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Abstract Recent machine learning (ML) models have shown great success for weather prediction tasks,
suggesting that atmospheric dynamics can in principle be learned from data. However, such approaches suffer
from instability or drift in long integrations and are hence usually not suited for climate simulations.
Incorporating physical knowledge promises to alleviate such shortcomings. Here, we present PseudospectralNet
(PSN), an architecture for a hybrid atmospheric model that combines a quasi-geostrophic physics-based
dynamical core with a data-driven core based on an UNet. Our architecture transforms between grid and spectral
space at every time step and therefore mimics the pseudospectral solution approach many intermediate-
complexity atmospheric models follow. Neural networks are separately defined in the spectral and grid space
and are combined with physics-based dynamical cores in each of these spaces. We train PSN separately on data
from quasi-geostrophic models, primitive equation models, and reanalysis data. We use this model to study the
effect of adding physics-based cores to ML models on forecast error and numerical stability. We find in both
regards that adding the physics-based dynamical core to our model helps short-term predictability and long-term
numerical stability of the hybrid model.

Plain Language Summary Many machine learning (ML) models that aim to learn atmospheric
dynamics are not suitable for climate simulations because long simulations often suffer from numerical
inaccuracies and instabilities. In this project, we investigate whether adding physics-based knowledge to ML
models helps to improve those long simulations and also make forecasts of the models more accurate. For this
purpose we divide a simple atmospheric model into its individual components and use their outputs at every
time step of the simulation as an input to artificial neural networks that learn how to forecast example data
accurately with the information from the data itself and the physics-based components. We find that such a
hybrid model outperforms purely data-driven ML methods in our applications.

1. Introduction

Over the last years we have seen tremendous success of machine learning (ML) for weather prediction tasks with
models such as Pangu (Bi et al., 2022), GraphCast (Lam et al., 2023), FourcastNet (Pathak et al., 2022), FengWu
(K. Chen et al., 2023), or GenCast (Price et al., 2024). These purely data-driven deep learning models yield an
accuracy comparable or better than traditional numerical weather prediction models (NWP) in benchmarks such
as WeatherBench (Rasp et al., 2020, 2024). Not all NWP tasks are defined in these benchmarks—for example,
aerosol forecasting is not present. While ML models require a costly training, they perform remarkably well at a
fraction of the computational cost at inference of traditional NWP. However, the long-term numerical stability of
such purely data-driven models remains a serious issue for many models, as is the generalization to changing
climates (Rackow et al., 2024).

With hybrid models that combine physics-based models with ML we hope to close the gap between classical
ESMs that have to rely manual tuning but don't suffer from out-of-sample and stability problems in the same way
as ML models do. In the present work we focus on atmospheric models. A hybrid atmospheric model, Neu-
ralGCM, has recently been introduced (Kochkov et al., 2024). Based on a primitive equation physics-based
dynamical core wrapped inside an encoder-decoder structure, it applied an artificial neural network (ANN) as
a column model to represent physical processes in the vertical column of the atmosphere. While it already
performs well on many decade-long simulations, only 22 out of 37 initial conditions yielded stable simulations for
a time span of 40 simulated years. Therefore, although Neural GCM is promising, stability remains an issue as
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well. In this study, we aim to address the stability issue with a new architecture for hybrid atmospheric models.
We suggest both an alternative architecture for hybrid atmospheric modeling based on Neural Differential
Equations (R. T. Q. Chen et al., 2018; Gelbrecht, Boers, & Kurths, 2021) and verify it by analyzing forecast-error
and numerical stability, using various kinds of training and test data. We use this model as an opportunity for a
case study on integrating physics into data-driven models and investigating its impact when learning from data of
varying complexity.

Similar to studies in fluid dynamics such as (Kochkov et al., 2021; Um et al., 2020) and the aforementioned
NeuralGCM, we set up a fully differentiable hybrid model. This means that we can compute gradients with
respect to all model parameters via automatic differentiation (AD) (e.g., Innes, 2019). Earlier studies suggest
more stable solutions for such AD-enabled models (Kochkov et al., 2021; Um et al., 2020), in addition to many
other substantial benefits, such as easier, systematic and transparent calibration and more comprehensive un-
certainty and sensitivity studies (Gelbrecht et al., 2023). Differentiability also enables us to combine ML- and
physics-based components much more naturally and freely, and allows us to train all model components jointly on
the atmospheric target data. The big advantage of this approach is that the parameters of the physical model parts
do not need to be manually re-tuned, but are optimized online, together with the parameters of the ML model
parts. This addresses substantial, current challenges when including ML-based parameterizations in existing, non-
differentiable General Circulation Models (GCMs) or ESMs, where the manual re-tuning of the physical model
parameters is extremely time- and resource-intensive. The caveat of such an approach, however, is that most
existing atmospheric models are not differentiable by AD. Only a few models (mainly the operational weather
forecast models using data assimilation) are differentiable by manually maintaining an additional adjoint model,
which requires additional human resources (e.g., Rabier et al., 2000) and slows down development. In this work,
we therefore have to begin our investigation with a comparably simple atmospheric model: three-layer quasi-
geostrophic atmospheric model (QG3) in the formulation of Marshall and Molteni (1993).

