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Abstract
Emissions trading systems (ETS) constitute a widely used tool to control green-
house gas emissions and thus are vital to the global efforts to mitigate climate
change. As most ETS’ are divided into separate phases, this raises the pol-
icy question whether emissions allowances can be banked, that is, transferred
to subsequent phases for later use. We provide a continuous-time stochastic
ETS model in a multiperiod setting that can allow for banking across phases.
In particular, we are able to represent the influence of emissions develop-
ment on the value of banked allowances. We introduce two distinct approaches
to the multiperiod model: A basic approach delivers a model that is analyti-
cally more tractable and computationally less costly, while our more complex
two-dimensional approach entails a more realistic representation of the sys-
tem. Numerical results show that banking decreases the mean emissions and
increases allowance prices; at the same time, it increases the probability of com-
plying with the emissions cap. In combination with the current penalty of the EU
ETS at 100 Euro per ton, banking essentially guarantees compliance. We there-
fore conclude that banking is a crucial policy choice to improve the effectiveness
and the reliability of an ETS.

K E Y W O R D S

allowance prices, banking of allowances, emissions dynamics, emissions trading system, stochastic
optimal control

1 INTRODUCTION

Climate change presents a major threat to both nature’s eco-systems and the human civilization. As it is caused by the
accumulation of greenhouse gases in the atmosphere, it is crucial to control and reduce the emissions of these gases.
Emissions trading systems (ETSs) constitute a powerful and widely used policy tool to accomplish this goal; a promi-
nent example of such a system is the European Union ETS (EU ETS). The general principle works as follows: For each
phase of the ETS, corresponding to a certain time period, the regulator sets the amount of emissions to be allowed,
also known as the emissions cap, and distributes emissions allowances in accordance with this amount to the com-
panies in the system. As the allowances are tradable, emissions reductions are shifted to where they can be achieved
at lowest costs. Any emissions which are not covered by an allowance incur a penalty payment. On the other hand,
it is also possible that the total emissions remain below the amount prescribed by the number of allowances. In this
case, some of the allowances would not be required. Naturally, this raises the question of what happens with these
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allowances. More precisely, it needs to be decided by the regulator whether or not unused allowances can be trans-
ferred to the subsequent time period, a policy commonly known as banking. If such a transfer is allowed, the allowances
can be used in future compliance periods. If banking of allowances is not possible, unused allowances become invalid
and hence worthless. In the EU ETS, banking was not allowed in its first compliance period from 2005 to 2007. As a
consequence, when it became clear in 2007 that there were more allowances on the market than would be required in
that period, the allowance price dropped to almost zero.1 Thus the impact of deciding whether banking of allowances
should be allowed or not is substantial. It should be noted that it is also conceivable to allow for the opposite, namely
to use allowances from future compliance periods, a procedure known as borrowing. This however undermines the
goal to control total emissions of a given time period and is therefore less relevant in practice, at least on larger time
scales.

In analyzing an ETS and any policy decisions surrounding it, modeling approaches are of great importance in order
to predict the behavior of the system. One of the earliest ETS models was presented by Montgomery.2 He considers a
trading system to control pollution at several distinct locations in a static and deterministic model. A further early con-
tribution to the ETS model literature by Rubin3 already focuses on banking and borrowing of allowances. His model is
set in continuous time. The general setup deviates from the procedure described above: He assumes that allowances are
allocated and that compliance is enforced continuously in time. Therefore, without banking and borrowing, at any given
time point the emissions need to equal the number of allowances allocated at that time point. The introduction of bank-
ing and borrowing in this setting means that abatement of emissions can be shifted in time: Backward due to banking
and forward due to borrowing. The model of Schennach4 builds on the results by Rubin. She introduces two distinct time
periods to the setting of Rubin’s model, where the rate of allowance allocation is decreased in the second time period; in
her model, borrowing is not possible. Allowances are indeed also transferred from the first time period to the second; in
this way, abatement is spread more evenly in time. Schennach allows for randomness in certain model parameters and
studies the effects of jumps in these parameters.

The emissions of greenhouse gases depend on unpredictable quantities such as the state of the economy, the weather
and the preferences of citizens. In order to capture the stochastic nature of emissions with more precision, several mod-
eling approaches applying stochastic control have been introduced. Carmona, Fehr and Hinz proposed a discrete-time
model.5 They assume that trading with allowances may occur at finitely many discrete time points and let each agent
decide about her abatement at each of these time points; in this setting, they derive an expression describing the allowance
price. In contrast to this approach, Seifert, Uhrig-Homburg and Wagner work in continuous time.6 They model the emis-
sions without abatement, that is, the Business-As-Usual (BAU) emissions, as a diffusion process and maximize the profits
(given by negative costs) in order to obtain the optimal abatement rate. Their work has been extended to a two-period
model in two contributions by Liang and Huang.7,8 They allow for banking and in one model also for borrowing between
the two time-periods. In order to capture the value of an unused allowance, that is, a banked allowance, they introduce
a second stochastic process which they assume to be uncorrelated to the emissions. It should be remarked that the value
of an allowance strongly depends on the scarcity of allowances and therefore directly on the development of emissions.
Hence the assumption of uncorrelatedness is questionable.

The goal of the present paper is to study the banking of allowances between several compliance periods with stochastic
BAU emissions. We therefore extend the model of Seifert et al.6 to a multiperiod version and allow for the transfer of
allowances from one time period to the next. While some aspects of the model are indeed similar to the two-period
model by Liang and Huang,7,8 we aim to capture the dependency between the value of an unused allowance and the
characteristics of the emissions development. Moreover, we do not allow for borrowing and incorporate the mechanism
of the EU ETS that in the case of noncompliance—in addition to the penalty payment—the missing allowances need to be
surrendered in the subsequent time period. As in our work on a one-period model,9 which is based on Reference 10, we
extend our analysis beyond the optimization problem of the agent: By solving the stochastic differential equation (SDE)
describing the development of the emissions, we gain insights into the distribution of the resulting emissions and the
properties of the allowance price. This allows us to assess the impact of banking on these quantities. Moreover, an ETS
does not necessarily ensure that emissions remain below the emissions cap: Agents might choose to bear the costs of
noncompliance if abatement becomes too expensive or emissions are unexpectedly high. We therefore also analyze how
banking affects the probability of compliance with the cap.

We present two different approaches to a multiperiod model of an ETS. The first one, introduced in Section 2, is a
comparably simple extension of the one-period model by Seifert et al.6 In particular, it allows for an analytical solution
in a special case, which will enable us to provide a verification of the Hamilton-Jacobi-Bellman (HJB) equation arising
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1500 ROSEMANN and SASS

in the model. The second approach will be presented in Section 3; it is more realistic than the first but loses its analytical
tractability. In Section 4, we provide an overview of the numerical methods and model parameters used to solve the model.
Numerical results are presented in Section 5. Finally, we discuss our findings in Section 6.

2 BASIC MULTIPERIOD MODEL

In this section, we present a first and comparably simple approach to a multiperiod model extension of the ETS model by
Seifert et al. 6; in the following we will refer to this model as the basic multiperiod model. Our main goal is to represent
the transfer of allowances in the model. In order to achieve this, we need to determine the value of an unused allowance
at the end of the time period. Since such an allowance can be used or sold in the next time period, its value is given by its
price at the beginning of the next period. Liang and Huang7,8 essentially assume that this price is exogeneously given; in
contrast, our strategy is to model several subsequent time periods to be able to compute this price from the results of later
time periods. In this section, we make the simplifying assumption that the price of an allowance in the next period enters
the optimization procedure as a constant parameter, which remains unchanged during the time period considered. We
discuss in Section 2.6 how this constant can be computed from the expectation of the BAU emissions and the allowance
price function obtained from subsequent time periods.

In the following, we first adapt the model formulation in Seifert et al. 6 and in our previous work9 to a multiperiod
setting. We formulate the optimization problem of each time period separately and derive an analytical solution for a
simplified variant of the model; furthermore, we discuss the SDE describing the development of the emissions. With the
analytical solution we then show that the requirements of a standard verification theorem of the HJB equation are satis-
fied. For the results which work analogously to a one-period model, we refer for the proofs always to the corresponding
results in Reference 9. In the next step, we discuss how to combine the solutions of different time periods. Finally, we
introduce a multiperiod model where allowances cannot be transferred as a reference to assess the impact of allowing for
the transfer.

2.1 Describing an ETS in a multiperiod setting

We consider a time interval [0,T] partitioned into 0 = T0 < T1 < … < Ti < … < TN = T, that is, we split the interval
into N smaller time periods 1, … ,N. For each period i of these time periods, given by the interval [Ti−1,Ti], the regulator
fixes the amount of emissions ei

0 to be allowed. Furthermore, the regulator fixes the penalty payment p that is due for each
ton of emissions surpassing ei

0. As Reference 6 we reduce the companies in the system to one representative agent; thus
we do not need to take trading into account. The emissions without any abatement efforts, that is, the BAU emissions,
are given by the emissions rate Y . In addition, the agent may choose to abate emissions, which is represented by the
abatement rate u.

Let (Ω,,) be a suitable probability space and W a standard one-dimensional Brownian motion. We define  as
the filtration generated by W and augmented by the null sets. We now model the BAU emissions rates Yt by a stochastic
process

dYt = 𝜇(t,Yt)dt + 𝜎(t,Yt)dWt for all t ∈ [0,T],

where 𝜇 and 𝜎 are real-valued measurable functions. Importantly, the BAU emissions rates do not take abatement into
account and are not affected by the sub-periods (Ti−1,Ti]. Therefore, as in Reference 6 we next introduce the total expected
emissions; this is done separately for each time period (Ti−1,Ti].

Definition 1. The total expected emissions for the time period [0,T] are given by the process X = (Xt)t∈[0,T]
defined as X0 = E

[
∫

T1
0 Ysds

]
and

Xt = −
∫

t

Ti−1

usds + E
[
∫

Ti

Ti−1

Ysds ||| t

]
for t ∈ (Ti−1,Ti], (1)
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ROSEMANN and SASS 1501

where the abatement rates u = (us)s∈[0,T] form a progressively measurable, non-negative process with

E
[
∫

T

0
usds

]
< ∞.

Note that X is continuous for t ∉ {T1, … ,Ti, … ,TN−1}, but only left-continuous in Ti for any i. The interpretation of
X is as follows: At any time t, the variable Xt represents the total emissions we expect for the current time period, based
on the information at time t. In particular, we only take abatement into account up to time t. Moreover, XTi delivers the
total net emissions in time period i, that is, the BAU emissions minus the abatements.

Remark 1. Note that Equation (1) can be rewritten as

Xt =
∫

t

Ti−1

(Ys − us)ds + E
[
∫

Ti

t
Ys ds|||t

]
.

This shows on the one hand that the terminal value

XTi = ∫

Ti

Ti−1

(Ys − us)ds

provides the total emission in period i from which the penalty will be computed at the end of that period. On
the other hand, the representation also shows that Xt is observable at time t, because only the abatements up to
t are taken into account and only the conditional expectation of the future BAU emissions is considered. Since
penalties will be computed based on XTi , it serves well as a state process in our subsequent control problem.

If we can compute the conditional expectation in Equation (1), our formulation is a special case of a standard stochastic
control problem, modeling X by dXt = 𝜇(t,Xt,ut)dt + 𝜎(t,Xt,ut)dWt. But starting with such a formulation would require
severe constraints on the coefficients in order to get the corresponding interpretation of Xt.

A rather different approach would be a bottom-up formulation of the emission reduction by modeling the times, the
effects and the costs in detail for for example, replacing the machinery. This would require so-called impulse-control
methods which are very sensitive with respect to model parameters. We instead follow a stochastic control approach based
on the Hamilton-Jacobi-Bellman equation below. In our formulation, abatement measures which can be permanently
adjusted and have some running costs can be covered. This includes for example, increased efficiency, fuel change and
carbon sinks.

2.2 Derivation of the SDE

If we specify the functions 𝜇 and 𝜎 in the dynamics of the emissions rates Y , we can rewrite the process X as an SDE. We
have to specify SDEs separately for each time period (Ti−1,Ti], yielding

dXi
t = −ui

tdt + Gi(t)dWt,

where we define the processes Xi and ui by restricting the original processes to the time period i. As in Reference 6 we
derive the SDEs for X in the cases where Y is modeled as a Brownian motion with drift or as an Ornstein–Uhlenbeck
process:

Proposition 1. Let t ∈ (Ti−1,Ti] and define ΔTi ∶= Ti − Ti−1.

(i) In the Brownian variant with Yt = y0 + 𝜇t + 𝜎Wt we have for the total expected emissions X

Xt = X+
Ti−1

−
∫

t

Ti−1

usds + 𝜎
∫

t

Ti−1

(Ti − s)dWs
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1502 ROSEMANN and SASS

where X+
Ti−1

denotes the right-sided limit, that is, the limit of X for t ↓ Ti−1 given by

X+
Ti−1

= xi
0 + 𝜎 ΔTi WTi−1

with xi
0 defined as

xi
0 ∶= y0 ΔTi +

T2
i − T2

i−1

2
𝜇.

In differential notation we write for Xi = X on (Ti−1,Ti]

dXi
t = −ui

tdt + 𝜎(Ti − t)dWt

with Xi
Ti−1

= xi
0 + 𝜎ΔTiWTi−1 .

(ii) In the Ornstein–Uhlenbeck variant with Y given by dYt = 𝜃 (𝜇 − Yt) + 𝜎dWt we have

Xt = X+
Ti−1

−
∫

t

Ti−1

usds + 𝜎
∫

t

Ti−1

1 − e−𝜃(Ti−s)

𝜃

dWs,

where

X+
Ti−1

= xi
0 − 𝜎

e−𝜃Ti − e−𝜃Ti−1

𝜃 ∫

Ti−1

0
e𝜃sdWs,

with

xi
0 ∶= 1

𝜃

(𝜇 − y0)
(
e−𝜃Ti − e−𝜃Ti−1

)
+ 𝜇 ΔTi.

On (Ti−1,Ti], we describe Xi in differential form as

dXi
t = −ui

tdt + 𝜎 1 − e−𝜃(Ti−t)

𝜃

dWt,

where we have

Xi
Ti−1

= xi
0 − 𝜎

e−𝜃Ti − e−𝜃Ti−1

𝜃 ∫

Ti−1

0
e𝜃sdWs.

Proof. The proof is given in Appendix A. ▪

Remark 2. For an equidistant partition of [0,T], that is, if ΔTi = ΔTj for any i and j, we set ΔT = ΔTi and
simplify the expression for xi

0 and thus for X+
Ti−1

as follows:

(i) In the Brownian variant, we can write

xi
0 = y0 ΔT + 1

2
ΔT2

𝜇 + (i − 1) ΔT2
𝜇 = x1

0 + (i − 1) ΔT2
𝜇.

