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How will extreme events due to human activities and climate change affect the Atlantic meridional overturning
circulation (AMOC) is a key concern in climate predictions. The stability of the thermohaline circulation with
respect to extreme events, such as fresh-water oscillations, is examined using a conceptual stochastic Stommel
two-compartment model. The extreme fluctuations are modeled by symmetric a-stable Lévy motions whose
pathways are cadlag functions with at most a countable number of jumps. The mean first passage time, escape
probability and stochastic basin of attraction are used to perform the stability analysis of on (off) equilibrium
states. Our aim is to elucidate the interplay between fresh-water forcing, «, and the stability of metastable
AMOC states. Our results argue that for a model with weak fresh-water forcing strength, the greatest threat to
the stability of the on-state represents noise with low jumps and higher frequency (modeled by small values
of «) that can be seen as fresh-water inputs from glacier melting due to ocean warming caused by increased
greenhouse gas emissions. On the other hand, the off-state stability is more vulnerable to agitations with
moderate jumps (modeled by moderate values of «) and frequencies that can be interpreted as a possible
scenario of recovery of the Atlantic thermohaline circulation. Under the repercussion of stochastic noise, on to
off transitions are more expected in the model with the strong fresh-water influx. Moreover, transitions from
one metastable state to another are equiprobable when the fresh-water input induces a symmetric potential
well.

1. Introduction

because MOC takes the lion’s share in this heat penetration to the north
pole [5,6]. The warm and saltier surface water on interannual and even

Natural and civilization-catalyzed fluctuations in climate have a sig-
nificant impact on the ocean, and ocean circulation pattern variations
greatly affect climate [1,2]. The thermohaline circulation, known as
great ocean conveyor as well, has been declared potentially unstable,
whose change could lead to abrupt climate shift on all timescales [3].
Thermohaline circulation is basically an outcome of the interplay of
fresh-water with thermal energy along with the ocean-atmosphere
interface and inside the ocean competition of temperature and salin-
ity [4]. This enormous oceanic process has a significant contribution
in maintaining the equilibrium of Earth’s energy framework by re-
distributing thermal energy of the order 1.2 x 10'> W northwards in
the Atlantic ocean. A large proportion of the meridional overturning
circulation (MOC) is usually categorized as thermohaline circulation
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longer time-scales gets freshened and loses heat to the cold atmosphere.
Subsequently, the water descends slightly to the bottom of the Atlantic
since it gets denser than the underneath water. The cooled water even-
tually returns southward as deep current and the warm temperature
around the equatorial belt opts for upwelling. Thermohaline circulation
is a combination of the floating of deep water currents around the
equator and in the southern oceans, the horizontal currents, and the
descending and forming of deep water in high latitudes. Climate recon-
structions indicate that conveyor belt has indispensable contribution
in the climate system transitions from cold to warm or from warm to
cold climate states [7-9]. In today’s warm climate, the thermohaline
circulation state is sensitive to increased fresh-water volume. During
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global warming, the intensity of the water cycle, especially at high
latitudes, increases, and the melting of ice accelerates, the supply of
fresh water to the North Atlantic will most likely increase, thereby
reducing the density of the surface layer in the MOC sinking area. Thus,
it seems likely that the thermohaline circulation will weaken over the
coming century. Studying the stability of this oceanic conveyor belt
by analyzing the influence of internal and external agitations on its
dynamical behavior is increasingly pressing presently.

To study how the Atlantic meridional overturning circulation
(AMOC) transports properties latitudinally, a conceptual deterministic
two-compartment model was forwarded by Stommel [10]. Shreds of
evidence from sea observation and model simulation show that the
strength of the thermohaline flow is sensitive to the surface fresh-
water flux fluctuation [11,12]. Competition between thermal versus
saline forcing can lead to a multiple equilibria regime if the relax-
ation time-scales for the temperature and the salinity are distinct.
The thermohaline flow system is bistable, one with strong circulation
(analogous to the present set-up), and the second state with a very
weak flow, when the salinity difference is forced by a prescribed fresh-
water flux [3]. The multistability of AMOC is also verified by the results
obtained from different numerical models [13]. The deterministic
compartment model has been further extended to include noisy thermal
and saline forcing oscillations [14-16].