We introduce a framework for hybrid atmospheric modeling, with a physics-based dynamical core that we
implement to be differentiable and GPU-compatible. The QG3 model is used to study for example, the pre-
dictability of large-scale atmospheric motions, northern hemisphere teleconnection patterns, and weather regimes
such as atmospheric blocking events (e.g., Corti et al., 1997; Lucarini & Gritsun, 2020; Kondrashov et al., 2004;
Vannitsem, 2017). In the Supporting Information S1, we give a complete accord of its governing equations. The
QG3 model is considerably less complex than any operational GCM. The QG3 model gives a simplistic but
effective representation of the synoptic-to-planetary scale atmospheric dynamics of the mid-latitudes (Lucarini &
Gritsun, 2020). We will therefore begin with training our hybrid model on data from models of similar and
slightly higher complexity, before turning to observational data. We begin by training our hybrid model,
incorporating only parts of the QG3 model, on data from the full QG3 model itself, to test whether the architecture
is able to reconstruct missing model components and parametrizations. We then test the capacity of our hybrid
model to model different dynamics with a data set generated from a primitive equation model, and a reanalysis
data set. The latter therefore goes considerably beyond typical generalization tests.

As the QG3 model is formulated in the spectral space, our hybrid model inherits this property. Aside from
NeuralGCM, which includes a spectral physics-based dynamical core as well, also other ML models demon-
strated the usefulness of this approach even for purely data-driven models (Bonev et al., 2023; Li et al., 2021). The
ACE model (Watt-Meyer et al., 2023), for example, already applied these techniques successfully to emulate
GCMs at a considerable lower computational cost than the original GCM (C. Wang et al., 2024). demonstrate
those technique to setup a data-driven AO-GCM.

We aim to model atmospheric dynamics with a hybrid model: part physics-based, part data-driven. The key
research questions we address in this work are: (Q1) Can the data-driven part reduce biases of the physics-based
part? (Q2) Can the physics-based part enable better generalization and stability than data-driven models, to enable
simulations on climate time scales? (Q3) Does the hybrid model generalize to dynamics that are more complex
than those of the physics-based part alone, stemming from different dynamics such as those from a primitive
equation model? (Q4) Are hybrid models better suited than purely-data driven models when less training data is
available?

Section 2 first gives an overview of the architecture of our hybrid model, before the training procedure is outlined
in Section 3. Section 4 introduces all performance metrics and the data-driven baselines that we will use to verify
the effect of adding a physics-based dynamical core. Finally, in Section 6 we discuss the results of training our
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Table 1

Physics-Based Components of PseudospectralNet That Are Used for Each of the Experiments, Separated by Whether They
Are Computed in the Spectral (Using as Basis Spherical Harmonics, SH) Space or the Grid Space, and Whether They Are
Computed Online at Every Time Step or Static and Identical at Every Timestep

SH space K,
Experiment Static Online
QG3 Lm A, A% 0,
SpeedyWeather + ERAS Lm,F A,A*,0,, TR

Grid space K(x)

Experiment Static Online
QG3 cos ¢,u,C,0,C,9,C,AC A,A%,9,,0;,]
SpeedyWeather + ERAS cos ¢,u,C,0,C,0,C,AC,h,0,h,0,h,LS

Note. Table 2 Lists and names the components abbreviated here.

architecture on three different data sets: quasi-geostrophic model data, primitive equation model data, and
reanalysis data. The appendix provides additional detail on the technical implementation of the model.

2. Methods: PseudoSpectralNet

Atmospheric models such as the QG3 model are discretized partial differential equations commonly solved in
spectral space. It is therefore natural to formulate our hybrid model as a NDE (R. T. Q. Chen et al., 2018;
Gelbrecht, Boers, & Kurths, 2021), so that we directly model the governing equation, or more specifically in this
case the tendencies of potential vorticity g, with a model

g =1p(g. 1) (1

where f, is (partially) parameterized by an ANN with parameters p. The horizontal spectral space is expressed in

real-valued spherical harmonics S? of degree [ and order m denoting the corresponding spherical harmonic
wavenumbers (see Supporting Information S1 for details on the transforms and spherical harmonics). The scalar ¢
is therefore discretized in space as g;,, ; With k the vertical index k = 1, ..., N on N, equi-pressure surfaces. NDEs
have proven to be suitable to learn spatiotemporally chaotic systems from data in previous work (Gelbrecht,
Boers, & Kurths, 2021; Gelbrecht, Lucarini, et al., 2021) and are extendable to adhere to physical constraints as
well (White, Biittner, et al., 2024; White, Kilbertus, et al., 2024).