(ii) In the Ornstein–Uhlenbeck variant, we have

X+
Ti−1

= xi
0 − 𝜎 e−𝜃(i−1)ΔT e−𝜃ΔT − 1

𝜃 ∫

Ti−1

0
e𝜃sdWs.

where

xi
0 = e−𝜃(i−1)ΔT x1

0 +
(
1 − e−𝜃(i−1)ΔT)

𝜇 ΔT.
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ROSEMANN and SASS 1503

Furthermore, we introduce a particularly simple variant of the model where we model X directly and choose
the volatility of X to be constant. Seifert et al. 6 also study this case but derive it by assuming that Y follows a
White-Noise-Process; since this does not fit our general framework for Y , we argue differently here.

Definition 2. In the simple model variant, we define X for t ∈ (Ti−1,Ti] as

Xt = X+
Ti−1

−
∫

t

Ti−1

usds + 𝜎
∫

t

Ti−1

dWs

with X+
Ti−1

= xi
0 + 𝜎WTi−1 , where xi

0 ∈ R.

As in the Brownian and Ornstein–Uhlenbeck process above, we describe the restriction Xi in (Ti−1,Ti] in differential
form.

Proposition 2. The SDE for Xi in the simple variant is given by

dXi
t = −ui

tdt + 𝜎dWt.

with Xi
Ti−1

= xi
0 + 𝜎WTi−1 .

2.3 Cost minimization

The next step is to solve the cost minimization problem of the representative agent. We consider the minimization problem
separately for each time period. As mentioned above, we assume that the allowance price that we expect in period i for
the beginning of the next time period is constant. We denote this constant parameter by si; we assume that it is exogenous
to the optimization in time period i. We discuss how to compute this parameter from model parameters in Section 2.6. As
explained in that section, we cannot compute the actual allowance price of the next time period.

The key idea to incorporate the value of an unused allowance at the end of the time period is to modify the penalty
function as follows:

Pi(XTi

)
=

{(
p + si)(XTi − ei

0
)

if XTi > ei
0,

si(XTi − ei
0
)

else.

We recall that ei
0 represents the number of allowances available in time period i. In this expression, the second case reflects

that any surplus allowances have value si at the end of the current time period. In the first case we incorporate the following
mechanism of the EU ETS: In addition to a penalty payment, emissions exceeding the number of allowances held also
have to be balanced out by the corresponding number of allowances in the next time period. Hence each additional ton
of emissions incurs costs of p + si.

We assume the cost of abatement to be given as

Ci(u) = 1
2

ci u2
,

where the control u takes values in = [0,∞); the cost coefficient ci may differ for different time periods. We define the
admissibility set for t ∈ [Ti−1,Ti] as

𝒜 i(t) =
{

u = (us)s∈[t,Ti] ∶ u an ℱ -progressively measurable process into 𝒰 with E
[
∫

Ti
t |us|2ds

]
< ∞

}
.

Then we can define the value function for the ith time period as

V i(t, x) = inf
u∈i(t)

E
[

e−rTi Pi(XTi

)
+
∫

Ti

t
Ci(us)e−rsds|||Xt = x

]
.
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1504 ROSEMANN and SASS

The HJB equation for this problem is given by

0 = inf
ui∈

{
Ci(ui) e−rt + V i

t (t, x) − ui V i
x(t, x) +

1
2

Gi(t)2 V i
xx(t, x)

}

with final condition V i(Ti, x) = e−rTi Pi(x). Minimization with respect to ui yields

ui(t, x) =
V i

x(t, x)
ci ert (2)

and we obtain the characteristic PDE as

V i
t =

1
2

(
V i

x(t, x)
)2

ci ert − 1
2

Gi(t)2 V i
xx(t, x).

Recall that Gi(t) is given by the following functions for the different model variants:

• Simple variant: Gi(t) = 𝜎,
• Brownian variant: Gi(t) = 𝜎(Ti − t),
• Ornstein–Uhlenbeck variant: Gi(t) = 𝜎 1−e−𝜃(Ti−t)

𝜃

.

2.4 Solving the characteristic PDE and the SDE

In this section, we discuss how to solve the characteristic PDE as well as the SDE describing Xi for a given time period;
for notational convenience, we assume that both ci and ei

0 do not depend on the corresponding time period and therefore
write c and e0 instead. Solving the characteristic PDE delivers a solution for the value function and thus for the abate-
ment rate ui. We derive an analytical solution in the special case of the simple model variant. For the Brownian and
Ornstein–Uhlenbeck model variants, we need to solve the PDE numerically, which will be presented in Section 4.1 below.
Importantly, the solution of the PDE also supplies us with a function to compute the allowance price: By modeling indi-
vidual agents separately, Seifert et al. 6 have shown (in their online appendix) that the price of an allowance, denoted by
S, is given by the marginal abatement costs, that is,

S(t, x) = 𝜕C
𝜕u

= c u(t, x).

In the multiperiod model we therefore obtain the price function of time period i as Si(t, x) = c ui(t, x).
Once we have solved the characteristic PDE, we can consider the SDE to describe Xi given by

dXi
t = −ui

tdt + Gi(t)dWt.

2.4.1 Analytical PDE solution in the simple variant

We take the PDE derived in the previous section. The analytical solution is only available for the case r = 0, that is, we
consider the PDE

V i
t =

1
2

(
V i

x(t, x)
)2

ci − 1
2
𝜎

2 V i
xx(t, x) for t ∈ [Ti−1,Ti) (3)

with terminal condition V i(Ti, x) = Pi(x). By applying the Cole-Hopf transformation, this PDE can be transformed into
the heat equation, which admits an analytical solution.
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ROSEMANN and SASS 1505

Proposition 3. The PDE of the simple model variant given in Equation (3) is solved by

V i(t, x) = −c𝜎2 ln

[
N
(

c(e0−x)+si(Ti−t)
c𝜎

√
Ti−t

)
e

2csi(e0−x)+(si)2
(Ti−t)

2c2
𝜎

2 +
(

1 − N
(

c(e0−x)+(p+si)(Ti−t)
c𝜎

√
Ti−t

))
e

2c(p+si)(e0−x)+(p+si)2
(Ti−t)

2c2
𝜎

2

]
, (4)

where N denotes the distribution function of the normal distribution, that is,

N(x) ∶= 1√
2𝜋∫

x

−∞
e−

y2

2 dy.

The derivative of the PDE solution is given by

V i
x(t, x) = si +

p

1 +
e
−

2cp(e0−x)+p(p+2si)(Ti−t)
2c2

𝜎
2 N

(
c(e0−x)+si(Ti−t)

c𝜎
√

Ti−t

)

1−N
(

c(e0−x)+(p+si)(Ti−t)

c𝜎
√

Ti−t

)

. (5)

Proof. The proof is provided in Appendix A. ▪

To conclude this section, we state some properties of the solution V i, which we use below for the verification that the
characteristic PDE indeed delivers the optimal costs.

Proposition 4. The function V i as given by Equation (4) and its derivative V i
x given by Equation (5) satisfy the

following properties:

(i) V i is infinitely differentiable on (−∞,Ti) ×R, that is, V i ∈ C∞((−∞,Ti) ×R).
(ii) V i

x satisfies si ≤ V i
x(t, x) ≤ p + si for all (t, x) ∈ [Ti−1,Ti] ×R ⧵ {(Ti, e0)}, that is, V i

x is bounded.
(iii) For any t ∈ [Ti−1,Ti] we have

lim
x→∞

V i
x(t, x) = p + si and lim

x→−∞
V i

x(t, x) = si
.

(iv) Let 𝜀 > 0 arbitrary. Then the derivatives V i
xx and V i

xt are bounded on [Ti−1,Ti − 𝜀] ×R.

Proof. The details of this proof can be found in Reference 10; the one-period equivalent of this statement is
shown in Reference 9. ▪

2.4.2 Solution of the SDE

With the PDE solution available, we also obtain the function describing the abatement ui ∶ [Ti−1,Ti] ×R → R for each
time period i as given in Equation (2). We now aim to solve the SDE

dXi
t = −ui(t,Xi

t )dt + Gi(t)dWt.

The motivation to analyze the solution of the SDE is two-fold: First, we are interested in the quantities that such a solution
delivers, namely the process of total expected emissions X and the allowance prices we can compute from it. And second,
we require the existence of a unique solution to be able to verify the HJB equation.

Proposition 5. For an arbitrary time period i, let ui(t, x) = V i
x(t,x)

c
with V i

x as given in Equation (5). Then the
SDE of the simple model variant given by

dXi
t = −ui(t,Xi

t )dt + 𝜎dWt,
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1506 ROSEMANN and SASS

has a unique strong solution which is continuous in t. Furthermore, the Euler–Maruyama scheme converges
strongly to this solution.

Proof. See References 10 and 9 for the one-period equivalent of this statement. ▪

Remark 3. We cannot rigorously analyze the drift term of the Brownian and Ornstein–Uhlenbeck model
variant due to the lack of a closed-form expression.

2.5 Verification for the solution of the HJB equation

The existence of a unique SDE solution allows us to apply a standard verification theorem for the HJB equation (see e.g.,
Pham11) to show that the HJB equation given in Section 2.3 delivers the minimum costs and an optimal abatement rate.
First, we ensure that the PDE solution V i satisfies the requirements of a verification theorem and that the corresponding
abatement rate ui is admissible.

Proposition 6. The functions V i given by Equation (4) for t ∈ [Ti−1,Ti) and by the terminal condition
V i(Ti, x) = Pi(x) satisfy the requirements of a standard verification theorem for the HJB equation, that is,
we have

(i) V i is continuously differentiable in t and twice continuously differentiable in x on [Ti−1,Ti) ×R,
(ii) V i is continuous on [Ti−1,Ti] ×R,

(iii) V i satisfies a quadratic growth condition, uniformly in t, that is, there exists K > 0 such that

|V i(t, x)| ≤ K
(
1 + |x|2) for all t ∈ [Ti−1,Ti].

Proof. The proof can be found in Reference 10 and in Reference 9 for the one-period equivalent. ▪

Proposition 7. Fix a time period i and let X be a continuous R-valued stochastic process on [Ti−1,Ti] which is
 -adapted. Then for any t ∈ [Ti−1,Ti] the control process ui given by

ui =
(

ui
s
)

s∈[t,Ti]
=

(
ui(s,Xs)

)
s∈[t,Ti]

, where ui(s, x) =
V i

x(s, x)
c

,

lies ini(t).

Proof. The proof can be found in Reference 10 and in Reference 9 for the one-period equivalent. ▪

Then we apply a verification theorem to show that the HJB equation indeed delivers the desired result.

Theorem 1. Let i be an arbitrary time period in the multiperiod model. Further, let V i be given by Equation (4)
and let the abatement rate be given by ui

t = ui(t,Xi
t ), where ui(t, x) = V i

x(t,x)
c

and V i
x is given by Equation (5). Then,

for the simple model variant, V i delivers the minimum costs and the abatement rate ui is optimal.

Proof. With Proposition 6, we know that we have V i ∈ C1,2([Ti−1,Ti) ×R) and V i ∈ C([Ti−1,Ti] ×R) as well
as that V i grows at most quadratically. By construction, V i solves the HJB equation with ui as the control.
Furthermore, with Proposition 5, we know that the SDE

dXi
t = −ui(t,Xi

t )dt + 𝜎dWt

has a unique solution and by Proposition 7 we have ui ∈ (t) since the solution of the SDE Xi is con-
tinuous and  -adapted. Then, with a verification theorem like Theorem 3.5.2 in Reference 11, the claim
follows. ▪
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ROSEMANN and SASS 1507

2.6 Procedure to combine the time periods

So far we derived the SDE and solved the minimization problem for each time period separately. Now we need to com-
bine these results. Our aim is to determine the price path and the path of total expected emissions; in particular, we are
interested in the resulting emissions in each time period as given by XTi . Therefore, we need to solve the SDE for all time
periods. To determine the drift function ui, we first need to solve the PDE for the corresponding time period i. Here we
require the price of an allowance at the beginning of the subsequent period since this enters the penalty function. In the
approach presented in this section, we assume this price to be exogenous to the optimization procedure, that is, the price
as given by si enters the PDE as a constant parameter.

As we discussed in the beginning of Section 2.4, the price function in the model is given by Si(t, x) = c ui(t, x), so it
depends on the drift ui. Therefore, the PDE solutions are computed in reversed order: We first determine the drift of the
last time period uN , then uN−1 and so forth until we reach u1. For the last time period N, the parameter sN needs to be
given in advance. For all remaining time periods, we compute the input parameter si from the price function of the next
time period Si+1 by using the previously computed function ui+1. The actual price of an allowance at the beginning of time
period i + 1 is given by Si+1(Ti,Xi+1

Ti
). However, since the starting value of time period i + 1 given by Xi+1

Ti
is not available

before time Ti, we need to adjust this expression such that we can compute it at any time point in [Ti−1,Ti]. We consider
two different approaches to achieve this.

The first one is to use the expectation of the price given by

si = E
[

Si+1(Ti,Xi+1
Ti
)
]
= E

[
c ui+1

(
Ti,Xi+1

Ti

)]
.

In Section 2.2, we determined Xi+1
Ti

= X+
Ti

for each model; these expressions depend on WTi in the simple and Brownian
variant, and on ∫ Ti

0 e𝜃sdWs in the Ornstein–Uhlenbeck variant. Since we know the corresponding distributions, we can
compute si by Monte Carlo methods.

In the second approach, we apply the price function to the expectation of Xi+1
Ti

. We then obtain

si = Si+1
(

Ti,E
[

Xi+1
Ti

])
= Si+1(Ti, xi+1

0
)
,

in all model variants, as the expectation of Brownian motion and of the integral ∫ Ti
0 e𝜃sdWs is zero. This expression for si

directly implies that si is analytically tractable when an analytical PDE solution is available, that is, for the simple variant
with r = 0. We already remark that we will use this approach to compute si in numerical simulations.

When we have solved the PDEs, we can start to solve the SDEs. This is done forward in time: We first solve the SDE
on [0,T1] which also delivers the path of W on [0,T1] and in particular a realization of WT1 . From WT1 in the simple and
Brownian variant and from the path on [0,T1] in the Ornstein-Uhlenbeck model, we can compute Ornstein–Uhlenbeck
model we need the entire path. X2

T1
= X+

T1
and solve the SDE on [T1,T2]. We continue in this way until we reach TN . In

summary, the procedure works as follows:

1. Choose a constant sN as input for the last time period.
2. Solve the PDEs in reversed order

uN → uN−1 → … → ui+1 → ui → … → u2 → u1
.

In each time period we compute si from the subsequent time period i + 1 as si = c ui+1(Ti, xi+1
0 ) or si =

c ui+1
(

Ti,E
[

Xi+1
Ti

])
.

3. Solve the SDEs forward in time

X1 → X2 → … → Xi → Xi+1 → … → XN−1 → XN

by computing Xi
Ti−1

from (Wt)t∈[0,Ti−1].
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1508 ROSEMANN and SASS

A more realistic but also more complex approach to the multiperiod model, which in particular allows for a more
detailed representation of the price anticipated for the next time period (i.e., si), will be described in Section 3.