Forcing the general ocean circulation model with some particularly
large stochastic fresh-water fluctuations is found to trigger pulsation of
transport from one stable configuration to the other [17]. Therefore,
the fresh-water budget is the main control parameter of the Atlantic
circulation, the oscillations of which lead to the circulation response
in the form of a hysteresis curve. There is evidence that after the
AMOC crosses a threshold, there exists a temporary resilience period
during which the AMOC could still recover if the fresh-water inflow
ceases [18]. The Gaussian noise perturbed thermohaline circulation has
been under extensive study. For instance, it was shown in [19] that
an increment of 5% of the fresh-water forcing in the ocean circulation
could stimulate transitions between a high and low salinity difference
metastable states. In a time-dependent compartment model for thermo-
haline circulation with Brownian motion and moderate noise intensity,
hysteresis does not adiabatically follow stationary distribution [20].
Meanwhile, the noise forcing climate comprises of a non-Gaussian «a-
stable Lévy noise component [21,22]. The occurrence of more than a
dozen of additional Dansgaard-Oeschger (D-O) events that took place
during the last glacial period could not have been reproduced by using
the continuous perturbation processes. As well modern climate models
from the fifth Coupled Model Intercomparison Project (CMIP5) predict
abrupt non-linear shifts in subpolar North Atlantic dynamics [23]. The
jumps in those events could better be modeled by Lévy flights [24].

Paleoclimatic data indicate the coincidence of transitions from
strong to weak or from weak to strong thermohaline circulation states
with the occurrence of extreme climatic variations [19]. In our previous
work [25], we investigated the most probable trajectories of such
transitions. The results of this study led us to a number of questions, of
how is the overturning circulation stable to abrupt climatic changes?
How are the stability and equilibrium behavior of the AMOC influenced
by the parameter « in a symmetric a-stable Lévy noise framework?
While the symmetric a-stable Lévy process is characterized primarily
by the stability index «a, this question also sets the stage for future
work involving more general Lévy processes with additional parameters
such as skewness or tempering that may also significantly affect AMOC
dynamics. Our current focus on the a parameter allows us to isolate
and analyze the impact of heavy-tailed, non-Gaussian perturbations in
a controlled setting.

We also estimate possible scenarios for thermohaline circulation
regeneration, analyzing the stability of the off state under stochastic
fresh-water fluctuations. We analyze the stability of metastable states
of the AMOC model by calculating three quantities, namely, mean first
passage (exit) time, first passage (escape) probability and stochastic
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basin of attraction that carry the dynamical information of the model.
In the present form of the AMOC, analyzing the intensity and mech-
anism of the forcing schemes that could trigger such transitions and
studying the stability of strong and weak AMOC equilibrium states is
of fundamental importance.

Particularly, we will study the effect of extreme events on the scalar
stochastic AMOC model

dY, = -V'(Y)dt + dL¢ (€]

by measuring the stability of equilibrium states of the salinity difference
process Y, for various values of (nondimensional) fresh-water forcing
and non-Gaussianity parameter «. In Eq. (1), V is a potential function
(details are given in Section 2).

The novelty of this study lies in the application of a-stable Lévy pro-
cesses to the modeling and stability analysis of the AMOC, a direction
that remains underexplored in the current climate dynamics literature.
Our work bridges the gap between advanced stochastic modeling and
real-world climate phenomena by demonstrating how non-Gaussian,
heavy-tailed perturbations influence the stability of AMOC. We believe
this represents an important step forward in the contextual adapta-
tion and interpretation of existing stochastic tools to a complex and
highly relevant geophysical system. Furthermore, the insights provided
by our findings may inform future theoretical developments tailored
specifically to climate applications involving Lévy noise.

While previous studies have explored AMOC dynamics using
stochastic models, primarily under Gaussian noise, our study is, to the
best of our knowledge, one of the first to systematically investigate the
stability and escape dynamics of the AMOC under symmetric a-stable
Lévy perturbations, which account for heavy-tailed, non-Gaussian fluc-
tuations and rare, large-scale events. This class of noise introduces
fundamentally different dynamical behavior due to the presence of
jumps and infinite variance.

Our contribution is twofold: (1) We apply a-stable Lévy noise to a
classical AMOC two-compartment model to evaluate how such pertur-
bations influence the system’s equilibrium structure and tipping behav-
ior; (2) We adopt and adapt escape probability-based stochastic basin
stability SBA criteria, providing a novel framework to characterize
resilience under Lévy noise.

This combination of non-Gaussian stochastic forcing and proba-
bilistic stability analysis sets our work apart from previous AMOC
studies and offers new insights into the system’s response to extreme,
irregular disturbances an insights that cannot be captured through
Gaussian-based frameworks alone.

The paper is structured as follows. In Section 2, we discuss the
simplified conceptual stochastic Stommel two-compartment model for
AMOC. A brief introduction of the stability analysis measures is pro-
vided in Section 3. Stability analysis of the stochastic overturning
circulation system is given and results obtained are presented in Sec-
tion 4. Our findings are summarized in Section 5. The conclusions of
the study are supported by the numerical results presented in the paper.
While the study primarily relies on simulations to explore the impact
of Lévy noise on the stability of the AMOC, the results provide clear
evidence of how different types of perturbations influence the system’s
behavior. However, we acknowledge that future work could benefit
from validation against observational data or more detailed models for
further robustness.