Previous work (Bonev et al., 2023; Watt-Meyer et al., 2023) demonstrated that ML models that make use of
spectral methods are a promising approach for modeling atmospheric dynamics. In this project we'll take a similar
approach. However, we go beyond just using a spectral transform within our model as Bonev et al. (2023) and add
a physics-based dynamical core to our model.

For this purpose, we mimic the pseudospectral solution approach, which many atmospheric models such as the
QG3 model use. At each time step we transform between the spectral space with spherical harmonics as its basis
functions and the grid (a regular longitude-latitude grid with Gaussian latitudes) space with transforms S (grid to
spectral) and S~! (spectral to grid) to compute operations in the space they are easiest to compute in:

i = Jo,(a(). S{gn,(SHaD)} 1), @

with parameterized functions f;, in spectral space and g, in grid space. Our approach is to use multi-layer per-
ceptrons (MLPs) NNgy and NN,,; in spherical harmonic (SH) or grid-point space (grid) as these functions, but
also to use the physical parts of the QG3 model as additional inputs to those networks. Those parts are, for
example, differential operators, drag coefficients, or orography (see Table 1 for a full list). Hence, we let the
MLPs freely combine and parameterize the individual components of the physics-based model, and add a UNet
(Ronneberger et al., 2015) as an additional purely data-driven correction to that. NN,,;, is defined as a single-
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Table 2
List of the Physical Model Components of PseudospectralNet
Static 1 Spherical harmonics degree
m Spherical harmonics order
F QG3 forcing, computed from long-term reanalysis data (see

Supporting Information S1)

cos ¢ Cosine of latitude ¢
" sin ¢p—Sine of latitude ¢
C QG3 drag coefficient
h Orography
LS Land-sea mask
Online A Laplace operator (on a sphere)
A* Hyperdiffusion
0; Longitudinal derivative
0 " Latitudinal derivate
J MM QG3 Advection operator
TR MM QG3 temperature relaxation

column model, that is, the same function is applied to every horizontal grid point but maps across the vertical.
Similarly, the same NNgy is applied to all spherical harmonics /, m (or channels), taking as input all vertical k. The
UNet on the other hand uses convolutions to map between entire spatial fields.

The basic structure of PseudospectralNet (PSN) is therefore:

(.] = NNSH (q(t)’ Kjl,ma
S{NNgrid(q(X’ Z)’ IC(CI(X, t)))’ UNet(CI(X, t)a ]C(CI(X, t))))}) (PSN)

The physics-based components of the model are split into two parts as well: one whose outputs are in spectral
space K;,, and another one whose outputs are in the grid space X(x). We note that some of the computations of
K (x) are performed pseudospectrally, that is, with input in the spectral space, but output in the grid space. This
applies for example, to meridional derivatives. Other parts of X (x) are computed purely in the grid space.

For both of these knowledge layers K;,, and K(x), there are processes that are computed dynamically or online at
each time step, for example, derivatives or the advection operator J, and parameters that remain constant and are
thus pre-computed and given as additional inputs. Tables 1 and 2 give an overview of all individual processes
considered. K;,, and K(x) provide the neural networks with the advection and dissipation of the QG3 model,
spatial derivatives of its inputs, and constant parameters such as orography and land sea mask. In a sense, the
knowledge layers deconstruct the QG3 model into all of its individual expressions or contributions (see Table 1),
and the MLPs NNgy and NN,,;; then learn to freely combine those and the additional purely data-driven UNet.
The UNet architecture (Ronneberger et al., 2015) proved to be extremely capable at processing not only images,
but also geospatial and atmospheric data (e.g., Hess et al., 2022; Weyn et al., 2020). In principle, all parameters
(e.g., drag coefficient C) of the physics-based dynamical core can be made trainable as well, and can therefore be
re-calibrated during training. In practice, this adds only a few parameters compared to a large number of weights
in the neural networks and could avoid time-consuming manual re-tuning. Figure 1 shows an overview of the
dataflow of the PSN, and the Supporting Information S1 goes into more detail on the implementation of the
knowledge layers and setup of the neural networks.