2.7 Multiperiod model with allowances becoming invalid

In order to evaluate the impact of allowing for the transfer of allowances, we need to compare the results we obtain in
the multiperiod model with a setting where allowances expire after one time period. However, the multiperiod model
presented above should not directly be compared to a one-period model. One important reason is that we also use the
parameter si to account for the costs of the missing allowances in the case of noncompliance in addition to the penalty
payment, which we could not do in a one-period model. In addition, constructing a multiperiod model with expiring
allowances also enables us to compare more than the first time period. To obtain such a model, we only need to modify
the penalty function to

Pi(XTi

)
=

{(
p + si)(XTi − e0

)
if XTi > e0,

0 else.

In case of surpassing the emissions threshold, we still account for both the penalty payment and the requirement to hand
over the missing allowances in the next period. But in case of compliance with the emissions goal, surplus allowances
now have a value of 0, since they expire and cannot be transferred to the next period.

The remainder of the optimization procedure can be applied as before, so that we obtain the same PDE, only with a
modified final condition as given by the penalty function above:

V i
t (t, x) =

1
2

(
V i

x(t, x)
)2

c
ert − 1

2
Gi(t)2 V i

xx(t, x)

with final condition

V i(Ti, x) =

{
e−rTi

(
p + si)(x − e0) if x > e0,

0 else.

Hence for all model variants, we proceed similarly as in the multiperiod model presented above to solve the PDE; we only
need to adapt the final condition.

2.7.1 Analytical solution of the PDE in the simple model variant

Also in this setting we can derive an analytical solution in the simple model variant if we set r = 0. We consider the PDE

V i
t =

(
V i

x
)2

2c
− 1

2
𝜎

2 V i
xx

with final condition

V i(Ti, x) = Pi(x) =

{(
p + si)(x − e0) if x > e0,

0 else.

This is identical to the one-period model introduced by Seifert et al.6 with p replaced by p + si and T replaced by Ti.
Therefore, we obtain the solution directly from the one-period model as

V i
x(t, x) =

p + si

1 +
e
−

2c(p+si)(e0−x)+(p+si)2
(Ti−t)

2c2
𝜎

2 N
(

e0−x
𝜎

√
Ti−t

)

1−N
(

c(e0−x)+(p+si)(Ti−t)

c𝜎
√

Ti−t

)

.
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ROSEMANN and SASS 1509

3 TWO-DIMENSIONAL MULTIPERIOD MODEL

In this section, we introduce a more realistic approach to the multiperiod model, as we now allow the price parameter
to vary throughout the sub-period considered. This means that during the optimization procedure, the agent takes into
account the changes in her expectation of the initial allowance price for the next time period. To this end, we need to
introduce an additional process Z driven solely by Brownian motion that simulates the initial value of X in the next time
period; we therefore refer to it as the expected next BAU emissions. From this process, we compute the anticipated price.
We will refer to this model as the two-dimensional multiperiod model.

We first define the process Z and derive an SDE to describe it. Then we proceed similarly as in the previous section:
We state the cost minimization problem of the agent and derive the corresponding characteristic PDE. Next we discuss
the solution of the PDE and the SDEs on X and Z; an analytical solution is in this case not available. We describe the
procedure of how to combine the time periods and again conclude by introducing a similar model where allowances
cannot be transferred.

3.1 The expected next BAU emissions

As before in Section 2, we consider a time period [0,T] partitioned into 0 = T0 < T1 < … < Ti < … < TN = T. To sim-
plify notation, we assume that this partition is equidistant, that is, ΔTi = ΔTj for any i and j, and set ΔT ∶= ΔTi.
The emissions rates (Yt)t∈[0,T] for the three different model variants are defined as before and the process of total
expected emissions (Xt)t∈[Ti−1,Ti] is defined as given in Definition 1; for the simple variant, we additionally assume that
xi

0 = xj
0 =∶ x0.

The first step is to define the expected next BAU emissions. More precisely, we aim for a process Z that describes the
BAU emissions we expect in time period i for the time period i + 1, that is, we require

Zt = E
[
∫

Ti+1

Ti

Ysds|||t

]
for t ∈ (Ti−1,Ti].

We proceed by defining the process Z for each model variant; we then show in Proposition 8 that Z indeed satisfies this
expression.

Definition 3. The expected next BAU emissions for the time period [0,T] are given by the process Z =
(Zt)t∈[0,T], which for the model variants is defined in the following way:

(i) In the Brownian variant we have Z0 = X0 + ΔT2
𝜇 and

Zt = Z+Ti−1
+ 𝜎 ΔT

∫

t

Ti−1

dWs for t ∈ (Ti−1,Ti] with Z+Ti−1
= X+

Ti−1
+ ΔT2

𝜇.

(ii) In the Ornstein–Uhlenbeck variant we define Z0 = e−𝜃ΔTX0 + 𝜇 ΔT
(
1 − e−𝜃ΔT) and

Zt = Z+Ti−1
+ 𝜎 e−𝜃iΔT 1 − e−𝜃ΔT

𝜃 ∫

t

Ti−1

e𝜃sdWs for t ∈ (Ti−1,Ti],

where

Z+Ti−1
= e−𝜃ΔTX+

Ti−1
+ 𝜇 ΔT

(
1 − e−𝜃ΔT)

.

(iii) In the simple variant Z is defined by Z0 = X0 and

Zt = Z+Ti−1
+ 𝜎
∫

t

Ti−1

dWs for t ∈ (Ti−1,Ti] with Z+Ti−1
= X+

Ti−1
.
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1510 ROSEMANN and SASS

We can now use the process Z to predict the initial value of the total expected emissions X in the next time
period, as the next Proposition shows. Furthermore, by definition, Z satisfies the martingale property within each time
period.

Proposition 8. For each model variant and for any time period i the process Z as defined in Definition 3 has
the following properties:

(i) Z satisfies ZTi = X+
Ti

.
(ii) The martingale property holds for Z on each time period [Ti−1,Ti], that is, for s, t ∈ (Ti−1,Ti] and s < t

we have Zs = E[Zt | s]. In particular, we have Zt = E
[
ZTi |t

]
for t ∈ (Ti−1,Ti].

(iii) For Z it holds that

Zt = E
[
∫

Ti+1

Ti

Ysds|||t

]
for t ∈ (Ti−1,Ti].

Proof. The proof is presented in Appendix A. ▪

Hence for each t ∈ (Ti−1,Ti], we have that Zt indeed represents the agents expectation at time t on the total expected
emissions at the beginning of time period i + 1 given by X+

Ti
.

As in the b1 Basic multiperiod model, we again write the processes Xi and Zi as an SDE.

Proposition 9. In each model variant, the processes Xi and Zi on (Ti−1,Ti] are described by the SDEs

dXi
t = −ui

tdt + Gi(t)dWt

dZi
t = Hi(t)dWt,

(i) where in the Brownian variant we have Gi(t) = 𝜎(Ti − t), Hi(t) = 𝜎 ΔT and

Xi
Ti−1

= xi
0 + 𝜎 ΔT WTi−1

Zi
Ti−1

= xi
0 + 𝜎 ΔT WTi−1 + ΔT2

𝜇,

(ii) where in the Ornstein–Uhlenbeck variant

Gi(t) = 𝜎 1 − e−𝜃(Ti−t)

𝜃

,

Hi(t) = 𝜎 1 − e−𝜃ΔT

𝜃

e−𝜃(Ti−t)
.

and

Xi
Ti−1

= xi
0 + 𝜎e−𝜃(i−1)ΔT 1 − e−𝜃ΔT

𝜃 ∫

Ti−1

0
e𝜃sdWs

Zi
i−1 = e−𝜃ΔTXi

Ti−1
+ 𝜇ΔT

(
1 − e−𝜃ΔT)

,

(iii) where in the simple variant Gi(t) = Hi(t) = 𝜎 and Xi
i−1 = x0 + 𝜎 ΔT WTi−1 = Zi

i−1.

Proof. As for the basic multiperiod model in Proposition 1, we rewrite the integral equations above in
differential form; again the resulting SDEs do not start at time zero but at Ti−1. ▪
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ROSEMANN and SASS 1511

3.2 Cost minimization

We consider the minimization of costs in time period i, that is, in the interval [Ti−1,Ti]. In the previous model we have
seen that there exists a function Si ∶ [Ti−1,Ti] ×R → R which allows us to compute the price of an allowance in time
period i for a given time and a given realization x of the process Xi. We now assume that also in this model there exists a
function ̃Si

0 ∶ R → R representing the price of an allowance at the beginning of time period i for a given value of x; we will
show this in Section 3.4 below. Then ̃Si+1

0 is the function describing the price at the beginning of the subsequent period
and we can compute the price as ̃Si+1

0

(
X+

Ti

)
. Therefore we formulate the penalty function as

Pi
(

XTi ,X
+
Ti

)
=

⎧
⎪⎨⎪⎩

(
p + ̃Si+1

0

(
X+

Ti

))(
XTi − ei

0
)

if XTi > ei
0,

̃Si+1
0

(
X+

Ti

)(
XTi − ei

0
)

else.

In comparison to the basic multiperiod model, the price parameter si has now been replaced by ̃Si+1
0

(
X+

Ti

)
. Since ZTi = X+

Ti
,

we rewrite this as

Pi(XTi ,ZTi

)
=

⎧
⎪⎨⎪⎩

(
p + ̃Si+1

0
(

ZTi

))(
XTi − ei

0
)

if XTi > ei
0,

̃Si+1
0

(
ZTi

)(
XTi − ei

0
)

else.

Hence Z enters the penalty function as a second variable and is therefore also a variable of the value function, which is
now for each time period [Ti−1,Ti] defined by

V i(t, x, z) = inf
u∈i(t)

E
[

e−rTi Pi(XTi ,ZTi

)
+
∫

Ti

t
C(us) e−rsds|||Xt = x,Zt = z

]
.

In this expression, the admissibility set is defined as in the previous model as

𝒜 i(t) =
{

u = (us)s∈[t,Ti] ∶ u an ℱ -progressively measurable process into 𝒰 with E
[
∫

Ti
t |us|2ds

]
< ∞

}

with = [0,∞), and the costs are modeled by the cost function

Ci(u) = 1
2

ci u2
.

The HJB equation is now given as

0 = inf
ui∈

{
Ci(ui) e−rt + V i

t (t, x, z) − ui V i
x(t, x, z) +

1
2

Gi(t)2 V i
xx(t, x, z)

+ Gi(t) Hi(t) V i
xz(t, x, z) +

1
2

Hi(t)2 V i
zz(t, x, z)

}
,

with Gi and Hi as given by Proposition 9. As the terminal condition, we obtain

V i(Ti, x, z) = e−rTi Pi(x, z).

Minimizing the HJB equation with respect to ui yields as before

ui(t, x, z) =
V i

x(t, x, z)
ci ert

.

 15264025, 2024, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/asm

b.2867, W
iley O

nline L
ibrary on [19/12/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



1512 ROSEMANN and SASS

We insert this in the HJB equation above and obtain the characteristic PDE

V i
t =

1
2

(
V i

x
)2

ci ert − 1
2

Gi(t)2 V i
xx − Gi(t) Hi(t) V i

xz −
1
2

Hi(t)2 V i
zz.

This differs from the PDE of the basic multiperiod model in Section 2.3 by the two final terms only; the remainder
of the PDE remains unchanged. Again the solution of the PDE allows us to compute the allowance price by intro-
ducing the price function Si for each period i, which is given as Si(t, x, z) = ci ui(t, x, z). Note that in contrast to the
price function ̃Si

0 we assumed to exist above, this depends also on z. We will explain how this can be handled in
Section 3.4.

Importantly, the fact that we could follow the HJB approach here relies on introducing the processes Zi. Since the
penalty is a function of Xi

Ti
and Zi

Ti
, using these two processes leads to a Markovian setting which allows for the stochastic

control approach, while using only one of these processes could result in a path-dependency.

3.3 Solving the characteristic PDE and the SDE

The next step is again to solve the characteristic PDE. In the present model, we will need to solve the PDE numerically
for each of the model variants, as described in Section 4.1.1. Once the PDE is solved, we can proceed to solve the SDE,
which is again done by applying the Euler–Maruyama scheme.

Remark 4. In the present model we do not have an explicit solution of the characteristic PDE for any of our
model variants and in turn we also do not know the drift function −ui explicitly. Therefore, we cannot show
that a unique solution to the SDE exists and that the Euler–Maruyama scheme converges. However, it can be
shown that the volatility

(
Gi(t),Hi(t)

)
⊤ satisfies the requirements of the respective theorems.

3.4 Procedure to combine the time periods

Again we need to combine the results from solving the PDEs and SDEs of the separate time periods in order to simulate
the processes X and Z. The procedure is similar as described for the basic multiperiod model in Section 2.6. We start
by specifying a price function ̃SN

0 and use this to solve the PDE for the last time period N − 1. Then we solve the PDEs
backwards in time. In each time period i, we need to determine the corresponding initial price function ̃Si+1

0 . From the
PDE solution of the subsequent time period, we obtain the price function Si+1 ∶ [Ti,Ti+1] ×R ×R → R, which depends
both on x and z. But in all model variants the initial value of Z is a linear function of X ; that is, we have Zi

Ti−1
= a Xi

Ti−1
+ b

for some constants a and b. More specifically, in the Brownian model variant for instance we have Zi
Ti−1

= Xi
Ti−1

+ ΔT2
𝜇,

thus

̃Si+1
0 (x) = Si+1(Ti, x, x + ΔT2

𝜇) = c ui+1(Ti, x, x + ΔT2
𝜇).

We recall that the abatement function ui+1 can be computed from the PDE solution of period i + 1 as

ui+1(t, x, z) =
V i+1

x (t, x, z)
c

ert
.

The price function then enters the penalty function and thus allows us to solve the PDE for time period i. We proceed in
this way until we reach time period 1.

Then we start solving the SDEs forward in time. For each time period i, we compute the initial values of X and Z from
the realization of the Brownian motion W up to time Ti−1 in accordance with the expressions given in Proposition 9. The
procedure can again be summarized as follows:

1. Choose a function ̃SN
0 (x) as input for the last time period.
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ROSEMANN and SASS 1513

2. Solve the PDEs in reversed order

uN−1 → uN−2 → … → ui+1 → ui → … → u1 → u0
.

In each time period, we apply the price function ̃Si+1
0 (x) = c ui+1(0, x, ax + b).

3. Solve the SDEs forward in time

X0 → X1 → … → Xi → Xi+1 → … → XN−2 → XN−1

Z0 → Z1 → … → Zi → Zi+1 → … → ZN−2 → ZN−1

by computing Xi
Ti−1

and Zi
Ti−1

from (Wt)t∈[0,Ti−1].

3.5 Multiperiod model with allowances becoming invalid

If we want to analyze the effect of being able to transfer allowances to the subsequent period, we again need to formulate
a multiperiod model where this is not possible. We only need to modify the penalty function to

Pi(XTi ,ZTi

)
=

⎧
⎪⎨⎪⎩

(
p + ̃Si+1

0
(

ZTi

))(
XTi − e0

)
if XTi > e0,

0 else.