2. Atlantic meridional overturning circulation model

Thermohaline circulation is an oceanographic phenomena that
refers to the movement of ocean waters across both hemispheres and is
responsible for the heat transfer and redistribution, acting as a regulator
of the global climate. The schematic functioning of AMOC is shown in
Fig. 1. The main engine of this circulation is the difference in density
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Fig. 1. Each compartment represents the waters of the equatorial and polar oceans with the same volumes V, = 300 x 4.5 x 8,250 km® and temperature T,/T, and salinity S,/S,
characteristic of each of them. The other system parameters are the mean ocean depth H = 4500 m, the exchange mass function Q, the density gradient 4p, the fresh-water flux
F,, the equatorial atmospheric temperature T,,, the polar atmospheric temperature 7,,, the reference temperature 7, = 5 °C, the reference salinity S, = 35 psu, the meridional

temperature difference # =25 K and the temperature relaxation time scale ¢, =25 days.

Source: The two-compartment model of Stommel adapted from [26].

between ocean currents 4p, which is determined by the salinity S,, S,
and the temperature T,, T, of the water and can be represented by

4p = polBs(S, = S,) — br(T, — T))], 2
where p; = 0.17 x 1073 °C~! is the thermal expansion coefficient
and fg = 0.75 x 1073 psu~! is the haline contraction coefficients,

respectively. The surface ocean waters in the subtropical regions due
to intense evaporation F,/2 have high salinity .S,, however the high
water temperature 7, maintains the low density and prevent surface
waters sinking.

In high latitude areas, the formation of dense water is mainly
associated with lower temperatures T, and increased salinity S, due to
the formation of ice. Thus, in the polar regions, the increase in surface
water density causes it to sink and displace deep water. In this way,
the origin of the thermohaline circulation is a vertical flow of surface
water %Q(Ap), diving to an intermediate depth or close to the bottom,
depending on the density of that water. The systems of superficial and
deep circulation of the oceans are interconnected. The continuation
is a horizontal flow: the recently sunk waters repel in the horizontal
direction the deep waters that occupied this place. In this way, the
cold, dense waters sink and slowly flow towards the equator. Thermal
energy and salinity balances can be defined by the system of differential
equations [26] (the dots represent derivative with respect to time):

T = =1,7 T, ~ (@ + ) - 20upT, - T,

T, =-t,"'(T, - (T, - g)) - %Q(Ap)(Tp = To.

S.= 55 50~ Lowpys, - )

e 2" 2 e orh
$, =25 50~ Lowpys, - s,) ®)
p T T 00T R HAPROp T e

where Q(4p) = 1;' + V. "'q(4p)* is the exchange mass function with
diffusive time scale r, = 180 years between the two compartments
and transport coefficient ¢ = 1.92 x 10'> m3s~!. The other parameters
of the system are defined in the caption of Fig. 1. These parameters
are based on the two-compartment model of Stommel [26], which has
been widely used to study the dynamics of the AMOC. The values were
selected according to the established parameters found in the literature
for similar AMOC models and are representative of typical conditions
in both the equatorial and polar ocean regions.

The time evolution of temperature AT = T, — 7, and salinity
difference AS = S, — S, between the compartments are obtained by
subtracting the conservation Egs. (3), respectively.

AT i, (aT - 0) - Q(apAT,

das _ Fg

€22 255, - 0(4p)AS. 4

i 700 O(4p) 4
The original system (4) with the substitutions x = %, y =

ASpy =

o T = ,l is reduced to the dimensionless system of evolution
»

equations [25,&6]

dx = (=p(x = 1) = x[1 + u*(x = y/’Ddx,

dy = (F = yl1 + 4*(x = y)*Ddz, )

where § a ratio of a diffusive and a restoring time scale, u? strength
of the buoyancy-driven convection between the two compartments
relative to the diffusive mixing and F dimensionless fresh-water forcing
are defined as

2 _ 4a(Br0)
H % >

c

_ BsSota

T pp6H Y
The dynamical system (5) can be further simplified, since the diffusion
time scale 7, is much larger than the temperature-restoring time scale
t,. Thus, taking the approximation x = 1+O(f~!), we get the first order
differential equation in y(r)

la
p=—,
lr

(6)

dy = (F = y[1 + 1*(1 — y)*Ddt. %)

where 7 is replaced by the usual notation of time ¢ for convenience.
Considering that F is constant, Eq. (7) can be written as dy = -V’ (y)dt
with the potential function