A crucial requirement to enable this approach is that all physics-based components need to be differentiable by
reverse-mode AD, and that they can run on GPUs. The differentiability is needed for online training of all pa-
rameters while the complete model integrates. This approach showed great success, increasing the stability of
learned ML models (e.g., Gelbrecht et al., 2023; Kochkov et al., 2021). GPU compatibility significantly improves
the computational efficiency of the model due to its ANN components and high dimensionality. We achieved both
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Figure 1. Overview of the data flow of PseudospectralNet, from left to right. The potential vorticity tendencies ¢ are computed partially in the grid space (light blue) and

partially in the spectral space (light orange) with transforms S and inverse transforms S~! between the spaces. Process-based components Kn» K(x) are marked in red,
whereas data-driven neural network components are marked in black. NNgy and NN, are elementwise-defined multi-layer perceptrons (green dashed line), whereas the
UNet receives the complete spatial field at once (orange dashed line). The input ¢ and output ¢ are all three levels of the atmosphere that the model considers. The
atmospheric levels are concatenated along the channel dimension together with all information the process-based layers add. All of these are concatenated together along
the channel dimension when input into a neural network.

by implementing the QG3 model in the Julia language (Bezanson et al., 2017) and formulating it in matrix form to
avoid array mutation, a current constraint of many AD libraries. Implementation details are described in the
Supporting Information S1.

3. Training

PSN is trained on atmospheric data. The first experiments use different model data, the last experiment uses
reanalysis data. We compute potential vorticity data sets for each of the individual experiments. These will serve
as our ground truth data. Aside from the training data the gradient computation is the critical point of the training
process. The chaotic nature of dynamical systems such as atmospheric circulation makes the direct computation
of gradients of long trajectories infeasible due to the exponential accumulation of errors (Metz et al., 2021; Q.
Wang et al., 2014). To mitigate this problem, we choose the same training strategy as in (Gelbrecht, Boers, &
Kurths, 2021): we start training the model by minimizing the one-step ahead error for a set amount of epochs
before slowly increasing the number of time steps N, we integrate the model for. We integrate the NDE with
collocation points at discrete time steps #; = #, + i, At. The training objective therefore follows as the mean
square difference between the ground truth ¢, , , in the spectral space and the predicted trajectory of the potential
vorticity by PSN g, ,, ., with parameters p from initial condition g;,,x(t = 0):

Ninax =lyax iy +1

e =Y X (qmal) = Qs (i3 01 0). ). 3)

i=l Lmk

We apply a progressive truncation to the output field (see the upper limit of the second sum). For i, = 1 the full
spectral fields are considered, for i, = 2 the maximum wavenumber /,,, is reduced by one, and subsequently
further for larger i,. This is motivated to focus on increasingly larger spatial scales with increasing forecast lead
time (demonstrated before e.g., by Kochkov et al. (2024)). All results presented in this article use a truncation with
Imax = 42. When training the one-step ahead prediction a Runge-Kutta 4 solver is used and gradients V,L with
respect to the model parameters p are computed directly by AD (discritize-then-optimize). This one-step ahead
prediction is performed batched with 14 trajectories and their gradients are computed at once. The further
optimization for longer rollouts is then performed with a Tsitouras solver (Tsitouras, 2011) and adjoint sensitivity
analysis to compute the gradients (optimize-then-discritize) on single trajectories using an interpolating adjoint
algorithm (Ma et al., 2021). The switching of the gradient computation method was done primarily to speed up the
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training processes, as the adjoint sensitivity analysis is significantly slower than the direct AD computation of the
gradients for our model implementation. We start optimizing the model for N,,, = 1 for 300 epochs, before
increasing the trajectory length stepwise by one, continue training and increase the trajectory length again until
Npax = 6. The optimization itself was then performed with an AdamW optimizer (Loshchilov & Hutter, 2019)
that includes a weight decay for the parameters and with learning rate scheduled to be sinusoidally decaying to
avoid local minima.

4. Evaluation Metrics and Baselines

In this study, we want to investigate whether hybrid models for atmospheric dynamics as described above can
achieve short-term predictability, long-term numerical stability and generalizability to more complex dynamics
than those of the physics-based dynamical core of the model as defined in our research questions Q1-Q4. In order
to verify the model with respect to these goals, we train and test PSN on different types of atmospheric data. First,
we show that PSN can learn dynamics similar to those of its physics-based dynamical core by learning QG3 data
while withholding information on some of the dynamics from the model's core. Second, we test how well PSN
generalizes on data from the primitive equation model SpeedyWeather.jl (Klower et al., 2024). Third, we
investigate how well PSN can predict the ERAS reanalysis data.