Then we obtain the PDE of time period i as

V i
t =

1
2

(
V i

x
)2

c
ert − 1

2
Gi(t)2 V i

xx − Gi(t) Hi(t) V i
xz −

1
2

Hi(t)2 V i
zz

with terminal condition

V i(Ti, x, z) =
⎧
⎪⎨⎪⎩

e−rTi

(
p + ̃Si+1

0 (z)
)
(x − e0) if x > e0

0 else.

Also this PDE needs to be solved numerically in all model variants; we then proceed to solve the PDEs and SDEs of all
time periods as presented above.

4 IMPLEMENTATION AND PARAMETERS

As we have seen in previous sections, the solution of the model heavily relies on numerical methods: In most cases, already
the PDEs need to be solved numerically, and the SDEs always require a numerical solution approach. In this section, we
first give an overview of the numerical methods applied to solve the model. Moreover, several parameters determine the
model framework. We therefore give a brief motivation of the parameter choices.

4.1 Numerical solution methods

We present the method to solve the PDE and provide some details of how to apply the Euler–Maruyama scheme in our
setting.
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1514 ROSEMANN and SASS

4.1.1 Solution of the PDE

The numerical solution of the PDE in both multiperiod models is computed by applying the method of lines. Before we
can start to solve the PDE, we need to perform a time reversion in order to convert the terminal condition into an initial
condition. For all model variants, this can be done in a similar way as shown in the proof of Proposition 3 for the case of
the simple variant.

In the basic multiperiod model, we then need to solve the PDE

V i
t (t, x) = −er(Ti−t) V i

x(t, x)2

2c
+ 1

2
̃Gi(t)2 V i

xx(t, x)

V i(0, x) = e−rTi Pi(x).

Here ̃Gi denotes the time-reversed volatility function, with ̃Gi(t) = 𝜎t for the Brownian variant and ̃Gi(t) = 𝜎 (1−e−𝜃t)
𝜃

for the
Ornstein–Uhlenbeck variant. We first discretize the x-axis on a given interval [a, b]; we choose a and b to be significantly
far away from e0, with a < e0 and b > e0. For the sake of simplicity we consider an equidistant grid. We choose a step size
h and the number of grid points N and thus obtain a grid xh ∈ RN , where each grid point is given by xh

j = a + jh. We apply
centered difference quotients to the derivatives with respect to x in the PDE, delivering the ordinary differential equation
(ODE)

V i
t (t, x

h
j ) = −

1
2c

er(Ti−t)

(
V i(t, xh

j+1) − V i(t, xh
j−1)

2h

)2

+ 1
2
̃Gi(t)2

V i(t, xh
j−1) − 2V i(t, xh

j ) + V(t, xh
j+1)

h2

with initial value V(0, xh
j ) = e−rTi P(xh

j ).
The setting of our problem does not deliver any natural boundary conditions for the boundaries on the x-axis; hence

we cannot yet compute the difference quotients for xh
0 and xh

N−1. Since boundary conditions have a strong impact on the
resulting solution, we avoid the need for them by applying left- and right-sided difference quotients at the boundary; by
construction of the one-sided difference coefficient for Vxx, we assume implicitly that near the boundary Vxx is constant
coefficient for Vxx, we assume implicitly that near the boundary Vxx is constant. In this way, we obtain the discretized
PDE at the boundaries as

V i
t (t, x

h
0 ) = −

1
2c

er(Ti−t)

(
V i(t, xh

1 ) − V i(t, xh
0 )

h

)2

+ 1
2
̃Gi(t)2

V(t, xh
2 ) − 2V i(t, xh

1 ) + V i(t, xh
0 )

h2

and

V i
t (t, x

h
N−1) = −

1
2c

er(Ti−t)

(
V i(t, xh

N−1) − V i(t, xh
N−2)

h

)2

+ 1
2
̃Gi(t)2

V i(t, xh
N−1) − 2V i(t, xh

N−2) + V i(t, xh
N−3)

h2 .

The specific structure of the PDE with an initial condition that is not continuously differentiable led to erroneously
negative values for the PDE solution V i. The numerical instability of computing a difference quotient caused further
errors. Therefore, the grid was modified: The grid used in simulations increasingly becomes finer as the values for x
approach e0, that is, the point where the initial value is not continuously differentiable. In addition, it dynamically
becomes coarser as we move forward in time.
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ROSEMANN and SASS 1515

In the two-dimensional multiperiod model we need to solve the PDE

V i
t = −er(Ti−t)

(
V i

x
)2

2c
+ 1

2
̃Gi(t)2 V i

xx + ̃Gi(t) ̃Hi(t) V i
xz +

1
2
̃Hi(t)2 V i

zz

with initial value

V i(0, x, z) = e−rTi Pi(x, z).

We now discretize both the x-axis and the z-axis on suitable intervals [ax
, bx] and [az

, bz], where again ax, az, bx, and bz

are sufficiently far away from e0; in practice we usually choose ax = az and bx = bz. By applying a constant step size h we
obtain two equidistant grids xh ∈ RN and zh ∈ RM . We approximate the derivatives with respect to x and z by difference
quotients similar to the above, where we approximate Vxz by

Vxz(t, xh
j , z

h
k) ≈

V i(t, xh
j+1, z

h
k+1) − V i(t, xh

j−1, z
h
k+1) − V i(t, xh

j+1, z
h
k−1) + V i(t, xh

j−1, z
h
k−1)

4h2 .

To handle the boundaries on the x- and z-axis, we proceed as above and apply left-sided or right-sided difference quotients
as necessary. Since we have to consider the cases where xh

j or zh
k lie at one of the boundaries, as well as the cases at the

corners where both are at a boundary, each of these special cases has to be treated separately.
The introduction of the second variable z in the two-dimensional multiperiod model strongly increases computational

effort and memory requirements. Therefore only equidistant and comparably coarse grids were tested. In the simple
model variant, already a step size of h = 10 causes anomalies in the solution, which increases the run time considerably,
so that a grid with step size h = 20 is used for simulations. In both the Brownian and Ornstein–Uhlenbeck variant, the
computation of the solution fails with step sizes of h = 20 and h = 50; as a result a very coarse grid with a step size of
h = 100 is used.

In both multiperiod models, the resulting ODE is solved by an implicit Runge–Kutta method. We apply the Radau IIA
method12,13 as implemented in the ‘Radau’ integration method of the scipy function solve_ivp.14

Thus we obtain the solution V i of the PDE. By applying a centered difference quotient, we compute the derivative V i
x,

which allows us to determine the abatement rate ui as given in Equation (2).

4.1.2 Solution of the SDE

For each time period i we aim to solve the SDE

dXi
t = −ui(t,Xt)dt + Gi(t)dWt.

To compute a numerical solution, we apply the Euler–Maruyama scheme. We assume that all time periods are of equal
length. For any time period, we choose an equidistant partition with K steps and step sizeΔt = 0.01. Then we can discretize
each time period as Ti−1 = t0 < t1 < … < tK−1 < tK = Ti with tn = Ti−1 + n Δt. In the first time period, we set X1

0 = x0 (we
will discuss in Section 4.2 how we choose the constant x0). In all other time periods we need to compute the initial value
given by Xi

Ti−1
from the realization of the Brownian motion W until time Ti, as will be explained below. Once we have Xi

Ti−1
available, we apply the scheme

Xi
tn+1

= Xi
tn
− ui(tn,Xi

tn
) Δt + Gi(tn)ΔW i

n for n = 0, … ,K − 1.

For each time step n, we have to simulate a Brownian increment as ΔW i
n ∼ (0,Δt). Furthermore, we need to evaluate

the drift function ui at given points tn and Xi
tn

. If the PDE is solved numerically, we apply linear interpolation to evaluate
the function ui at any given point x. In the case that the solution Xi leaves the grid of the PDE solution, we apply linear
extrapolation and document this occurrence.

To compute Xi
Ti−1

, we recall that in the simple variant we have Xi
Ti−1

= xi
0 + 𝜎WTi−1 and in the Brownian variant Xi

Ti−1
=

xi
0 + 𝜎 ΔTi WTi−1 , therefore in these two model variants, we require the realized value of WTi−1 . In the Ornstein–Uhlenbeck

 15264025, 2024, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/asm

b.2867, W
iley O

nline L
ibrary on [19/12/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



1516 ROSEMANN and SASS

variant, we have

Xi
Ti−1

= xi
0 − 𝜎

e−𝜃Ti − e−𝜃Ti−1

𝜃 ∫

Ti−1

0
e𝜃sdWs,

so we need to approximate the realization of the stochastic integral ∫ Ti−1
0 e𝜃sdWs. Since Ti−1 = (i − 1)KΔt, we compute

WTi−1 from the simulated Brownian increments as

WTi−1 = W(i−1)KΔt =
(i−1)K∑

k=1
ΔWk

and approximate the stochastic integral by its discretization

∫

Ti−1

0
e𝜃sdWs ≈

(i−1)K∑
k=1

e𝜃(k−1)Δt ΔWk.

Note that if we are in time period i, the increments ΔWk for k = 1, … , (i − 1)K are available since we solve the SDEs for-
ward in time and have thus simulated these increments when solving the SDE for time period 1, … , i − 1. More precisely,
if k corresponds to a time point in time period j, that is, k = (j − 1)K + l, we have ΔWk = ΔW j

l .
To solve the SDE in the two-dimensional multiperiod model, we proceed similarly. We now have the SDEs

dXi
t = −ui(t,Xi

t ,Z
i
t)dt + Gi(t)dWt

dZi
t = Hi(t)dWt

and thus compute

Xi
tn+1

= Xi
tn
− ui(tn,Xi

tn
,Zi

tn
)Δt + Gi(tn)ΔW i

n

Zi
tn+1

= Zi
tn
+Hi(tn)ΔW i

n;

for each time period, Zi
Ti−1

can be computed from Xi
Ti−1

. As ui is now a function in x and z, it is evaluated by using bilinear
interpolation and if necessary, bilinear extrapolation.

In both multiperiod models we repeat this procedure M = 10,000 times in order to estimate properties of the
distribution of X and Z.

4.2 Parameter choices

Several parameters determine the model; all parameter choices are summarized in Table 1.
For the sake of consistency, most of these were chosen as in the work by Seifert et al.6 The parameters fixed by the

regulator ΔT, e0 and p are loosely aligned to the first compliance period of the EU ETS from 2005 to 2007; note that the
penalty parameter p deviates from the choice of Seifert et al.: They chose a penalty of p = 70 to account for the additional
requirement to hand in the missing allowances in the subsequent time period and assumed a price of 30 Euro. As this
mechanism is already incorporated in our model, we set p = 40, which corresponds to the actual penalty of the EU ETS
in the first compliance period. In later periods, the penalty was raised to p = 100; therefore we study the effect of such a
change and also include an even higher penalty of p = 160 in the analysis.

Seifert et al. set the interest rate r to an artificially high value at r = 0.1. The cost coefficient c was chosen such that
the model without randomness delivers an allowance price in the range of actually observed prices. The initially expected
BAU emissions x0 can be estimated from historic baseline data that was collected by the EU member states before the
start of the EU ETS.

Furthermore, we need to choose the number of time periods. To be able to study the effects of the multiperiod
setting, while still being able to handle the computational effort, we work with six time periods. The price parame-
ter of the last time period sN is set to zero. This means that allowances eventually do become invalid, namely after
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ROSEMANN and SASS 1517

T A B L E 1 Default parameter choices for numerical simulations.

Parameter Value Unit

ΔT 3 Years

e0 6000 Mt CO2 equivalents

p 40 Euro per ton

r 0.10

c 0.24 Euro times years per 106 t2

x0 6240 Mt CO2 equivalents

P 6

sN−1 0 Euro per ton

𝜎 288.68 Mt CO2 equivalents

𝜇 (Brownian) −10 Mt CO2 equivalents

𝜇 (Ornstein–Uhlenbeck) 2000 Mt CO2 equivalents

𝜃 (Ornstein–Uhlenbeck) 0.04

the last time period. For the two-dimensional multiperiod model, we need to set the price function ̃SN
0 . We do this

by applying the basic multiperiod model: For sN+1 = 0 we solve the PDE of the basic multiperiod model on the time
period [T,T + ΔT], that is, after the final time point T, and obtain a solution V fin

x . Then we define the price function as
̃SN

0 (z) = V fin
x (T, z)erT .

It remains to set the parameters that describe the emissions rates Y . Of these, only the volatility parameter 𝜎 occurs
in the one-period model of Seifert et al. They set this parameter to 𝜎 = 500∕

√
ΔT. For a time period with a length

of three years, this is given as 𝜎 = 288.68. We perform an estimation based on EU CO2-emissions data before 200515

suggesting that 𝜎 should be smaller; we obtain a value of 𝜎 ≈ 100. To underline the impact of randomness on the
system we nevertheless work with 𝜎 = 288.68; auxiliary simulations with 𝜎 = 115.47 show that the smaller volatility
leads to qualitatively similar results. The parameters 𝜇 and 𝜃 are also estimated from EU CO2-emissions data: In the
Brownian model variant, we obtain 𝜇 ≈ −10. In the Ornstein–Uhlenbeck model variant, we choose 𝜇 = 2000, as this
means that the long-term mean of the process equals the yearly emissions cap. Then a good fit to the data is obtained
for 𝜃 = 0.04.

5 NUMERICAL RESULTS

Simulations for both multiperiod models were conducted in all model variants. For the sake of brevity we restrict the
discussion of the results in this section to the Brownian variant; further results can be found in Reference 10. This choice
is motivated on the one hand by the property of the simple variant that the volatility of the total expected emissions X
is not time-dependent. Since we gain additional information on the total expected emissions in the course of time, it is
more realistic to assume that the volatility decreases in time. On the other hand, the results in the Brownian and in the
Ornstein–Uhlenbeck variant are quite similar, so that the results from the Ornstein–Uhlenbeck variant can be omitted.
In the following, we will first present the results obtained in the basic multiperiod model, that is, with constant price for
the next time period. The second part of this section then discusses the results from the two-dimensional multiperiod
model, where the price anticipated for the next time period varies.

5.1 Basic multiperiod model

We present the simulation results from the basic multiperiod model and compare the case of transferable allowances to
the case where the transfer is not possible. We first study the numerical solution of the PDE. Then we proceed to discuss
the results of solving the SDE. Finally, we let the penalty parameter p vary and analyze the effects on the system.
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1518 ROSEMANN and SASS

(A) (B)

F I G U R E 1 PDE solution results in the Brownian model variant. (A) Price input parameters si computed from the price function of the
subsequent time period. (B) Numerical PDE solution.

5.1.1 PDE solution

In order to solve the PDEs for all six time periods, we proceed as explained in Section 2.6: We first solve the PDEs in
reversed order and are thus able to compute the price parameter si from the PDE of the subsequent time period. Since the
price parameter sN of the last time period is set to zero, we implicitly assume that after the last time period considered,
the allowances become invalid and cannot be transferred to some later time. In this way, we obtain values for si as given
in Figure 1A.