4 2 2
V(y)zﬂz<%_§y3+%>+%_Fy_ ®
The variation in the fresh-water forcing strength F, Fig. 2(b), suddenly
changes the qualitative behavior of the AMOC system giving rise to
the two bifurcation points F = 0.9556 and F = 1.2963. For F <
0.9556 the system has a single stable equilibrium point, called on-
state, Fig. 2(a). In this state y is small and this matches with relatively
large equator to north pole heat transport. Here, thermal dominance
(0py > ASP,) generates steep temperature-driven density gradients,
sustaining vigorous overturning. This thermally-driven MOC maximizes
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Fig. 2. The Stommel two-compartment model for the meridional overturning circulation may have multiple equilibria. (b) The bifurcation diagram for the salinity difference y, as
a function of fresh-water forcing strength F. The potential function V(y) for forcing strength (a) F =0.9556, (¢c) F =1.2963, (d) F =1, (e) F =1.126 and (f) F = 1.28.

poleward heat transport, redistributing salt to dampen salinity con-
trasts, thereby reinforcing thermal control and stabilizing the AMOC’s
high-heat-transport regime.

For 0.9556 < F < 1.2963, Fig. 2(d), (e) and (f) in addition to the
stable on-state, two more equilibria emerge: one of which is stable,
called off -state and the other is unstable one. In the off -state y is large
and corresponds to weak (or even reversed) circulation. Only stable
off -state takes place in the AMOC systems with F > 1.2963, Fig. 2(c).
With global warming, by the end of the twenty-first century, the mean
surface air temperature due to harmful human activities leading to the
accumulation of greenhouse gases in the atmosphere will increase by
2 -6 °C [1,4,5]. This large-scale warming of the climate can cause an
increase in frequency or/and intensity of extreme events on the time-
scale of decades, such as high-latitude precipitations, the Greenland ice
sheet deglaciation, the fresh-water outflows to the oceans that certainly
affect the dynamic aspects of thermohaline circulation [2,11,27]. An
increase in the mass of fresh-water in the global ocean reduces its
density and thereby complicates its deep immersion, which can slow
down AMOC and even “‘switch it off” if the parameters cross the tipping
threshold [10]. Such extreme and fast events cannot be modeled by de-
terministic models, since they do not take into account the uncertainty,
unpredictability and the likelihood of their occurrence. The Brownian
motion predicts the behavior of such random fluctuation with very low
accuracy, since it has continuous sample paths and normally distributed
increments. It was proved [3,21] that the Lévy process, characterized
by heavy-tailed distribution and discontinuous cadlag paths, with a
certain precision simulates and predicts these rare events. Consider
now that the fresh-water flux can be written as sum of a stochastic
component d LY with a parameter F which is independent of time; then
(7) generalizes into the It6 equation,

dY, = =V'(Y)dt +dL?, ©)]

Here L is a symmetric a-stable Lévy process, with a € (0,2), defined
on the probability space (2, F, P) (See Section 3.1).

For SDEs with jumps, the existence and uniqueness of strong so-
lutions are guaranteed under local Lipschitz and linear or sub-linear
growth conditions on a bounded domain [28]. Taking into account
the location of the equilibrium points, we are restricting y to (0,1.4)
a compact subset of R, which avoids problems with drift V/(Y;) cubical
growth, and allows the drift to be treated as bounded and Lipschitz.

Yo = ¥o-

We focus our attention on the three AMOC models with different
values of the parameter F; a weak F = 1, fresh-water forcing F = 1.126
which induces a symmetric potential function and a strong F = 1.28.
These values represent different geometries of a double-well potential
function as in Fig. 2(d), (e) and (f).

3. Method

This section summarizes the definitions and the main properties
of the stability measures used in the present analysis. Also a brief
summary to the type of stochastic process chosen to model extreme
events is given.

3.1. A symmetric a-stable scalar Lévy motion

Climate extreme events show random fluctuations that have sample
pathways with intermittent jumps and heavy tails. Natural and more
appropriate candidate for modeling such a non-Gaussian process is an
a-stable Lévy motion. LY with 0 < @ < 2 is a stochastic process that
satisfies the following properties:

(a) Lg =0, almost sure;

(b) LY has independent increments;

(c) stationary increments L} — L% and L}  have the same symmetric
a-stable distribution, i.e. S,((t - s)%,O, 0);

(d) stochastically continuous sample paths, i.e., for every s > 0,
LY — L% in probability, as t — s.