The data set used or generated for each applications is a single, long trajectory of the system that is split into
training and validation sets. To measure short term predictability we compute an average normalized error of
Nyampies = 25 predicted trajectories in grid space, each starting from a different initial condition g(x,t = 0)
outside of the training set, against the ground truth ¢(x, ) in grid space:

4)

2
<llax D3>

o) = <||q<x, 0 - S~'{aGy; q(x,0>,p)}||2>
N,

samples

We additionally report the forecast horizon defined by the times at which e(z) first crosses 0.01 and 0.1 as
t(e>0.01) and t(e > 0.1), comparable to the valid times used by Pathak et al. (2018). It is important to note that
here we assume perfect knowledge of the initial condition. We do not use any data assimilation techniques that
would need to be used for an operational weather forecast. The chaoticity of the system still plays a crucial role
though, as every smallest discrepancy of our model to the ground truth system will lead to exponentially accu-
mulating errors over time.

To evaluate long-term numerical stability of PSN, we integrate each trained model for up to 100 model years from
50 different initial conditions from the test data set (hence outside of the training data set). When the solution
becomes numerically unstable, we denote that time as the instability time #, and report the 5%, 50%, and 95%
percentile of all trials. We also test the trained models for individual initial conditions for up to 100 years. To
detect the instability we use the automatic detection of the Tsitouras solver implemented in DifferentialEquations.
jl that is also used when training the model via adjoint sensitivity analysis (Rackauckas & Nie, 2017; Tsi-
touras, 2011). Additionally, we also monitor the average kinetic energy during the long integrations and the
average power spectra (see Supporting Information S1 for more details).

We compare the performance of PSN with regards to the above metric with several baselines, both physics-based
and purely data-driven. As a basic baseline we use the constant climatology. We also use the full QG3 model itself
and the horizontal advection operator J alone as baselines. On the other hand, we show how the purely data-driven
components of the PSN perform, test a UNet with the same hyperparameters as the one of PSN in a recursive
neural network setup (Grid UNet), and test the PSN without its process-based components, that is, a UNet and two
small MLPs in an NDE using a pseudospectral approach (PS UNet). The latter is therefore a direct baseline for the
impact of adding the process-based components to the model.

The models are trained in the same manner as the PSN. We can therefore regard the baselines, especially PS UNet,
as a way to investigate whether adding the process-based components of the QG3 model improves the forecasts
and stability. The Supporting Information S1 provides more details on the implementation of these baselines.
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5. Applications

In order to study the effect of the physics-based dynamical core compared to our baselines and answer our
research questions, we perform three initial experiments with PSN in increasing order of complexity. First, we
train on data with similar dynamics to its physics-based core. For this purpose we test a reduced version of PSN
with some components withheld on data from the full QG3 model. With this approach we test if our model can
emulate the data faithfully and achieve very long stable integrations. Subsequently, we test how well our PSN
generalizes to more complex data: first on data from a primitive equation model, and then ultimately on reanalysis
data.

5.1. Training on the QG3 Model

For the first experiment, we test how well PSN performs on data similar to that of its physics-based core. For this
purpose, we use data from the full QG3 model but set up a version of PSN that does not include all components of
the QG3 Model. Specifically, we withhold information about the forcing F' that was computed from long-term
climatological data following (Corti et al., 1997), and the temperature relaxation TR from this version of PSN.
The forcing in the QG3 is constant in time and used to inject potential vorticity into the system (see Supporting
Information S1 for a detailed derivation). This setup of withholding the components mimics the situation for more
complex models, where some terms such as the advection are more certain but others such as the parameteri-
zations are less certain, which we therefore aim to learn from data. We therefore test whether the ANNS can learn
these functions from a short trajectory and fit the complete model sufficiently well. Table 1 shows an overview of
which parts of the model are used for this experiments, and Table S2 in Supporting Information S1 lists the used
hyperparameters. In previous studies (Gelbrecht, Boers, & Kurths, 2021; Liu et al., 2024) we have seen already
that one of the advantages of hybrid models is the ability to train with comparably small amounts of data.
Therefore, we also train on short trajectories only here, but also explore the effect of increasing the length of the
training data set. We train two models, one with a trajectory of 4 days (PSN short), and one with a 1 month long
trajectory (PSN), both at a time step of about 0.8 h.