In particular, the input s1 of the first time period is given as s1 = 27.31 in the case of transferable allowances. With
this value we can solve the PDE of time period 1; the result for the first derivative Vx is shown in Figure 1B. The result is
similar to the one-period model studied by Seifert et al.,6 except that for small x the derivative is equal to approximately
20 instead of being zero. In particular, Vx is bounded between e−rT1 s1 = 20.23 and e−rT1 (s1 + p) = 49.87.

5.1.2 SDE solution

In Figure 2 example trajectories of the total expected emissions X and the allowance price S are shown for the case that
allowances can be transferred. Example trajectories for the opposite case are given in Figure 3. We observe that in early
time periods most runs are sufficiently close to e0 that prices fluctuate. In later time periods, they mostly move away from
e0, leading to prices either at the upper or lower price bound.

If allowances cannot be transferred, the lower price bound is always zero, so that prices fluctuate more heavily in early
time periods. In each time period, the price bounds are increasing approximately linearly due to the positive interest rate.

In Figure 4A the mean trajectories of the total expected emissions X are shown. We observe that allowing for the
transfer of allowances leads to a steeper slope and lower realized emissions.

Moreover, the initially expected emissions for each time period decrease in time since we assume that BAU emissions
are decreasing. Strikingly, this effect is stronger if allowances cannot be transferred, and as a result, the trajecto-
ries differ also for the last time period, where emissions are lower in this case. Possibly, this is a numerical artifact:
The initial value Xi

Ti−1
depends on WTi−1 ; while the expectation of this random influence is zero, the mean computed

from the simulation might not be exact. Especially in later time periods the variance of WTi−1 is high, favoring such
deviations. Moreover, since WTi and thus Xi+1

Ti
depend on WTi−1 , these deviations translate to the subsequent time

periods.
The distributions of the realized emissions XT1 in the first time period shown in Figure 4B nevertheless are fairly

similar. They both have a peak at e0 = 6000, while the distribution for the case of transferable allowances is slightly more
skewed to the left. This difference decreases for the later time periods; note that especially in the last time period, the
distribution reaches negative values, possibly due to the high volatility in the Brownian variant.
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ROSEMANN and SASS 1519

(A) (B)

F I G U R E 2 Three example trajectories of the total expected emissions X with corresponding trajectories of the price process S when
allowances are transferable to subsequent time periods in the Brownian model variant. (A) Trajectories of X . (B) Trajectories of S.

(A) (B)

F I G U R E 3 Three example trajectories of the total expected emissions X with corresponding trajectories of the price process S when
allowances are not transferable to subsequent time periods in the Brownian model variant. (A) Trajectories of X . (B) Trajectories of S.

(A) (B)

F I G U R E 4 Mean trajectory of X and distribution of realized emissions XT1
in an ETS with transferable and nontransferable allowances

in the Brownian model variant. (A) Mean trajectory of X . (B) Histogram of realized emissions XT1
in time period 1.

 15264025, 2024, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/asm

b.2867, W
iley O

nline L
ibrary on [19/12/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



1520 ROSEMANN and SASS

T A B L E 2 Relative frequency of compliance in an ETS with transferable or nontransferable allowances in the Brownian model variant.

Time period 1 2 3 4 5 6

Transferable 61.63% 56.48% 55.96% 55.65% 55.28% 54.1%

Nontransferable 52.93% 53.11% 53.41% 54.77% 54.7% 54.68%

(A) (B)

F I G U R E 5 Mean price trajectory and distribution of mean allowances prices within each run in an ETS with transferable or
nontransferable allowances. (A) Mean trajectory of S. (B) Histogram of mean allowance prices within each run for time period 1.

The probability to comply with the emissions cap measured by the relative frequency of compliance is increased if the
transfer of allowances is possible, as can be seen in Table 2.

Interestingly, if allowances cannot be transferred, the frequency of compliance increases towards later time periods;
this might be due to the decrease in BAU emissions, making it easier to comply with the emissions cap.

The mean price trajectories shown in Figure 5A increase with the interest rate in each time period, where the mean
prices in the case of transferable allowances are higher, but decrease overall.

If allowances cannot be transferred, the price development within each time period does not change much for the
first five time periods; prices appear to decrease very slightly, possibly due to the decrease in BAU emissions.

In Figure 5B the distribution of the mean prices within each simulation run are shown. We obtain distributions with
two peaks, one close to the minimum and the other close to the maximum price. If allowances cannot be transferred,
the first peak thus lies at approximately 5 Euro and the second around 45 Euro; both peaks are of similar intensity. If the
transfer of allowances is possible, the first and much higher peak is positioned at approximately 25 Euro, while the second
is found at 55 Euro.

When studying the variation of the allowance price, we find that the standard deviation is higher if allowances cannot
be transferred, as shown in Figure 6A.

To assess how the price varies within one run in course of one time period, we compute the absolute returns of the
price and determine the standard deviation of this quantity, which we normalize to one year. Thus we obtain the standard
deviation of the price change for a time step of one year. In the following, we will refer to this quantity as the variability
of the allowance price. Its distribution is shown in Figure 6B; we observe that the variability is higher for the case of
nontransferable allowances. This effect is probably due to the more tight price bounds present in the case of transferable
allowances.

5.1.3 Varying the penalty

The model also enables us to study the impact of various parameters on the system; in this way the impact of different
regulatory choices can be analyzed. We let the penalty value p vary and assess how this affects the ETS. In this analysis,
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ROSEMANN and SASS 1521

(A) (B)

F I G U R E 6 Trajectory of the standard deviation of the allowance price and distribution of its variability in an ETS with transferable or
nontransferable allowances in the Brownian model variant. (A) Standard deviation trajectory of S. (B) Histogram of the standard deviation of
absolute daily returns of S in time period 1, normalized to one year.

(A) (B)

F I G U R E 7 Results on the total expected emissions X for a varying penalty in the Brownian model variant in an ETS with transferable
or nontransferable allowances. (A) Mean of realized emissions XT1

. (B) Relative frequency of compliance with the emissions target e0.

we focus on time period 1, as then the last time period, when the allowances become invalid in both cases, is the farthest
away. Therefore, time period 1 may serve to approximate the situation that allowances remain valid indefinitely.

We observe that an increase of the penalty leads to lower mean realized emissions and to a higher frequency of com-
pliance, as can be seen in Figure 7. Especially in case of the frequency of compliance, the effect of increasing the penalty
is stronger than the effect of allowing for the transfer of emissions allowances. On the other hand, the combination of a
high penalty of 160 and the transferability of allowances leads to a frequency of compliance of approximately 85%.

Furthermore, increasing the penalty leads to higher mean prices and a higher mean variability of the prices, which is
shown in Figure 8; this effect is also of relevant amplitude if allowances can be transferred.

5.1.4 Replicating the EU ETS

We conclude this analysis by studying scenarios that more closely align with the EU ETS. In the EU ETS, the penalty
changed from 40 Euro per ton to 100 Euro per ton after the first time period. Moreover, allowances were not transferable
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1522 ROSEMANN and SASS

(A) (B)

F I G U R E 8 Results on the allowance price S for a varying penalty in the Brownian model variant in an ETS with transferable or
nontransferable allowances. (A) Mean across all runs of the mean prices within one time period. (B) Mean of the variability of the price S.

T A B L E 3 Scenario descriptions of EU ETS scenarios.

Scenario name Time period 1 Time periods 2 to 6

Transferable; p vary p = 40, allowances transferable p = 100, allowances transferable

Nontransferable; p vary p = 40, allowances not transferable p = 100, allowances not transferable

EU transferability; p vary p = 40, allowances not transferable p = 100, allowances transferable

from the first time period to the second, but became exchangeable in the second time period and infinitely valid in the
third. We first only implement the change in penalty: We set the penalty to p = 40 in the first time period and to p = 100
for the remaining time periods; we conduct the simulations in this setting both with and without transferable allowances.
In a final scenario, we vary the penalty in this way and additionally allow the transfer of allowances only from the second
time period onward. These scenario descriptions are summed up in Table 3.

As can be seen in Figures 9 and 10, the strong increase in the penalty from the first to the second period leads to
a higher stringency of the ETS: In line with the results of the previous section, we observe that the mean emissions
decrease considerably for the second phase and prices increase strongly, while also the price variability increases. The
frequency of compliance decreases very slightly in the case of transferable allowances; the increase we would expect
for a higher penalty is counteracted by the decrease in value of unused allowances in later time periods. Nevertheless,
for the first time period the results still differ from those obtained with a constant penalty of 40 Euro, showing that the
higher penalty in later time periods already impacts the first time period. As could be expected, this effect is stronger if
allowances can be transferred. From the second time period on, the results are very similar to those obtained with a penalty
of 100 Euro.

In the scenario where allowances can only be transferred from the second time period onward, the behavior of the
ETS in the first time period is similar to the scenario with a varying penalty and no transfer of allowances. In the second
time period, again the results are almost the same as for the case with a constant penalty of p = 100. Thus in this scenario
we observe an abrupt change in behavior after the first time period, when the regulatory regime changes; for instance,
the mean allowance price roughly doubles.

5.2 Two-dimensional multiperiod model

We provide a similar analysis as in the previous section for the two-dimensional multiperiod model. Again we aim to
compare the case of transferable allowances to the case where this is not possible. We start by analyzing the PDE solution
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ROSEMANN and SASS 1523

F I G U R E 9 Mean realized emissions and frequency of compliance across all time periods in an ETS with transferable (t.) or
nontransferable (non-t.) allowances. The penalty is either fixed to 40 or 100, varies as in the EU ETS or varies together with a change in
transferability (EU-t.).

F I G U R E 10 Mean of the price S and price variability across all time periods in an ETS with transferable (t.) or nontransferable (non-t.)
allowances. The penalty is either fixed to 40 or 100, varies as in the EU ETS or varies together with a change in transferability (EU-t.).

and then discuss the SDE solution. As for the basic multiperiod model, we also analyze the impact of the penalty parameter
on the ETS.

5.2.1 PDE solution

As discussed in Section 3.4, we again solve the PDEs backwards in time; here we will discuss the solution obtained for
time period 1. In order to visualize the solution, we fix one of the three variables t, x, and z. Results for Vx in the case of
transferable allowances are shown in Figure 11.

The overall picture for fixed values of z is similar to the basic multiperiod model; for large values of z, the lower
boundary is well above zero. Strikingly, the formerly constant regions for small or high x are now decreasing in time if z
is small and increasing if z is large. For fixed t we observe that Vx is almost zero if both x and z are small; as z comes close
to e0, the derivative Vx starts to increase with z. For very high values of z we observe that the derivative Vx is again almost
constant in z.

If we no longer allow for the transfer of allowances, as shown in Figure 12, the picture changes as expected: For x
sufficiently below e0 = 6000, the derivative Vx always takes values close to zero; for high values of x it still increases in
time. Moreover, if x is well above e0, the dependence on z is identical to the case of transferable allowances.
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1524 ROSEMANN and SASS

(A) (B)

(C) (D)

F I G U R E 11 Derivative Vx of the PDE solution for time period 1 in the two-dimensional multiperiod model with transferable
allowances in the Brownian model variant. (A) Vx as a function of t and x for z = 2900. (B) Vx as a function of t and x for z = 9200. (C) Vx as a
function of x and z for t = 0.33. (D) Vx as a function of x and z for t = 2.64.

These results can be explained as follows: If allowances can be transferred and we expect that we are in oversupply
for the current time period, then the current allowance price and the abatement rate—and therefore also Vx—mainly
depend on the price anticipated for an allowance at the beginning of the next time period since this represents the ben-
efit we get from a surplus allowance. If the total expected emissions of the next time period, which are modeled by z,
are small, allowances in the next time period have little or no value, leading to a small value of Vx. On the contrary, if
they are high, the anticipated price is also high and thus we obtain a high value of Vx. If in the current time period we
do not have sufficiently many allowances corresponding to a value of x well above e0, we need to account for the addi-
tional allowances required from the next time period in addition to the penalty. Thus Vx in principle behaves in a similar
way, but is increased by the penalty value. If allowances cannot be transferred, the same arguments apply as long as
x is above e0; for small x we obtain small values of Vx, since in this case we do not receive any benefits from surplus
allowances.

5.2.2 SDE solution

By solving the SDE, we obtain realizations of the processes X , Z, and S. Three example trajectories of each process and
the relation between X and Z are shown in Figure 13.
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ROSEMANN and SASS 1525

(A) (B)

(C) (D)

F I G U R E 12 Derivative Vx of the PDE solution for time period 1 in the two-dimensional multiperiod model with nontransferable
allowances in the Brownian model variant. (A) Vx as a function of t and x for z = 2900. (B) Vx as a function of t and x for z = 9200. (C) Vx as a
function of x and z for t = 0.33. (D) Vx as a function of x and z for t = 2.64.

As in the basic multiperiod model, fluctuations in the trajectory of X become weaker towards the end of each time
period due to the time-dependent volatility. Moreover, we observe distinctive jumps at each step from one time period to
the next. The process Z has a constant volatility and does not contain such obvious jumps, although by construction it is
not continuous; the difference between Zi

Ti
and Zi+1

Ti
amounts to ΔT2

𝜇 = −90 and is thus not visible. The scatter plot in
Figure 13D underlines the strong correlation between X and Z. For the first run with an X-trajectory remaining below e0,
the price is small and fluctuates only slightly, approaching zero in the course of time period 5. The two other runs remain
close to e0 in the beginning, leading to notable and in case of the second run heavy price fluctuations. The trajectory of X
in the second run then decreases to below e0 and remains there for most of the time until the end, therefore fluctuations
eventually become smaller and the price approaches zero. The third run takes very high values in X and Z, especially in
time periods 3 and 4; here the price appears to move close to its maximum given by the PDE solution, which is increasing
in time due to the positive interest rate.

In the case that allowances cannot be transferred, the processes X and Z behave similarly, as can be seen in Figure 14.
The most striking differences to the case of transferable allowances can be observed for the price process S. Here, the

price trajectories of all three runs are constantly zero in the course of at least one time period.
The mean trajectories shown in Figure 15A have a steeper slope if allowances can be transferred and thus reach lower

realized emissions at the end of each time period.
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1526 ROSEMANN and SASS

(A) (B)

(C) (D)

F I G U R E 13 Three example trajectories of the total expected emissions X with corresponding trajectories of the price process S and the
process Z as well as the interdependence between X and Z; allowances are transferable to subsequent time periods in the Brownian model
variant. (A) Trajectories of X . (B) Trajectories of S. (C) Trajectories of Z. (D) Scatter plot of X and Z.

Strikingly, also the emissions expected at the beginning of each time period decrease considerably; this effect is much
stronger than in the basic multiperiod model. At the same time the impact of allowing for the transfer is smaller. As in
the basic multiperiod model, the distribution of realized emissions in time period 1 shown in Figure 15B is slightly more
skewed to the left if allowances can be transferred.