The probability density function for L{ is defined by
Sy, (10)
where f, is the probability density function for the standard symmetric
a-stable random variable Y ~ S,(1,0,0) (for more details see [28,29].
The generating triplet of L{ is (0,0, v,), with the jump measure, i.e. the
expected value of the number of jumps of size dz during the unit time,
is defined as:

al'(1+a)/2)dz
2=y /x F(1—a/2) |z
where I' is the Gamma function. When a € (0, 1), the a-stable Lévy
motion has finite variation; otherwise, when a € [1,2) it is unbounded.

v, (dz) = a €(0,2), an
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When two stochastic processes are compared, such as Brownian
motion and Lévy flight, several differences and some similarities can
be distinguished. This comparison will once again justify our choice
of noise for simulating climate extreme events. Both processes are a
random walk with independent and stationary increments. Brownian
motion increments have a Normal distribution, while Lévy flight step-
lengths have a Lévy distribution, a probability distribution that is
heavy-tailed. The sample path in Brownian motion allows continuous
modification. In the case of Lévy flights which typically have jumps
there can be no continuous modification. Lévy path at most has a
countable number of jumps, which are the only discontinuities in time.

3.2. Mean first exit time

The first exit time for a solution orbit from a deterministic domain
D c R! of attraction of y,, Jor ) 18 defined as:

7(w,y) = inf{t 2 0,Y,(w,y) € D}, (12)

and the mean exit time or the mean residence time of the process
in the on(off)-state domain is denoted as u(y) £ Er(w,y) > 0. It has
been proven [29] that the mean exit time of the stochastic system (9)
for an orbit starting at y € D, satisfies the following nonlocal partial
differential equation with an external boundary condition

Au(y) = -1,
u(y) = 0,

yE€D
y € D¢, (13)

where A is the generator defined as
Au(y) = —V’(y)u'(y)+/l\ [y +2) = u(¥) = Ijz1<1y 26’ WV, (dz2). (14)
RI\{0}

Here D¢ is the complement set of D in R! and I {1z1<1)(2) is the indicator
function for a set |z| < 1, defined as

. L, if |z <1, as)
z) =
tzl<t) 0, if |z]>1.

Moreover, the generator can be interpreted as Au = lim,_, M,

for every u € C2(R").
3.3. Escape probability

The likelihood that the salinity difference process Y, exits firstly
from the on(off)-state domain D by landing in the set U € D¢ belonging
to the off(on)-state domain is represented by

p(y) =P{Y.(y) €U} (16)

and solves the following integro-differential equation with the
Balayage-Dirichlet boundary condition

Ap(y) =0, ye€D, 17)

1, yeU,

PO = {o, y € D\U.
Solving (17) with the given boundary conditions reveals how salin-
ity variability governs the transitions between metastable states. This
model bridges stochastic calculus and climate dynamics, offering a rig-
orous framework to diagnose tipping risks under non-Gaussian forcing,
with profound implications for understanding AMOC resilience and
abrupt climate shifts.

We use a numerical approach adapted from [30] for solving Eq.
(17). The simplified form of this equation

4o+ reop - Se | L 1|y
27 P d+xr  (=xe]|P
1-x
+6C PEXEN =P 4, as)
@ ey |y|1+a
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is discretized in the x € (-1,1). p(x) = 1 for x € (1,+c0) and
p(x) = 0 for x € (—oo,—1). The corresponding schemes for the general
case can be extended easily, using central difference for derivatives
and the “punched-hole” trapezoidal rule getting a discretized equa-

tion of second-order accuracy for any 0 < a < 2 and j = —-J +
1..,-2,-1,0,1,2,...,J - I:
P_, —2P +P, P, -P
j—1 J Jj+1 Jj+1 Jj—1
Ch n2 + f(xj) h
€GP, Lo,
a T+xp* (A=x;)e
I P, —P
teC,n Y Lo (19)
_ { |X |l+0{
k=—J—j,k#0 k

where P; is the numerical solution of p at x;. The interval [-2,2] is
divided into 4J subintervals and x; = jh for —2J < j < 2J integers,
where » = 1/J. The modified summation symbol Y means that
the quantities corresponding to the two end summation indices are
multiplied by 1/2. For more information see [30].

3.4. Fokker—Planck equation

The evolution of the probability density function p(y, t) for the solu-
tion paths Y, of the SDE (9) is governed by a Fokker—Planck equation

0,p(y.1) = A*p(y,1),  p(3.0) = 6(y — yp). (20)

with the initial condition Y, = y,. Where A* is the adjoint operator of
A(14) in the Hilbert space L?>(R!) that has the explicit form in the case
of a symmetric a-stable Lévy motion. Thus, Eq. (20) is specified as

0 p(y, 1) = =0, [f Mp(y. )] — / [p(y. 1) = p(y = z,0) — Iy ;1<)
RI\{0}

X z 0,p(y,1)] v,(d2), 21)

where f(y) = -V’ is a vector field of the SDE (9).

Sufficient conditions for the existence and regularity of the proba-
bility density p(y,t) in the Lévy processes driven SDE (9) is established
under Hormander’s condition by using the Malliavin calculus with
jump. For more details, See [31-33] and the references therein.

