

D 0.429 (or D 0.398). Both the forward and backward bifurca-
tion diagrams look identical except for specific parameter intervals
(highlighted by light pink-colored rectangular filled boxes), within
which system (5) exhibits bistable behavior. By closely inspecting
these two diagrams, we identify bistability between multiple pairings
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parameter plane. Here, k D 1, A D 0.7, and the other parameter values

are given in the upper-right corner of each time series plot. Also, the corresponding initial conditions are provided in the title of each plot.

of attractors (periodic periodic and periodic chaotic). The bistabil-
ity between period 4 and the chaotic attractor is the most significant
one. It appears prominently in two distinct zones of Fig. 9. These
bistable zones are exciting in the context of predictability of the
dynamics of the system in the long run as a small change in the ini-
tial state might cause the system to switch from periodic to chaotic
oscillations or vice versa.

Furthermore, close inspections of Figs. 1 and 4 reveal that
system (5) manifests a multitude of distinct bistable phenom-
ena beyond the previously observed bistability involving periodic

and chaotic attractors or bistability between periodic and periodic
attractors. For example, bistability between E, stable E; stable, E;
stable E, stable, periodicity 2 (around E;) E, stable, periodicity 4
(around Ep) E; stable, chaos (around E,) E; stable, chaos (around
E;) E, stable, and many others can be found. To verify the presence
of these types of bistability in system (5), we plot time series solu-
tions for different initial conditions corresponding to the bistable
pointsinther parameter plane (see Fig. 10). Through this anal-
ysis, we observe that the system converges to distinct attractors for
different sets of initial conditions.
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From Fig. 10, it becomes apparent that the system converges
to different attractors for various combinations of r and  val-
ues, as well as for different initial conditions (xp). To visualize
the transition of these attractors, we construct two diagrams in
Fig. 11. The first one is plotted in the Xo plane for r D 0.2
[Fig. 11(a)] and the other one in the r X, plane for D 04
[Fig. 11(b)]. Both diagrams vividly illustrate that the system’s behav-
ior undergoes transitions between various attractors, namely E,
stable (EoS), E; stable (E;S), E; stable (E,S), period 2 (P-2), period
3 (P-3), period 4 (P-4), and higher periodic and chaotic attrac-
tors depending on the specific values of or r, and the cho-
sen initial conditions. It is essential to highlight that the reddish
orange regions within the diagrams, labeled as Unb., signify sets
of . ,Xo/ or .r,xo/ values for which system (5) has unbounded
solutions.

Now, we give the following remarks:

Remark 111.1. We observe that system (5) exhibits distinct
zones of “chaos and non-chaos” behaviors in the k A parame-
ter plane also. Figure 12 provides a global view of the isoperiodic
diagram in the .k, A/ 2 [0.4,2] [0.4,2] parameter plane, which is
generated by setting r D 25 and D 0.8. We find that the orga-
nization of the periodic and chaotic zones is different from those
observed in the .r, /21[0.1,5] [ 1.5,2] parameter plane. Addi-
tionally, no shrimp-shaped periodic structures appear within the
chaotic regime, although periodic bands of various periods are clearly
visible. It is important to note that we have excluded the inves-
tigation of the system dynamics in the light violet-colored region
of the parameter plane as this region (A > k) is not feasible in
the context of modeling assumptions. To further visualize the indi-
vidual effects of the parameters k and A on the dynamics of the

system within the same .r, /2[0.1,5] [ 1.5,2] parameter plane,
we have added two animated movies, “Anim_lyap_k.mp4” and
“Anim_lyap_A.mp4,” in the supplementary material. These anima-
tions demonstrate that the system exhibits similar types of dynamical

FIG. 12. Isoperiodic diagram of the system in the k A parameter plane
..k,A/2[04,2] [0.4,2]/, illustrating the diverse dynamical features of sys
tem (5) within this parameter plane. The light violet-colored region (A > k) is not
feasible in the context of the model (5). Here,r D 25and D 0.8.
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