In accordance with the lower mean realized emissions, the transfer of allowances increases the frequency of
compliance as shown in Table 4.

If allowances can be transferred, this value reaches 71.36% and is thus about 10 percentage points higher than in the
case of nontransferable allowances.

The differences in the price characteristics between the case of transferable allowances versus nontransferable
allowances are not as large as in the basic multiperiod model: The mean allowance price shown in Figure 16A is in both
cases increasing within each time period; in time period 1, the price is approximately 10 Euro higher if allowances are
transferable. This difference becomes smaller with each time period until both price paths are almost the same.

The distribution of the mean price of individual runs in time period 1, which is shown in Figure 16B, covers a similar
range in both cases. If allowances cannot be transferred, also very low prices are reached and one high peak is found at
approximately 7 Euro. If the transfer of allowances is possible, the first peak of the distribution can be observed at about
30 Euro. Both distributions have a second, smaller peak between 70 and 80 Euro.

Also the trajectories of the standard deviation of the price shown in Figure 17A are similar for both cases, with only
slightly higher values if allowances cannot be transferred.
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ROSEMANN and SASS 1527

(A) (B)

(C) (D)

F I G U R E 14 Three example trajectories of the total expected emissions X with corresponding trajectories of the price process S and the
process Z as well as the interdependence between X and Z when allowances are not transferable to subsequent time periods in the Brownian
model variant. (A) Trajectories of X . (B) Trajectories of S. (C) Trajectories of Z. (D) Scatter plot of X and Z.

The distribution of the price variability in time period 1, which is shown in Figure 17B, reaches higher values if
allowances cannot be transferred and such high values are more likely, but these differences are only small.

5.2.3 Varying the penalty

We aim to study the effect of changing the penalty parameter p by solving the model for penalties of p = 40, p = 100 and
p = 160; in the following, we again restrict our analysis to the first time period. In Figure 18 the mean realized emissions
and the frequency of compliance are shown.

We observe that allowing for the transfer of allowances decreases the mean realized emissions, in particular for a high
penalty of p = 100 or p = 160. At the same time, it increases the frequency of compliance, but especially for the choice
of a high penalty the difference is small; already without the transfer of allowances, the frequency of compliance reaches
approximately 95%. If the transfer is allowed, the frequency of compliance is even higher, both if p = 100 or if p = 160,
reaching almost 100%.

The mean prices shown in Figure 19A are higher if the transfer of allowances is possible, and increase further for
higher penalties; again the effect of allowing for the transfer is higher for a large penalty of at least p = 100. The mean price
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1528 ROSEMANN and SASS

(A) (B)

F I G U R E 15 Mean trajectory of X and distribution of realized emissions XT1
in time period 1 in an ETS with transferable and

nontransferable allowances in the Brownian model variant. (A) Mean trajectory of X . (B) Histogram of realized emissions XT1
in time period 1.

T A B L E 4 Relative frequency of compliance in an ETS with transferable or nontransferable allowances in the Brownian model variant.

Time period 1 2 3 4 5 6

Transferable 71.36% 63.09% 60.75% 59.86% 58.26% 57.02%

Nontransferable 60.6% 57.05% 56.8% 56.54% 57.03% 55.73%

variability, which is shown in Figure 19B, is slightly smaller in the case of transferable allowances; here the difference is
the largest for the very high penalty of p = 160.

In comparison to the results obtained in the basic multiperiod model, the effect of increasing the penalty to p = 100
in the case of transferable allowances is much stronger; all graphs show a notable kink at this position. Apart from
this observation, the results discussed here are again similar to those from the basic multiperiod model described in
Section 5.1.3.

5.2.4 Replicating the EU ETS

As for the basic multiperiod model, we again consider scenarios that reflect the evolution of the EU ETS; the scenario
specifications can be found in Table 3 in Section 5.1.2. The scenarios with varying penalty but constant transferability
lead to almost the same realized emissions and mean price as for the runs with a constant penalty of 100 Euro, as can be
seen in Figures 20 and 21, respectively.

The frequency of compliance in the first time period is lower than with a constant penalty of p = 100; it decreases
slightly for the second time period, reaching the same level as for the penalty of p = 100 (Figure 20). Also the price
variability is lower than for the penalty of p = 100 (Figure 21).

For the scenario with varying transferability of allowances, we obtain a behavior that in the first time period is very
similar to the case of a varying penalty with nontransferable allowances. In all subsequent time periods, the results
for this scenario are similar to those obtained with transferable allowances and either a varying penalty or a constant
penalty at p = 100. In contrast to our observations in the basic multiperiod model, there is still a notable difference
between these scenarios: In almost all time periods, the mean realized emissions are higher for the scenario with changing
transferability.

In the two-dimensional multiperiod model the interactions between the time periods lead to the fact that the impact
of the varying penalty is only small. At the same time, these interactions potentially lead to the small persistent impact of
the changing transferability.
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ROSEMANN and SASS 1529

(A) (B)

F I G U R E 16 Mean price trajectory and distribution of mean allowance prices within each run in an ETS with transferable or
nontransferable allowances in the Brownian model variant. (A) Mean trajectory of S. (B) Histogram of mean allowance prices within each
run for time period 1.

(A) (B)

F I G U R E 17 Trajectory of the standard deviation and the distribution of the variability of the allowance price in an ETS with
transferable or nontransferable allowances in the Brownian model variant. (A) Standard deviation trajectory of S. (B) Histogram of the
standard deviation of absolute daily returns of S in time period 1, normalized to one year.

6 DISCUSSION

The question whether or not to allow for the transfer of unused allowances, that is, to enable banking or not, represents
a crucial policy decision. In the EU ETS, this has been addressed differently over the years: In its pilot phase from 2005
to 2007, banking was not allowed,16 which resulted in a drastic decline of allowance prices due to a surplus of allowances
on the market.1 Since 2008, unused allowances could be exchanged for valid allowances of the subsequent time period.17

Today the corresponding EU directive states that allowances remain valid indefinitely, thus allowing for unrestricted
banking.18

This paper aims to study how allowing for the transfer of allowances affects the total resulting emissions as well as
the allowance price. To this end, we introduce two approaches to incorporate banking in a stochastic continuous-time
ETS model. If unused allowances can be transferred, their value needs to be accounted for in the cost minimization
problem of the representative agent. In our basic multiperiod model, we assume that the value anticipated for such an
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1530 ROSEMANN and SASS

(A) (B)

F I G U R E 18 Results on the total expected emissions X for a varying penalty in the Brownian model variant in an ETS with transferable
or nontransferable allowances. (A) Mean of realized emissions XT1

. (B) Relative frequency of compliance with the emissions target e0.

(A) (B)

F I G U R E 19 Results on the allowance price S for a varying penalty in the Brownian model variant in an ETS with transferable or
nontransferable allowances. (A) Mean across all runs of the mean prices within one time period. (B) Mean of the variability of the price S.

F I G U R E 20 Mean realized emissions and frequency of compliance across all time periods in an ETS with transferable (t.) or
nontransferable (non-t.) allowances. The penalty is either fixed to 40 or 100, varies as in the EU ETS or varies together with a change in
transferability (EU-t.).
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ROSEMANN and SASS 1531

F I G U R E 21 Mean of the price S and price variability across all time periods in an ETS with transferable (t.) or nontransferable (non-t.)
allowances. The penalty is either fixed to 40 or 100, varies as in the EU ETS or varies together with a change in transferability (EU-t.).

unused allowance is constant within each time period. This clearly is a strong simplification: We would expect that the
development of BAU emissions and the allowance price influence the value attributed to an unused allowance. On the
other hand, this modeling approach allows for an analytical solution in one model variant. With the help of this solution,
we are able to prove the existence of a solution of the SDE that is central to the model, and to verify the solution of the
HJB equation representing the cost minimization problem.

The two-dimensional approach for the multiperiod model aims to reflect the relationship between the value antici-
pated for an unused allowance and the developments of the current time period. To this end, we introduce an additional
process that models the BAU emissions we expect for the next time period. While this approach is more realistic, we
no longer obtain an analytical solution, which prevents a detailed theoretical evaluation of the model. It should be
noted that while in both models the effect of banking on expected costs is taken into account, allowances are not in
fact added to the cap of the subsequent time period. This however is no longer relevant when focusing on the first
time period.

As a consequence of the different modeling approaches, emissions and particularly price trajectories differ sub-
stantially. The price trajectories in the basic multiperiod model show little fluctuation in later time periods and they
jump when moving from one time period to the next; this behavior is not observed in the actual price development
in the EU ETS. In contrast, the price processes in the two-dimensional multiperiod model exhibit a more realistic
behavior. As a consequence, the distribution of mean prices and of the price variability vary strongly between the two
modeling approaches. The results on the realized emissions XTi and the total expected emissions in the mean on the
other hand are fairly similar, justifying the application of the basic multiperiod model as a proxy for the more realistic
two-dimensional model.

Despite these differences, the main findings with regard to the effect of allowing for banking are similar for both
approaches. If the transfer of allowances is possible, the mean realized emissions are smaller, while mean allowance
prices are higher. Moreover, if banking is possible, the probability of not complying with the emissions cap becomes
smaller. Although it is often conceived that an ETS ensures that emissions remain below the cap, our model shows that
this does not necessarily hold. We estimate the probability of compliance with the cap via its relative frequency in our
numerical studies and obtain that this probability is higher if allowances can be banked. The basic model suggests that
banking also strongly reduces the price variability; as this is a direct consequence of the unrealistic price trajectories dis-
cussed above, we disregard this finding. In the two-dimension model we obtain that banking only slightly decreases price
variability.

We compared the results obtained with different penalties, considering the penalty in the early EU ETS of 40 Euro,
the current penalty of 100 Euro and an even higher penalty at 160 Euro. We find that a higher penalty leads to lower
emissions, a higher price and a higher probability to comply with the cap. On the other hand, increasing the penalty
also increases the price variability. Especially in the two-dimensional model we observe a particularly strong effect of
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1532 ROSEMANN and SASS

increasing the penalty from 40 Euro to the current EU ETS penalty of 100 Euro: This value seems to suffice to virtually
guarantee compliance and to keep mean emissions well below the cap, while also raising prices.

We adapted our setup so that it mimics the development in the EU ETS: For this purpose, we allow banking only
from the second time period on and increase the penalty simultaneously. We observe that this leads to a drastic change
in behavior between the first and second time period. This was not observed in the same way in the EU ETS, due to the
economic crisis starting at the same time as the second phase in 2008. But with some delay the EU ETS eventually reached
a different price regime.

The intuition behind the effect of banking is the following: If banking is not allowed, meaning that surplus allowances
become invalid at the end of the time period, the agent does not benefit from additional abatement. At the same time,
abatement always induces costs. Hence, there is an incentive to match the cap as closely as possible and accept some
remaining risk of having to pay the penalty. With banking in place however, surplus abatement is rewarded, as the
allowances remain available in the next time period. Therefore, the agent chooses to abate more in order to reduce the
risk of having to pay the penalty. In fact, abatement is chosen so high that the probability of such a penalty payment is
almost zero. Higher abatement in turn leads to lower emissions and higher prices. It should be noted that already the
requirement to hand in missing allowances in the subsequent time period potentially plays a role in increasing compli-
ance, compared to the case where only the penalty needs to be paid: With this requirement, noncompliance becomes
more expensive on the one hand, but more importantly, the costs of noncompliance are not deterministic anymore; in
particular, they are high if a long-term scarcity of allowances is to be expected. The argument above demonstrates why
banking in the sense we consider here, that is, between comparably long time periods, is particularly relevant when tak-
ing into account the stochastic nature of emissions development. In a deterministic setting, the agent could simply choose
abatement to exactly match the cap. Only due to the uncertainty on actual emissions, banking can unfold the effects
discussed above.

In conclusion, our results stress that banking is highly effective to ensure compliance, decrease emissions and elevate
prices, in particular in combination with the current EU ETS penalty of 100 Euro. Thus, from the point of view of the
regulator, banking has mostly desirable impacts: It improves the reliability of the ETS, while providing a higher incentive
for clean technology investments. The recent development of EU ETS prices, that have even surpassed the penalty of
100 Euro, might raise the question whether the penalty should be even higher; yet, our results suggest that a further
increase of the penalty has a very limited effect.

The benefits of banking seem to have been recognized by policy-makers around the world: Most ETS’ currently in
place allow for banking, although in several cases restrictions apply, for example, to the amount of transferred allowances;
this is the case for instance in California and other US states, Québec and the Republic of Korea. Only a few smaller ETS’
do not allow for banking, for example in Nova Scotia, Kazakhstan, Mexico, and Austria.19 Our results on the impact of
banking demonstrate that policy-makers are well-advised to keep banking in place. Moreover, they might serve to inform
the choice on whether or not to allow for banking in the development of ETS’ currently under construction; these include
the EU ETS 2, covering the buildings and transport sector, and state-wide ETS’ in several further US states. Also in the
nation-wide ETS of China, which is by now the largest ETS in the world, the rules on banking are not specified yet; but
it is expected that banking will be allowed.

In some cases, policy makers aim to control the allowance prices to some extent by setting a lower or upper bound
or both. For example, the ETS in Beijing works with a price corridor, and in the German ETS covering the buildings and
transport sector prices are planned to be bounded between 55 Euro and 65 Euro in 2026, when it starts operating with
tradable allowances. Hintermayer20 studies two distinct mechanisms on how to implement a price floor as a possible
adjustment of the EU ETS. One of these is a governmental buyback program where allowances can always be sold back
to the regulator for a fixed price; then the allowance price on the market will not fall below this price. This is precisely
the mechanism that is applied in the Beijing ETS. The basic multiperiod model presented in this paper can easily be
applied to model such a buyback program: By considering only one time period and letting the regulator fix the price
parameter s = s1, we obtain a model of a setting where allowances can be sold back to the regulator for the price s at
the end of each time period. At the same time, companies are allowed to buy additional allowances for the price s at the
beginning of the next time period to cover emissions exceeding the number of allowances they were holding. In this way,
the price is constrained to the interval [s, p + s]. Thus, while being able to represent an ETS with banking, albeit with some
drawbacks, the basic multiperiod model in addition is well suited to study a different policy approach, namely an ETS with
a price corridor.
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APPENDIX A. PROOFS

Proof of Proposition 1.