3.5. Stochastic basin of attraction

The stochastic basin of attraction (SBA) is an important theoretical
and practical tool that helps to describe a metastable behavior of a
system [34]. SBA quantifies the stability of a metastable state in a
dynamical system with noise perturbation in terms of size of the basin
depending on the escape probability [35]. SBA is the collection of initial
conditions of solution processes that have low (high) probability of exit
(return) from (to) a neighborhood of an attractor. This geometric tool
is applicable to models with small noise and noise that is a function of
an order parameter.

SBA advances traditional basin stability by explicitly incorporating
stochastic noise to quantify the likelihood of trajectories remaining near
an attractor under persistent perturbations, unlike deterministic basin
stability, which measures attraction domains only. Designed for systems
such as AMOC, marked by competing stable states (on/off) and vul-
nerability to climate variability, SBA uniquely addresses noise-induced
tipping risks, offering indispensable insights into resilience thresh-
olds and abrupt transitions that deterministic frameworks inherently
overlook.

Traditional basin stability may confirm the on state’s stability
(through a large basin) but fails to quantify resilience to stochastic
perturbations or tipping probabilities over century-scale horizons. SBA
bridges this gap by computing the likelihood of the AMOC remaining on
under current conditions and noise within a defined timeframe. This po-
sitions SBA as a critical tool for resilience quantification, early-warning
signal assessment, and climate risk modeling under realistic stochas-
tic forcing. Table 1 provides a comprehensive comparison between
traditional and stochastic basin of attraction.
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Table 1
Comparison of traditional basin stability vs. Stochastic basin of attraction.

Feature Traditional basin stability Stochastic basin of attraction
Noise Not included — Explicitly includes
assumes deterministic system stochastic effects
Attractors Focuses on Analyzes quasi-stable
deterministic attractors regions under noise
Measure Volume of initial Probability of staying
conditions leading to attractor in a basin over time
Transitions Does not capture Models rare escapes
transitions due to perturbations due to random jumps
Method Monte Carlo sampling Uses exit time theory,
of trajectories or Fokker-Planck,
volume estimates or path-based approaches
Time Generally asymptotic Time-dependent — can
dependency (long time behavior) study finite-time stability
Application Can identify stable Can quantify tipping
to AMOC states under parameters risk under noise

4. Results and discussion

The stability analysis of the off and on states in the AMOC model is
based on the three main measures: escape probability, mean first exit
time and stochastic basin of attraction, which are frequently used in
behavior prediction of the stochastic dynamical system trajectories and
whose main properties are summarized in Section 3. In this Section we
discuss the results obtained and interpret them from the climatological
point of view. The potential function V (y) (8) for the weak fresh-water
input, as shown in Fig. 3(a), is asymmetric and has the deepest on-state
(y = 0.2) the widest 0.8 stability basin. The length of the deterministic
basin of attraction for the off-state (y = 1) is 0.26 units smaller than
that for the on-state. This indicates that under the Lévy perturbations
the transition from off -state to on-state is more likely. In fact, the off-
state basin under noise with « = 1 decreases by 6.75 times, while the

on-state basin reduces only by 1.98. The greatest threat to the stability
of the on-state represents noise with low jumps of higher frequency,
that is, « = 1.5. Extreme events of short time-scale (decades or less)
such as those stemming from human-induced greenhouse gas emissions
are more likely to destabilize the on-state. As a response to an increase
in greenhouse gas concentration, a boost to the atmospheric water
cycle is expected. This leads to a greater excess of precipitation over
evaporation in high latitudes, freshening and reducing the density of
surface water, and hence its tendency to sink and weaken the AMOC.
The stability of the off -state, on the other hand, is more vulnerable to
perturbations with moderate jumps and frequencies, that is, « = 1. This
type of variability in fresh-water forcing must be taken into account in
AMOC recovery programs.

The analysis of the trajectories’ first mean exit time (12) and (13)
from the deterministic basin Fig. 4(a) confirms the stability results
based on the SBA.

Actually, the trajectories remain longer in the vicinity of on-state
than in the off -state basin as the stability index (that is, a) increases.
The relationship between the residence time and stability index can
be understood as the extreme event modeled by Lévy motion with
small jumps and high frequency (a = 1.5) contributes to faster escape
compared to the events characterized by moderate or big jumps that
correspond to moderate or low probability (¢« = 1 or 0.5). Actually,
when rate of fresh-water released is large [11] the timescale of AMOC
weakening is measured in decades and does not depend on the ac-
tual rate of fresh-water inflow, because advective feedbacks become
enhanced.

For strong fresh-water forcing the potential function V(y) is also
asymmetric, but now with the reversed depth: off-state y = 1.14 here
is deeper than on-state y = 0.37. In this model Fig. 3(b), off-state is
more stable than on-state and this implies that under the influence of
stochastic noise, the transitions from on to off are more expected.