All pseudospectral NDE approaches (PSN, PSN short, PS UNet) significantly outperform the grid-based UNet-
RNN (Figure 2) even though the same UNet hyperparmeters are used in all of these models. The PSN achieves a
forecast horizon #(e > 0.01) = 64.1 h, whereas both the PSN short and the PS UNet achieve significantly shorter
forecast horizon with 7#(e >0.01) = 47.5 h and #(e > 0.01) = 22.5 h, respectively. The RNN-based Grid UNet
baseline only achieves (e >0.01) = 2.5 h and therefore fails to predict longer trajectories well. Table 3 gives an
overview over these results. The snapshots in Figure 2 also show that the difference to the ground truth emerges
slowly, spread across all latitudes.

We test the numerical stability of the best performing models, PSN and PS UNet, by integrating them for
100 years from 50 different, randomly selected initial conditions from the test data set. Whereas PS UNet became
unstable in all experiments after about 48 years (with 5%, 50%, and 95% percentiles ¢, = [48.1,48.2,48.4] y),
PSN integrated for 100 years in all experiments. The PSN somewhat overestimates the energy and variance of the
energy of the ground truth, but remains stable for the whole time span of the simulation (see Supporting Infor-
mation S1). It seems therefore promising to incorporate explicit energy constraints (White, Kilbertus, et al., 2024)
or correction schemes in future versions of the method. An analysis of the average power spectra (see Supporting
Information S1 for details) also shows that the spectra averaged over 4-year windows remain stable and virtually
indistinguishable for PSN. In contrast, we can see a clear trend in the spectra of the PS UNet model, losing energy
particularly at high wavenumbers over time. We do note though that during hyperparameter optimization, while
all PSN models outperform the PS UNet models in terms of stability, not all of them were as stable as our finally
reported version. The Swish activation (Ramachandran et al., 2017) for example, achieves much better results in
this respect than a ReLU activation.

With this experiment we therefore showed that even with just very small amounts of training data, we can learn
the dynamics of the QG3 model, and in this way also learn 7R and the forcing F that is otherwise computed from
long-term averages. Applying PSN to data similar to that of its physics-based core thus yields stable simulations at
decadal to centennial time scales with good short-term predictability, significantly outperforming the baselines,
even when it is only trained on a short training data set.
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A PSN - QG3 Experiment: Streamfunction 500hPa
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Figure 2. Overview of the results of training a PseudospectralNet (PSN) with incomplete process-knowledge on data from the
full quasi-geostrophic model (QG3). (a) Snapshots of the global streamfunction y at the 500 hPa layer in normalized units of
a single trajectory, integrated from initial conditions outside of the training set at different time steps. The upper four panels
display the prediction made by the PSN. The lower four panels display the difference of that prediction to the ground truth.
Compared to the upper panels, the colorscale is magnified by a factor of 10 to be able to visualize the relatively small
differences. (b) Evolution of the normalized average forecast error (Equation 4) of the PSN trained on a month of model data,
another PSN trained on just 4 days of data (PSN short) and the baselines described in Section 4 and the Supporting
Information S1. The climatology baseline is outside of the depicted area, constant at = 0.32 (c) Stability time of the PSN and the
PS UNet baseline measured from 50 different initial conditions as outlined in Section 4. The bar indicates the range between the
5th and 95th percentiles, and >100 indicates that the trajectory did not become unstable within 50 model years.

5.2. Training on a Primitive Equation Model

With the QG3 application, we showed that PSN is able to model quasi-geostrophic data well, but how well does
PSN generalize to significantly more complex data? For this purpose, we train PSN on data generated with the
primitive equation dry core (meaning no humidity) from SpeedyWeather.jl (Klower et al., 2024). The primitive
equations of atmospheric circulation use as prognostic variables the vorticity-divergence formulation (relative
vorticity { = V X u, divergence D = V -u), to represent the horizontal wind u = (u,v). Further prognostic
variables are the surface pressure p, (specifically its logarithm In p;) and the temperature 7' (Hoskins & Sim-
mons, 1975; Kucharski et al., 2013; Molteni, 2003; Simmons & Burridge, 1981; Simmons et al., 1978):

% = VX(Put (D~ W)~ RV Inp)
oD

ot

— = V- (Py+(f+Ou, —W() —R,TVInp,) — V2<%(u2 +7) + c1>>

Table 3
Results for the Forecast Horizon, the Times at Which the Forecast Error
According to Equation 4 First Crosses the Given Threshold