(i) To obtain the total expected emissions X , in accordance with Definition 1, we need to compute

E
[
∫

Ti

Ti−1

Ysds|ℱt

]
=
∫

Ti

Ti−1

(y0 + 𝜇s)ds + E
[
∫

Ti

Ti−1

𝜎Wsds|ℱt

]

= y0(Ti − Ti−1) +
T2

i − T2
i−1

2
𝜇 + 𝜎E

[
∫

Ti

0
Wsds −

∫

Ti−1

0
Wsds|ℱt

]

= y0ΔTi +
T2

i − T2
i−1

2
𝜇 + 𝜎TiE

[
WTi |ℱt

]
− 𝜎Ti−1E

[
WTi−1 |ℱt

]

− 𝜎E
[
∫

Ti

0
sdWs|ℱt

]
+ 𝜎E

[
∫

Ti−1

0
sdWs|ℱt

]
,

where we have applied the product rule to both integrals. We then use the martingale property and
adaptedness of Brownian motion and the stochastic integral:

E
[
∫

Ti

Ti−1

Ysds|ℱt

]
= y0ΔTi +

T2
i − T2

i−1

2
𝜇 + 𝜎TiWt − 𝜎Ti−1WTi−1 − 𝜎∫

t

0
sdWs

+ 𝜎
∫

Ti−1

0
sdWs + 𝜎TiWTi−1 − 𝜎TiWTi−1

= y0ΔTi +
T2

i − T2
i−1

2
𝜇 + 𝜎

∫

t

0
TidWs − 𝜎

∫

Ti−1

0
TidWs + 𝜎ΔTiWTi−1 − 𝜎∫

t

Ti−1

sdWs

= y0ΔTi +
T2

i − T2
i−1

2
𝜇 + 𝜎ΔTiWTi−1 + 𝜎∫

t

Ti−1

(Ti − s)dWs.

By setting t = Ti−1, we obtain the right-sided limit, that is, the limit of X for t ↓ Ti−1, as

X+
Ti−1

= E
[
∫

Ti

Ti−1

Ysds ||| Ti−1

]
= y0 ΔTi +

T2
i − T2

i−1

2
𝜇 + 𝜎 ΔTi WTi−1 = xi

0 + 𝜎 ΔTi WTi−1 ,

where xi
0 ∶= y0 ΔTi +

T2
i −T2

i−1
2

𝜇. If the partition of [0,T] is equidistant, that is, ifΔTi = ΔTj for any i and
j, we set ΔT = ΔTi and with Ti = i ΔT rewrite

xi
0 = y0 ΔT + (Ti − Ti−1)(Ti + Ti−1)

2
𝜇 = y0 ΔT + ΔT(i ΔT + (i − 1) ΔT)

2
𝜇

= y0 ΔT + 1
2
ΔT2

𝜇 + (i − 1) ΔT2
𝜇 = x1

0 + (i − 1) ΔT2
𝜇.

Returning to the more general case, we use the result for X+
Ti−1

to write

Xt = X+
Ti−1

−
∫

t

Ti−1

usds + 𝜎
∫

t

Ti−1

(Ti − s)dWs.

In order to rewrite this in differential form, we restrict X and u on an arbitrary time period (Ti−1,Ti], that
is, we set Xi = X|(Ti−1,Ti] and ui = u|(Ti−1,Ti]. Then Xi is described by

dXi
t = −ui

tds + 𝜎(Ti − t)dWt for t ∈ (Ti−1,Ti]

with Xi
Ti−1

= X+
Ti−1

. Note that in contrast to the conventional SDE notation, this SDE does not start in 0.
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ROSEMANN and SASS 1535

(ii) In this variant, we assume that Y is modeled as an Ornstein–Uhlenbeck process, which means that we
have

dYt = 𝜃 (𝜇 − Yt) + 𝜎dWt.

This can be rewritten as

Yt = y0 e−𝜃t + 𝜇
(
1 − e−𝜃t) + 𝜎

∫

t

0
e−𝜃(t−s)dWs.

We now proceed as we did for the Brownian variant. We consider t ∈ (Ti−1,Ti] and recall the definition
ΔTi ∶= Ti − Ti−1. In order to obtain the total expected emissions as defined by Definition 1, we aim to
compute

E
[
∫

Ti

Ti−1

Ysds|ℱt

]
=
∫

Ti

Ti−1

[
y0e−𝜃v + 𝜇

(
1 − e−𝜃v)]dv + E

[
∫

Ti

Ti−1
∫

v

0
e−𝜃(v−s)dWsdv|ℱt

]
.

We directly compute the integral in the first term to obtain

∫

Ti

Ti−1

[
y0 e−𝜃v + 𝜇

(
1 − e−𝜃v)]dv = 1

𝜃

(𝜇 − y0)
(
e−𝜃Ti − e−𝜃Ti−1

)
+ 𝜇 ΔTi. (A1)

For the second term, we define Zv = ∫
v

0 e𝜃sdWs and ̃Zv = e−𝜃v. Then

∫

Ti

0
Zvd ̃Zv −

∫

Ti−1

0
Zvd ̃Zv = −𝜃

∫

Ti

0 ∫

v

0
e−𝜃(v−s)dWsdv + 𝜃

∫

Ti−1

0 ∫

v

0
e−𝜃(v−s)dWsdv

= −𝜃
∫

Ti

Ti−1
∫

v

0
e−𝜃(v−s)dWsdv.

On the other hand, by Itô’s product rule we have for any T

∫

T

0
Zvd ̃Zv = ZT ̃ZT −

∫

T

0
̃ZvdZv = e−𝜃T

∫

T

0
e𝜃sdWs −

∫

T

0
dWs,

which delivers

∫

Ti

Ti−1
∫

v

0
e−𝜃(v−s)dWsdv = −1

𝜃

(
∫

Ti

0
Zvd ̃Zv −

∫

Ti−1

0
Zvd ̃Zv

)

= −1
𝜃

(
e−𝜃Ti

∫

Ti

0
e𝜃sdWs −

∫

Ti

0
dWs − e−𝜃Ti−1

∫

Ti−1

0
e𝜃sdWs +

∫

Ti−1

0
dWs

)
.

Now we compute

E
[
∫

Ti

Ti−1
∫

v

0
e−𝜃(v−s)dWs|ℱt

]
= −1

𝜃

(
e−𝜃Ti E

[
∫

Ti

0
e𝜃sdWs|ℱt

]
− E

[
∫

Ti

0
dWs|ℱt

])

−e−𝜃Ti−1 E
[
∫

Ti−1

0
e𝜃sdWs|ℱt

]
+ E

[
∫

Ti−1

0
dWs|ℱt

])
.

We make use of the martingale property of the stochastic integral and the measurability with respect to
t and add zero to obtain

E
[
∫

Ti

Ti−1
∫

v

0
e−𝜃(v−s)dWs|ℱt

]
= −1

𝜃

(
e−𝜃Ti

∫

t

0
e𝜃sdWs − e−𝜃Ti

∫

Ti−1

0
e𝜃sdWs + e−𝜃Ti

∫

Ti−1

0
e𝜃sdWs

− e−𝜃Ti−1

∫

Ti−1

0
e𝜃sdWs −

∫

t

Ti−1

dWs

)

=
∫

t

Ti−1

1 − e−𝜃(Ti−s)

𝜃

dWs −
e−𝜃Ti − e−𝜃Ti−1

𝜃 ∫

Ti−1

0
e𝜃sdWs.

(A2)
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1536 ROSEMANN and SASS

Next we aim to determine the right-sided limit X+
Ti−1

of X on the interval (Ti−1,Ti]. By the definition of
the total expected emissions, that is, Definition 1, we insert t = Ti−1 in the previous computations of
Equations (A1), (A2) and obtain

X+
Ti−1

= E
[
∫

Ti

Ti−1

Ysds ||| Ti−1

]

= 1
𝜃

(𝜇 − y0)
(
e−𝜃Ti − e−𝜃Ti−1

)
+ 𝜇 ΔTi − 𝜎

e−𝜃Ti − e−𝜃Ti−1

𝜃 ∫

Ti−1

0
e𝜃sdWs

= xi
0 − 𝜎

e−𝜃Ti − e−𝜃Ti−1

𝜃 ∫

Ti−1

0
e𝜃sdWs,

where we have collected all constants by defining

xi
0 ∶= 1

𝜃

(𝜇 − y0)
(
e−𝜃Ti − e−𝜃Ti−1

)
+ 𝜇 ΔTi.

If we have an equidistant partition, that is, with ΔTi = ΔT for all i, then Ti = i ΔT and with

x1
0 =

1
𝜃

(𝜇 − y0)
(
e−𝜃ΔT − 1

)
+ 𝜇 ΔT

we rewrite

xi
0 =

1
𝜃

(𝜇 − y0)
(
e−𝜃iΔT − e−𝜃(i−1)ΔT) + 𝜇 ΔT

= e−𝜃(i−1)ΔT(x1
0 − 𝜇 ΔT

)
+ 𝜇 ΔT = e−𝜃(i−1)ΔT x1

0 +
(
1 − e−𝜃(i−1)ΔT)

𝜇 ΔT.

Furthermore, for an equidistant partition, we have

X+
Ti−1

= xi
0 − 𝜎 e−𝜃(i−1)ΔT e−𝜃ΔT − 1

𝜃 ∫

Ti−1

0
e𝜃sdWs.

We return to the more general case. For the total expected emissions, we combine the results in
Equations (A1) and (A2) and arrive at the integral equation

Xt = −
∫

t

Ti−1

usds + xi
0 − 𝜎

e−𝜃Ti − e−𝜃Ti−1

𝜃 ∫

Ti−1

0
e𝜃sdWs + 𝜎

∫

t

Ti−1

1 − e−𝜃(Ti−s)

𝜃

dWs

= X+
Ti−1

−
∫

t

Ti−1

usds + 𝜎
∫

t

Ti−1

1 − e−𝜃(Ti−s)

𝜃

dWs.

As for the Brownian variant, we restrict X and u to an arbitrary time period (Ti−1,Ti], and denote the
resulting processes by Xi and ui. Then Xi can be described in differential form by

Xi
t = −ui

tdt + 𝜎 1 − e−𝜃(Ti−t)

𝜃

dWt for t ∈ (Ti−1,Ti]

with Xi
Ti−1

= X+
Ti−1

. ▪

Proof of Proposition 3. For the one-period model, the proof is given by Seifert et al.6 Since there are specific
challenges requiring significant changes in the multiperiod case, we provide a proof in full detail here.
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ROSEMANN and SASS 1537

The characteristic PDE in the simple variant with r = 0 is given as

V i
t =

1
2

(
V i

x(t, x)
)2

ci − 1
2
𝜎

2 V i
xx(t, x) (A3)

with terminal condition

V i(Ti, x) = Pi(x). (A4)

We first need to perform a time reversion in order to obtain a PDE with an initial condition instead of a terminal
condition. Additionally, we shift time, so that we consider the time interval [0,ΔTi] instead of [Ti−1,Ti]. We
substitute t = ΔTi − (̃t + Ti−1) = Ti − ̃t and define ̃V i(̃t, x) = V i(Ti − ̃t, x). Then

V i
t (t, x) = V i

t (Ti − ̃t, x) = −V i
̃t (Ti − ̃t, x) = − ̃V

i
̃t(̃t, x)

and we obtain

̃V i
̃t = −

(
̃V i

x

)2

2c
+ 1

2
𝜎

2
̃V i

xx

with initial condition ̃V i(0, x) = Pi(x). In the following, we will again write V and t instead of ̃V and ̃t.

a. In the first step we determine a candidate solution that solves the PDE in Equation (A3) and addition-
ally is infinitely differentiable. To this end, we apply the Cole-Hopf transformation given by V i(t, x) =
−c 𝜎2 ln

(
𝜈

i(t, x)
)

and obtain the transformed PDE as

𝜈

i
t =

1
2
𝜎

2
𝜈

i
xx,

which is the heat equation with conductivity 1
2
𝜎

2. The initial condition is transformed as follows:

g(x) ∶= 𝜈

i(0, x) = e−
Vi(0,x)

c𝜎2 = e−
Pi(x)
c𝜎2 =

⎧
⎪⎨⎪⎩

e−
(p+si )(x−e0)

c𝜎2 if x > e0,

e−
si (x−e0)

c𝜎2 else.
(A5)

This function is continuous but not bounded as the exponent may take positive values. As can be seen
from the proof of Theorem 2.3.1 in Evans21 p. 47–48, even with the unbounded initial condition we obtain
an analytical solution of the PDE as

𝜈

i(t, x) = 1√
2𝜋𝜎2t∫

∞

−∞
𝜈

i(0, y) e−
(x−y)2

2𝜎2 t dy.

We also have the property that 𝜈i is infinitely differentiable on (0,∞) ×R. However, we do not get directly
that the solution 𝜈i converges to the initial value, that is, the property that 𝜈i(t, x) → g(x0) as (t, x) → (0, x0)
for arbitrary x0 ∈ R. We will therefore need to prove this explicitly further below.

We rewrite the expression for the solution 𝜈i as

𝜈

i(t, x) = 1√
2𝜋𝜎2t∫

e0

−∞
e−

si(y−e0)
c𝜎2 e−

(x−y)2

2𝜎2 t dy + 1√
2𝜋𝜎2t∫

∞

e0

e−
(p+si)(y−e0)

c𝜎2 e−
(x−y)2

2𝜎2 t dy.
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1538 ROSEMANN and SASS

By reformulating the argument of the exponential function, we have for the first integral

1√
2𝜋𝜎2t∫

e0

−∞
e−

si(y−e0)
c𝜎2 e−

(x−y)2

2𝜎2 t dy = 1√
2𝜋𝜎2t

e
2csi(e0−x)+(si)2

t

2c2
𝜎

2

∫

e0

−∞
e−

(
y+ si t

c −x
)2

2𝜎2 t dy.

We set

z(y) =
y + sit

c
− x

√
𝜎

2t

with derivative

dz
dy
= 1√

𝜎
2t

and substitute this in the integral to compute

1√
2𝜋𝜎2t∫

e0

−∞
e−

(
y+ si t

c −x
)2

2𝜎2 t dy = 1√
2𝜋∫

e0+
si t
c −x√
𝜎

2 t

−∞
e−

z2

2 dz

Let N be the distribution function of the standard normal distribution, that is,

N(x) = 1√
2𝜋∫

x

−∞
e−

z2

2 dz.

Then we can rewrite

1√
2𝜋𝜎2t∫

e0

−∞
e−

(
y+ si t

c −x
)2

2𝜎2 t dy = N
⎛
⎜⎜⎝

e0 + sit
c
− x

√
𝜎

2t

⎞
⎟⎟⎠
.

Similarly, we have for the second integral that

1√
2𝜋𝜎2t∫

∞

e0

e−
(p+si)(y−e0)

c𝜎2 e−
(x−y)2

2𝜎2 t dy = 1√
2𝜋𝜎2t

e
2c(p+si)(e0−x)+(p+si)2

t

2c2
𝜎

2

∫

∞

e0

e−
⎛
⎜⎜⎝
y+
(p+si)t

c −x
⎞
⎟⎟⎠

2

2𝜎2 t dy

and by proceeding analogously we obtain

1√
2𝜋𝜎2 t∫

∞

e0

e−
(p+si)(y−e0)

c𝜎2 e−
(x−y)2

2𝜎2 t dy = e
2c(p+si)(e0−x)+(p+si)2

t

2c2
𝜎

2

(
1 − N

(
c(e0 − x) +

(
p + si)t

c𝜎
√

t

))
.