Comparing the dimension of the effects that noise with different
« parameter values causes in the meridional overturning circulation,
it should be noted that the extreme events modeled by Lévy motion
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with a = 0.5 does not reduce the stability of the off -state significantly,
inducing only 0.114 unit cutback in the basin width. The noise with
the short jumps and the high frequency destabilizes the off -state more
than the extreme events with moderate jumps and frequency. The
long-term stability (450-year duration of the model integration) of
AMOC off -state was also revealed in the study of eddy-permitting
climate model [36] and explained by the combination of the anomalous
northward fresh-water transport with the freshening due to reduced
evaporation in this region.

In the case of the on-state stability, noise with the same parameter
a = 1 induces the greatest eleven times shrink of its deterministic basin.
Simulation results in Fig. 5(c) indicate the noise-driven orbits escape
faster from the on-state and stay longer in the off -state basin.

The symmetry in the potential V() is presented for F = 1.126 (see
Fig. 3(c)) generating the equality of the lengths of the on(off)-states
stability basins. Also, under the force of stochastic noise, the transition
from one state to another is equiprobable. The greatest destabilizer of
the states is the perturbation with moderate jumps and high probabil-
ity, alternatively the events characterized by low probability but high
jumps bring less transient impact between the states. In Fig. 4(b), the
mean exit time of the orbits from the neighborhoods of on(off)-states is
the same and manifests the highest values for the orbits carried by Lévy
noise with a = 0.5. This shows as well that such type of perturbations
has minimal influence on the stability of the states.

Fig. 5 illustrates the D; and DICI SBA criteria [35], based on escape
probabilities (16), (17), for assessing the stability of the AMOC model
under varying freshwater forcing F. Panels (a)-(d) correspond to weak
forcing F = 1, (e)—(h) to intermediate forcing F = 1.126, and (i)-(1) to
strong forcing F = 1.28.

The first criterion D; identifies initial salinity differences y, from
which the probability of escape from the deterministic basin of the on-
state (or off-state) is less than 0.3, shown in panels (a), (e), (i) for the
on-state and (d), (h), (1) for the off-state.

The second criterion defines the stochastic basin of attraction SBA
by including initial points y, with a return probability M > 0.8 to the
interval D;. These are shown for the on-state in panels (b), (f), (j), and
for the off-state in panels (c), (g), (k).

The geometry of the probability density functions (20) and (21)
of the salinity difference process Y, Fig. 6, once again confirms the

previous conclusions about the stability of the on(off)-states. Therefore,
the process is most likely to remain in the state that represents the
deepest valley in the potential function V' (y), this is in on-state for weak
forcing and in off -state for strong forcing. For symmetrical potential
well inducing forcing, the orbits with equal probability visit on or off-
states. The transition between the states is more likely if the AMOC
system undergoes to Lévy perturbations with low jumps and high noise
probability as shown in Fig. 6(c), since the difference between the
probabilities of staying in each of the states is smaller. Therefore, for
a = 0.5 Fig. 6(a) the probability that the process remains in off -state
is 2.87 times greater than in on-state. This difference in probabilities
decreases with the increase in « parameter (which means a decrease
in height and an increase in the frequency of jumps), resulting in a
difference of 1.81 times for a = 1 Fig. 6(b) and 1.42 times for a = 1.5
Fig. 6(c).

5. Conclusion and potential directions for future research

Fluctuations in AMOC patterns influence climate; in its turn,
civilization-induced and natural climatic changes have impacts on
AMOC. The meridional overturning circulation is bistable only for
some domain of the nondimensional fresh-water parameter values.
Extreme events like collapse of major ice sheets fueled by greenhouse
gas emissions and global warming induce a transition between both
states. It is therefore of great importance to sufficiently scrutinize the
stability of strong (weak) AMOC states against these extreme events.
In this work, we have performed analysis of stability of the on-state
and off -state in the stochastic two-compartment Atlantic meridional
overturning circulation model by considering three different values of
the fresh-water input control parameter.

Random noise agitations in geophysical complex dynamical systems
have been regarded as continuous perturbation or Gaussian processes.
However, the paleoclimatic data sets signify random fluctuations in
swift climatic transitions have a non-Gaussian distribution with heavy
tail and pathways that are cadldg functions with at most a countable
number of jumps. Therefore, it is more fitting applying non-Gaussian
symmetric a-stable Lévy processes in modeling the influence of extreme
events in the conceptual stochastic Stommel two-compartment model.
Actually, these non-Gaussian processes are becoming increasingly pop-
ular lately.
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Fig. 6. Probability density function p(y,) for the salinity difference process Y, with initial condition Y, = y,, t = 50, p(y,0) = 6(y — y,) for the potential V(y) with F =1 dashed
orange line y, = 0.8, with F = 1.126 dash-dotted green line y, = 0.67, with F = 1.28 solid blue line y, =0.49 and (a) « =0.5; (b) a =1; (c) a = L.5.