Experiment Metric ~ PseudospectralNet PS UNet Grid UNet
QG3 1(e>0.01) 64.1 h 22.5h 25h
SpeedyWeather.jl  #(e>0.1) 26.6 h 25 h 16.6 h
ERAS t(e>0.1) 8h 8h 6h

d1 1 2
n pg — __V'f udp
ot Ps 0

oT
or

Dl
Pr—V-@T) +TD — W(T) +KT#,

)
with the thermodynamic constants R;,k, the geopotential @, the vertical

advection operator W and the Coriolis parameter f. The primitive equations
are used for numerical weather prediction but here simplified with prescribed
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A SpeedyWeather.jl Experiment: Streamfunction 500hPa
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Figure 3. Overview of the results when training PseudospectralNet (PSN) on data from SpeedyWeather.jl. (a) Snapshots of
the global streamfunction y at the 500 hPa layer in normalized units of a single trajectory, integrated from an initial condition
outside of the training set at different time steps. The upper four panels display the prediction made by the PSN. The lower four
panels display the difference of that prediction to the ground truth. (b) Evolution of the normalized average forecast error
(Equation 4) of PSN trained on 200 days of model data, and the baselines described in Section 4 and the Supporting
Information S1. (c) Evolution of the forecast error, similar as in (b) but resolved by latitude to visualize any potential biases due
to the quasi-geostrophic process-based core of the model. (d) Stability time of PSN and the PS UNET baseline measured from
50 different initial conditions as outlined in Section 4. The bar indicates the range between the 5% and 95% percentile.

ocean and land surface temperatures. The parameterizations P, Py represent unresolved physical processes such
as convection, surface fluxes and diffusion, and are much simpler and consequently less accurate in comparison to
operational weather forecast models.

The primitive equations are discretized using a similar pseudo-spectral method as used in QG3.jl. The time
integration is based on a semi-implicit Leapfrog scheme (Hoskins & Simmons, 1975) with Robert-Asselin-
Williams filter (Amezcua et al., 2011; Williams, 2011). The vertical is discretized with 3 equispaced o-levels
with ¢ = ;%, the fraction of pressure p (the vertical coordinate) over surface pressure p; to mirror with
o = 0.8,0.5,0.2 the setup of the QG3 model. Despite the additional variables in the primitive equation we restrict
learning and comparison to the wind field expressed in terms of the streamfunction, from which we compute the
potential vorticity g (in the formulation of the QG3 model) to train PSN.

We generate training data by integrating the primitive equation model for 200 days, with the same time step used
as before in the QG3 experiment Az = 0.8 h. In contrast to the previous experiment, in this case we setup PSN to
include all components of the QG3 model, as also shown in Table 1. Otherwise the training procedure is the same
as outlined before.

PSN achieves a forecast horizon (e >0.1) = 26.6 h and #(¢ >0.2) = 55.8 h for short-term predictability. It thus
outperforms the data-driven pseudospectral baseline PS UNet, which achieves #(e>0.1) = 25.0 h and
T(e>0.2) = 50.0 h (Figure 3). This is, in turn, significantly longer than the forecast horizon of the Grid UNet at
t(e>0.1) = 16.6 h and 71(e >0.1) = 38.3 h and of directly using the QG3 itself as a predictor. Table 3 gives an
overview over these results. Those forecast horizons are shorter than for the QG3 applications, which is expected
because the data from SpeedyWeather.jl is substantially more complex, for example, by involving additional
prognostic variables that we do not explicitly resolve in the current version of PSN. Remarkably, while quasi-
geostrophic models inherently have biases in the tropics, PSN does not inherit this bias. This points to the
UNet as the key contributor for this prediction. Despite this, the hybrid PSN model still outperforms the PS UNet
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in terms of short-term predictability, albeit not as strongly as in the QG3

—PSN application. The PSN outperforms the PS UNet in terms of numerical stability
:2363 clearly though. While PSN is stable for the full tested 100 years, PS UNet
RNN achieves only 5%, 50%, 95% percentiles ¢, = [3.2,3.3,3.5] y. In the analysis
—UNET of the average power spectra PSN slightly overestimates the tails of spectra in

longer rollouts and shows a very small trend over the long rollout. PS UNet on
the other hand is never stable in the first place and becomes numerically
unstable quickly, so that the rollout can't be continued. Adding the physics-
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Time [d] time in this experiment. The PSN is able to capture the kinetic energy of the
primitive equation well (see Supporting Information S1). The kinetic energy

Figure 4. Evolution of the normalized average forecast error (Equation 4) of of PS UNet on the other hand increases very quickly after a few weeks of
PseudospectralNet trained on 1 year of ERAS5 reanalysis data, and the integration time.
baselines described in Section 4 and the Supporting Information S1.

3

4 5 based components therefore significantly increases the stable integration

Hence, even for dynamics more complex than its physics-based core, PSN

outperforms the data-driven baseline. Adding the process-core yields
improved short-term predictability, and more importantly significantly longer stable integration than with the
purely data-driven baseline.