Therefore we have

vi(t, x) = N
(

c(e0−x)+sit
c𝜎

√
t

)
e

2csi(e0−x)+(si)2
t

2c2
𝜎

2 +
(

1 − N
(

c(e0−x)+(p+si)t
c𝜎

√
t

))
e

2c(p+si)(e0−x)+(p+si)2
t

2c2
𝜎

2
.

(A6)

By applying the transformation function, we compute ̃V i as

̃V i(t, x) = −c𝜎2 ln

[
N
(

c(e0−x)+sit
c𝜎

√
t

)
e

2csi(e0−x)+(si)2
t

2c2
𝜎

2 +
(

1 − N
(

c(e0−x)+(p+si)t
c𝜎

√
t

))
e

2c(p+si)(e0−x)+(p+si)2
t

2c2
𝜎

2

]
.
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ROSEMANN and SASS 1539

We still need to revert back time by substituting Ti − t for t. Then we have

V i(t, x) = −c𝜎2 ln

[
N
(

c(e0−x)+si(Ti−t)
c𝜎

√
Ti−t

)
e

2csi(e0−x)+(si)2
(Ti−t)

2c2
𝜎

2 +
(

1 − N
(

c(e0−x)+(p+si)(Ti−t)
c𝜎

√
Ti−t

))
e

2c(p+si)(e0−x)+(p+si)2
(Ti−t)

2c2
𝜎

2

]
.

The derivative of this expression can be computed as

V i
x(t, x) = si +

p

1 +
e
−

2cp(e0−x)+p(p+2si)(Ti−t)
2c2

𝜎
2 N

(
c(e0−x)+si(Ti−t)

c𝜎
√

Ti−t

)

1−N
(

c(e0−x)+(p+si)(Ti−t)

c𝜎
√

Ti−t

)

.

b. It still remains to show that the solution 𝜈i of the transformed PDE converges to the initial value function
as time tends to zero. More precisely, for the solution 𝜈i of the transformed PDE as given in Equation (A6)
and the initial value function g as defined in Equation (A5), we show for any 𝜉0 ∈ R that

lim
(t,x)→(0,𝜉0)

𝜈

i(t, x) = g(𝜉0).

We make use of auxiliary functions to simplify notation. These are defined as

Fi
1(t, x) = 1 − N

(
c(e0 − x) +

(
p + si)t

c𝜎
√

t

)
, Fi

2(t, x) = N

(
c(e0 − x) + sit

c𝜎
√

t

)

Ei
3(t, x) = e

2c(p+si)(e0−x)+(p+si)2
t

2c2
𝜎

2
, and Ei

4(t, x) = e
2csi(e0−x)+(si)2

t

2c2
𝜎

2
.

By the properties of the standard normal distribution function and the exponential function, these auxiliary
functions are well-defined and positive on R × (0,∞). With the help of these functions, we write 𝜈i as

𝜈

i(t, x) = Fi
2(t, x) Ei

4(t, x) + Fi
1(t, x) Ei

3(t, x).

We perform a case distinction and analyze the auxiliary functions separately.
(i) We first consider 𝜉0 < e0. Let (tn, xn) be an arbitrary sequence with (tn, xn) → (0, 𝜉0) for n →∞.

We now define

yn ∶=
c(e0 − xn) + (p + si)tn

c𝜎
√

tn
.

Since 𝜉0 < e0 and in particular limn→∞ xn = 𝜉0, there exists 𝜅 > 0 and K ∈ N such that e0 − xn >

𝜅 for all n ≥ K. But then we have

yn =
c(e0−xn)+(p+si)tn

c𝜎
√

tn
>

𝜅

𝜎

√
tn
+ p+si

c𝜎

√
tn →∞ as tn → 0,

which implies that limn→∞ yn = ∞. By definition, we have Fi
1(tn, xn) = 1 − N(yn). Since

limx→∞ N(x) = 1, we then have

lim
n→∞

Fi
1(tn, xn) = lim

n→∞
(1 − N(yn)) = 1 − lim

n→∞
N(yn) = 1 − 1 = 0.

By defining zn as

zn ∶= c(e0 − x) + sitn

c𝜎
√

tn
,
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1540 ROSEMANN and SASS

we proceed in the same way to again show that limn→∞ zn = ∞. By definition, we have
Fi

2(tn, xn) = N(zn) and therefore

lim
n→∞

Fi
2(tn, xn) = lim

n→∞
N(zn) = 1.

The exponential functions Ei
3 and Ei

4 are continuous in t and x on [0,∞) ×R and we obtain
directly

lim
n→∞

Ei
3(tn, xn) = Ei

3(0, 𝜉0) = e
2c(p+si)(e0−𝜉0)

2c2
𝜎

2 = e−
(p+si)(𝜉0−e0)

c𝜎2

lim
n→∞

Ei
4(tn, xn) = Ei

4(0, 𝜉0) = e
2csi(e0−𝜉0)

2c2
𝜎

2 = e−
si(𝜉0−e0)

c𝜎2
.

Combining these results delivers

lim
n→∞

𝜈

i(tn, xn) = lim
n→∞

(
Fi

2(tn, xn) Ei
4(tn, xn) + Fi

1(tn, xn) Ei
3(tn, xn)

)

= 1 ⋅ e−
si(𝜉0−e0)

c𝜎2 + 0 ⋅ e−
(p+si)(𝜉0−e0)

c𝜎2 = e−
si(𝜉0−e0)

c𝜎2 = g(𝜉0).

(ii) Next, we consider the case that 𝜉0 > e0. We first determine the limit for Fi
1. Since 𝜉0 − e0 > 0,

we can find 𝜅 > 0 such that
(

2 +
p + si

c

)
𝜅 = 𝜉0 − e0.

Again let (tn, xn) be an arbitrary sequence with (tn, xn)→ (0, 𝜉0) as n →∞. Then there exists
K ∈ N such that ||(tn, xn) − (0, 𝜉0)|| < 𝜅 for all n ≥ K and in particular we have |tn| < 𝜅 and |xn −
𝜉0| < 𝜅. We therefore compute

e0 − xn +
p + si

c
tn = e0 − 𝜉0 + 𝜉0 − xn +

p + si

c
tn

≤ −
(

2 +
p + si

c

)
𝜅 + |𝜉0 − xn| + p + si

c
|tn| = −𝜅.

We again define yn as above and we then have for all n > K

yn =
e0 − xn + p+si

c
tn

𝜎

√
tn

< − 𝜅

𝜎

√
tn
→ −∞ as tn → 0,

which shows that limn→∞ yn = −∞. As limx→−∞ N(x) = 0 and we know by definition that
Fi

1(tn, xn) = 1 − N(yn), we obtain

lim
n→∞

Fi
1(tn, xn) = lim

n→∞
(1 − N(yn)) = 1 − lim

n→∞
N(yn) = 1 − 0 = 1.

In the same way we show for zn defined as

zn ∶= c(e0 − x) + sitn

c𝜎
√

tn

that limn→∞ zn = −∞. With Fi
2(tn, xn) = N(zn), we have

lim
n→∞

Fi
2(tn, xn) = lim

n→∞
(N(zn)) = 0.
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ROSEMANN and SASS 1541

We now use the results from above for Ei
3 and Ei

4 to result in

lim
n→∞

𝜈

i(tn, xn) = lim
n→∞

(
Fi

2(tn, xn) Ei
4(tn, xn) + Fi

1(tn, xn) Ei
3(tn, xn)

)

= 0 ⋅ e−
si(𝜉0−e0)

c𝜎2 + 1 ⋅ e−
(p+si)(𝜉0−e0)

c𝜎2 = e−
(p+si)(𝜉0−e0)

c𝜎2 = g(𝜉0).

(iii) The only case we have left is when 𝜉0 = e0. Let (tn, xn) be an arbitrary sequence with (tn, xn) →
(0, e0) as n →∞. We again define

yn ∶=
c(e0 − xn) + (p + si)tn

c𝜎
√

tn

and

zn ∶= c(e0 − xn) + sitn

c𝜎
√

tn
.

Then we have

lim
n→∞

|yn − zn| = lim
n→∞

||||||
ptn + sitn − sitn

c𝜎
√

tn

||||||
= lim

n→∞

||||
p

c𝜎
√

tn
|||| = 0.

Since the derivative of N given by N′(x) = 1√
2𝜋

e−
x2

2 is clearly bounded, N is Lipschitz continu-
ous and it follows that

lim
n→∞

|N(yn) − N(zn)| ≤ lim
n→∞

L|yn − zn| = 0,

where L is the Lipschitz constant. We again use the continuity of the functions Ei
3 and Ei

4 to
compute

lim
n→∞

Ei
3(tn, xn) = 1 and lim

n→∞
Ei

4(tn, xn) = 1.

From this we obtain

lim
n→∞

|||E
i
3(tn, xn) − Ei

4(tn, xn)
||| = |1 − 1| = 0

which implies that

|||E
i
3(tn, xn)N(yn) − Ei

4(tn, xn)N(zn)
||| ≤ Ei

3(tn, xn)
|||N(yn) − N(zn)

|||
+|||E

i
3(tn, xn) − Ei

4(tn, xn)
|||
|||N(zn)

||| → 0 as n → ∞

since |N(zn)| ≤ 1. Then also

lim
n→∞

(
Ei

4(tn, xn) N(zn) − Ei
3(tn, xn) N(yn)

)
= 0.

We now use this and obtain

lim
n→∞

𝜈

i(tn, xn) = lim
n→∞

(
Fi

2(tn, xn) Ei
4(tn, xn) + Fi

1(tn, xn) Ei
3(tn, xn)

)

= lim
n→∞

(
N(zn) Ei

4(tn, xn) + (1 − N(yn)) Ei
3(tn, xn)

)

= lim
n→∞

(
Ei

3(tn, xn) +
(

Ei
4(tn, xn) N(zn) − Ei

3(tn, xn) N(yn)
))
= 1 = g(𝜉0).

Thus we have shown that the solution 𝜈i converges to the initial value function g as required. ▪

 15264025, 2024, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/asm

b.2867, W
iley O

nline L
ibrary on [19/12/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



1542 ROSEMANN and SASS

Proof of Proposition 8. We apply Definition 3 to show that Z represents the expected next BAU emissions.

(i) We show (i) separately for each model variant.
a. In the Brownian variant, we computed X in Section 2.2 as

Xt = X+
Ti−1

−
∫

t

Ti−1

usds + 𝜎
∫

t

Ti−1

(Ti − s)dWs

with X+
Ti−1

given as

X+
Ti−1

= E
[
∫

Ti

Ti−1

Ysds ||| Ti−1

]
= y0 ΔT +

T2
i − T2

i−1

2
𝜇 + 𝜎 ΔT WTi−1 = xi

0 + 𝜎 ΔT WTi−1

where ΔT denotes the length of the equidistant time periods. We then have

X+
Ti
= y0 ΔT +

T2
i+1 − T2

i

2
𝜇 + 𝜎 ΔT WTi

= y0 ΔT +
T2

i − T2
i−1

2
𝜇 + 𝜎 ΔT WTi−1 + ΔT2

𝜇 + 𝜎 ΔT
(

WTi −WTi−1

)

= X+
Ti−1

+ ΔT2
𝜇 + 𝜎 ΔT

(
WTi −WTi−1

)
.

With the definition of Z, we compute

ZTi = Z+Ti−1
+ 𝜎 ΔT

∫

Ti

Ti−1

dWs = X+
Ti−1

+ ΔT2
𝜇 + 𝜎 ΔT

(
WTi −WTi−1

)
= X+

Ti
.

b. In the Ornstein–Uhlenbeck variant, X is given by

Xt = X+
Ti−1

−
∫

t

Ti−1

usds + 𝜎
∫

t

Ti−1

1 − e−𝜃(Ti−s)

𝜃

dWs

for t ∈ (Ti−1,Ti]. Furthermore, we have seen that X+
Ti−1

can be expressed as

X+
Ti−1

= xi
0 − 𝜎

e−𝜃Ti − e−𝜃Ti−1

𝜃 ∫

Ti−1

0
e𝜃sdWs,

where

xi
0 = (𝜇 − y0)

e−𝜃Ti − e−𝜃Ti−1

𝜃

+ 𝜇 ΔTi.

Then clearly we have

X+
Ti
= xi+1

0 − 𝜎 e−𝜃Ti+1 − e−𝜃Ti

𝜃 ∫

Ti

0
e𝜃sdWs

with

xi+1
0 = (𝜇 − y0)

e−𝜃Ti+1 − e−𝜃Ti

𝜃

+ 𝜇 ΔTi.
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ROSEMANN and SASS 1543

We compute

X+
Ti
= e−𝜃ΔT

(
(𝜇 − y0) e−𝜃(i−1)ΔT e−𝜃ΔT − 1

𝜃

+ 𝜇 ΔT − 𝜎 e−𝜃(i−1)ΔT e−𝜃ΔT − 1
𝜃 ∫

Ti−1

0
e𝜃sdWs

)

− e−𝜃ΔT
𝜇 ΔT + 𝜇 ΔT − 𝜎 e−𝜃iΔT e−𝜃ΔT − 1

𝜃 ∫

Ti

Ti−1

e𝜃sdWs

= e−𝜃ΔTX+
Ti−1

+ 𝜇 ΔT
(
1 − e−𝜃ΔT) + 𝜎 e−𝜃iΔT 1 − e−𝜃ΔT

𝜃 ∫

Ti

Ti−1

e𝜃sdWs.

Then, by referring to the definition of Z for the Ornstein–Uhlenbeck variant, we have

ZTi = Z+Ti−1
+ 𝜎 e−𝜃iΔT 1 − e−𝜃ΔT

𝜃 ∫

Ti

Ti−1

e𝜃sdWs

= e−𝜃ΔTX+
Ti−1

+ 𝜇 ΔT
(
1 − e−𝜃ΔT) + 𝜎 e−𝜃iΔT 1 − e−𝜃ΔT

𝜃 ∫

Ti

Ti−1

e𝜃sdWs = X+
Ti
.

c. In the simple variant, we defined X by

Xt = X+
Ti−1

−
∫

t

Ti−1

usds + 𝜎
∫

t

Ti−1

dWs.

with

X+
Ti−1

= x0 + 𝜎 WTi−1 ,

where x0 ∈ R. Then it holds that

X+
Ti
= x0 + 𝜎 WTi = x0 + 𝜎 WTi−1 + 𝜎(WTi −WTi−1 ) = X+

Ti−1
+ 𝜎(WTi −WTi−1 )

and we conclude that

ZTi = Z+Ti−1
+ 𝜎(WTi −WTi−1 ) = X+

Ti
.

(ii) In all model variants Z is defined as a shifted Itô-Integral on each time period [Ti−1,Ti] with constant
integrand. Therefore, it satisfies the martingale property within each time period by definition.

(iii) This follows directly from (i) and (ii), where we apply the definition of X and the tower property of the
conditional expectation:

Zt = E
[
ZTi | t

]
= E

[
X+

Ti
| t

]

= E
[

E
[
∫

Ti+1

Ti

Ysds ||| Ti

] ||| t

]

= E
[
∫

Ti+1

Ti

Ysds ||| t

]
. ▪
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