We applied three concepts, mean residence time, first passage prob- transition from off to on-state is boosted. The attraction basin of the
ability and stochastic basin of attraction. Each of these quantities strong AMOC state suffers its largest shrinkage to extreme events with a
is helpful in understanding the stability of the strong AMOC (small moderate jump, and probability Lévy noise and noise-driven pathways
salinity difference y) state and the weak AMOC (large salinity difference linger in the attraction basin of the weak AMOC state. Both strong and
y) against stochastic perturbations (extreme events) and predicting weak AMOC states have equal basin stability, and transitions between
transitions between these states. the states are equiprobable for the symmetric potential well-inducing

The main conclusion of our work are the following: For the weak the freshwater forcing. The geometry of the probability density function
fresh-water flux, on to off-state transition is more probable under ex- also shows that the pathways shuttle between both states. Extreme
treme events modeled by Lévy noise perturbations with smaller jumps events characterized by medium jumps, and frequency destabilize the
but with high frequency. This SBA analysis result is confirmed by states most, while events with smaller jumps and high frequency bring
calculating the MET of the sample paths. In the deterministic case, on- less transient impact.
state has the widest basin of attraction compared to both the symmetric The AMOC analysis highlights universal insights for climate subsys-
well potential inducing and strong fresh-water influxes. Our results for tems: noise-driven vulnerabilities, recovery pathways, and symmetric
strong fresh-water input indicate extreme events of moderate jumps forcing risks. Systems such as Arctic sea ice, Amazon dieback, or
and frequencies facilitate the recovery of the strong AMOC, i.e., the coral reefs vary in sensitivity to noise types (e.g., frequent small vs.
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moderate jumps), while the off-state vulnerability of AMOC suggests
permafrost or monsoon systems may harbor latent recovery potential
under targeted interventions. Symmetric stochastic forcing in balanced
systems (e.g., boreal forests, Sahel rainfall) heightens regime-shift un-
predictability via equiprobable transitions. Collectively, this under-
scores stochastic stability analysis as pivotal for diagnosing tipping risks
across Earth’s interconnected climate subsystems.

While our reduced-order compartment framework captures AMOC
metastability under Lévy noise, opportunities for refinement emerge.
The simplified ocean-atmosphere dynamics omit critical processes such
as wind stress and sea ice. Symmetric a-stable Lévy noise, though
adept at modeling heavy-tailed extremes, invites exploration of real-
world asymmetries and temporal correlations. Parameterization offers
a foundation for future empirical calibration. Coupling with subsystems
like El Nifio-Southern Oscillation (ENSO) and North Atlantic Oscil-
lation (NAO), vital for holistic climate feedbacks, remains an open
frontier. These opportunities guide future advancements in integrating
higher-dimensional physics, generalized noise models, and cross-system
synergies.

Building on the methodological insights of the current study, its
findings illuminate promising avenues stochastic optimal control and
uncertainty quantification in Atlantic modeling. This interdisciplinary
nexus seeks to identify adaptive interventions such as emission mit-
igation, freshwater inflow management, or geoengineering strategies
under climatic uncertainty, aiming to either avert AMOC collapse or
maximize systemic resilience. By framing these controls within stochas-
tic calculus, future work could optimize trade-offs between stabilizing
circulation regimes and achieving predefined climatic targets such as
thermal equilibria, ice-sheet preservation, thereby reconciling dynamic
policy design with the probabilistic nature of Earth system thresholds.

AMOC collapses are low-probability, high-impact events the ideal
setting for large deviation theory (LDT). However, classic LDT is
Gaussian-based. Extending this to a-stable processes can revolutionize
how we assess AMOC tipping points. This entails developing non-
Gaussian action functionals akin to Freidlin-Wentzell theory for jump
processes, investigating the most probable transition pathways between
AMOC states under Lévy noise, and advancing rare-event algorithms
tailored to infinite-variance processes. Machine learning techniques
have made inroads into climate modeling. A novel path is to build
Al models that are explicitly aware of jump processes and capable of
learning stability landscapes directly from data. A promising frontier
lies in developing deep neural SDEs that explicitly integrate a-stable
noise, capturing heavy-tailed climate extremes often overlooked by
Gaussian-centric models. constructing data-driven surrogates could
unravel the multiscale dynamics of systems like the AMOC under
Lévy-driven perturbations, bridging gaps between stochastic theory and
high-dimensional climate simulations.
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