5.3. Training on Reanalysis Data

Lastly, we investigate how PSN performs when applied to ERAS reanalysis data (Hersbach et al., 2020). The
dynamics of reanalysis data are substantially more complex than the dynamics of a three-level quasi-geostrophic
model, or the primitive equation model used above. As such, we do not expect to be competitive with either
traditional NWP, nor ML-based weather models. Instead, we intend to investigate whether including physics-
based components leads to any improvements against the purely data-driven approaches in terms of short-term
predictability and long-term stability, even when the underlying dynamics are much more complex. For that
comparison we use the same baselines as before. Similar to the experiment on the primitive equation model, we
restrict the training data to the three equi-pressure levels at which the QG3 is defined as well (200, 500, 800 hPa),
and compute the potential vorticity from the wind field of one year of hourly reanalysis data. PSN for this
experiment has the same architecture and hyperparameters as in the previous primitive equation example. It
includes all physics-based components of the QG3 model. The same training procedure as for the other appli-
cations is applied here as well. Figure 4 shows the evolution of the normalized average forecast error of all trained
models. While those errors are considerably larger than in our previous applications, and nowhere near
competitive weather prediction models, we still notice that the hybrid model performs best, and better than our
purely data-driven baselines.

6. Discussion

We have proposed a novel architecture for hybrid atmospheric models, which combines a physics-based core—
here from a quasi-geostrophic model—with artificial neural networks. PSN deconstructs the individual com-
ponents of a physics-based atmospheric model, allows them to be potentially reparameterized and adaptively
coupled via AD, and adds data-driven capacities to it. With the physics-based dynamical core still comparably
simple, our goal was to investigate whether the approach works to model data from atmospheric models of similar
and higher complexity. To do so we compared PSN to baselines that remove the physics-based parts from the
model. In the introduction, we outlined four research questions that we intended to answer in this study on our
model: (Q1) do we reduce biases of the physics-based part, (Q2) does the inclusion of physics-based parts enable
better generalization and stability than data-driven models, (Q3) can the hybrid model generalize to dynamics that
are more complex than of those of the physics-based part alone, (Q4) can the hybrid model successfully learn from
less training data than a purely data-driven model?

The QG3 experiment shows that PSN is able to model the dynamics of the full QG3 model remarkably well. It
strongly outperforms the purely data-driven baseline and achieves high accuracy for short-term forecasts and
stable long-term integration. Furthermore, we showed that the architecture can generalize to atmospheric data of
higher complexity, for which the physics-based dynamical core still provides benefits, especially for the nu-
merical stability of the model. When training our model on data from a primitive equation data, our hybrid model
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did not show the typical biases of quasi-geostrophic models in the equatorial regions, corroborating Q1 and Q3.
We are also in these cases able to achieve long-term numerical stability when the purely data-driven baselines fail
to do so, verifying Q2. Furthermore, we demonstrated as well that our model is able to learn from very small
training data, with just months up to a year used in the experiments we presented, answering Q4.

The key advantages that our study corroborates is that adding physics knowledge lowers the training error below a
level that is achieved with the purely data-driven model on short training data. This saves both memory and
compute during training, and might translate well to purely training on observational data, which is sparse in
space. In the case of the here proposed PSN we do add computational complexity at inference compared to our
purely data-driven baselines as we intended to directly study the effect of adding the process-based components.
But in principle, hybrid atmospheric models can be set up to actually save computational time, for example, by
emulating costly processes.

While PSN in the form presented here is not competitive with much more comprehensive models, both physics-
based and ML, we used it to study the possibilities and properties of setting up such a hybrid model, and if adding
physics-based parts does results in any benefits, in a significantly more comprehensive manner than previous
studies on hybrid models that we are aware of, PSN does not resolve all prognostic variables of the primitive
equations in SpeedyWeather.jl, and not nearly all dynamics and processes necessary to represent a reanalysis data
set such as ERAS. Despite this, we showcase the potential of hybrid models, bridging between ML models and
classical models, by examining their numerical stability, prediction accuracy and decreased training data needs
compared to pure ML models.

Future versions of our model could include more variables in either a purely data-driven or a hybrid approach as
well. Aside from that, there are many other potential pathways to further advance our approach. A significantly
more complex physics-based core should be considered, that also includes important parameterizations. Adding
further physics-based components as explicit constraints to the model to enhance its stability seems very
promising as well given our results. When increasing the physics-based complexity, a deeper ANN architecture,
trained on more data, also only seems logical.

Stability and long-term predictions are an issue for many ML models. We have shown that adding a physics-based
dynamical core to those models helps to decrease biases while achieving increased generalizability across dy-
namics of different complexity.
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