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In this paper, we propose a D-dimensional topological Kuramoto model and investigate its synchronization
on simplicial complexes. This model extends the higher-order Kuramoto model [Phys. Rev. Lett. 124, 218301
(2020)] to the D-dimensional sphere, where dynamics defined on simplices of different dimensions are governed
by the D-dimensional Kuramoto model. By adopting an adaptive coupling, new phenomena of phase transitions
are observed. Specifically, for nodal dynamics of odd dimensions, a double discontinuous synchronization
transition is observed, whereas for the Kuramoto model defined on links, a single discontinuous synchronization
transition occurs. Rigorous theoretical analysis reveals that the double discontinuous transition originates from
the loss of stability of the incoherent state and a saddle-node bifurcation in the parameter space. Furthermore, for
the D-dimensional Kuramoto model defined on links with D > 2, synchronization is unattainable because of the
inability to project dynamics onto adjacent dimensional simplices. Our findings provide insights into collective
behaviors in high-dimensional spaces, such as collective defense mechanisms or social synchronization in insect
swarms, mediated by higher-order signal transmission or environmental coupling.
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I. INTRODUCTION

From swimming bacteria and aggregating ciliates to flocks
of birds and schools of fish, communication among dynamic
agents facilitates the emergence of collective behaviors across
these multi-scale systems [1-6]. Evidence suggests that these
communications may be controlled by the underlying dy-
namics. At the cellular scale, neurotransmitter transmission
is controlled by glial cells [7], while local neuronal activ-
ities are affected by the dynamics of blood vessels [8,9].
In biological transport networks, flow dynamics can spon-
taneously generate oscillatory currents [10-12]. Notably, in
quantum computations involving anyons or bosons, signals
defined on links of a certain array are given significant
attention [13-16]. These examples demonstrate that in ad-
dition to easily observable individual behaviors, it is also
necessary to reveal hidden communication within a complex
system.

Communication among individuals can be viewed as links
between nodes in a complex network. In topology, links
and nodes are referred to as one-dimensional and zero-
dimensional simplices, respectively. They are glued together
with higher-dimensional simplices to form a simplicial com-
plex, which is believed to capture the higher-order topological
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features of complex systems. Millan, Torres, and Bianconi
proposed a higher-order Kuramoto model [17], which requires
the Kuramoto dynamics to be defined on a simplicial complex.
This model overcomes the limitation that the dynamics must
be associated with the nodes in the network, and defines
the dynamic variables on simplices of different dimensions,
which are also called topological signals [17-22]. Based on
the higher-order Kuramoto model, studies on explosive topo-
logical synchronization [20], higher-order diffusion [23,24],
Dirac dynamics [25-27], and global topological synchroniza-
tion [28] have emerged.

It is worth noting that for higher-order Kuramoto models,
the higher order is reflected in the dynamics defined on sim-
plicial complexes [17,29]. In this model, the state variables
(phases) associated with simplices of any dimension are one-
dimensional variables rather than higher-dimensional vectors.
However, extending the state variables to higher-dimensional
variables may be more suitable for revealing the emergent
dynamics observed in various real-world systems. For exam-
ple, higher-order structures are thought to be hidden in the
dynamics of opinion propagation, where individual opinions
in social consensus exhibit distinct high-dimensional features
[30,31]. Another example is that higher-order signals play a
crucial role in the collective motion of insect colonies or active
colloids, where the alignment of velocity vectors is a problem
widely encountered in three-dimensional space [32]. Clearly,
the higher-order Kuramoto model is incapable of address-
ing the alignment of topological signals in high-dimensional
spaces.

The D-dimensional Kuramoto model provides an ideal
dynamic for introducing high-dimensional phases in the

Published by the American Physical Society
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higher-order Kuramoto model. Olfati-Saber introduced a
higher-dimensional generalization of the Kuramoto model,
where the phase is defined as a D-dimensional unit vector
[33]. By defining the natural rotation of individuals as a
D-dimensional antisymmetric matrix, Chandra, Girvan, and
Ott provided a detailed analysis of the dynamics of the D-
dimensional generalized Kuramoto model with heterogeneous
natural rotations [32]. In recent years, a series of fascinating
works have emerged on the D-dimensional Kuramoto model
and its variants [34—42].

In this paper, we propose a mathematical model to describe
the topological signals governed by D-dimensional Kuramoto
dynamics, which is referred to as the D-dimensional topo-
logical Kuramoto model. Building upon the higher-order
Kuramoto model, this model extends the phases defined on
simplicial complexes to D-dimensional vectors. The struc-
ture of the paper is as follows. In the first section, the
background of this paper is introduced. In the second sec-
tion, the previously studied higher-order Kuramoto model
and D-dimensional Kuramoto model are presented, and the
D-dimensional topological Kuramoto model is formulated.
In the third section, numerical simulations are provided. In
the fourth section, the framework for theoretical analysis is
shown. In the last section, a summary and outlook are pre-
sented. In the Appendix, the definitions of the main concepts
in the text, as well as details regarding stability analysis and
self-consistent solutions for order parameters are provided.

II. MODEL

The D-dimensional topological Kuramoto model gener-
alizes the higher-order Kuramoto model by extending the
phases defined on simplices of different dimensions to D-
dimensional vectors. The schematic illustration is shown in
Fig. 1, which demonstrates the relationship between our
model and the existing models. Panel (a) presents the Ku-
ramoto model, where the dynamics are defined on nodes.
Panel (b) illustrates the higher-order Kuramoto model, which
requires the Kuramoto dynamics to be defined on simplices of
different dimensions. Panel (c) describes the D-dimensional
topological Kuramoto model, where the D-dimensional Ku-
ramoto dynamics are defined on simplices of different
dimensions.

The three-dimensional (3D) Kuramoto model, as a rep-
resentative of odd-dimensional Kuramoto models, has been
shown to exhibit completely different phase transitions com-
pared to even-dimensional systems in previous studies. When
the Kuramoto model is extended to three dimensions, agents
exhibit rotations on the surface of a three-dimensional sphere.
This means that it is easier to visualize compared to those
models with D > 3. The vectors rotating on the three-
dimensional sphere can simulate nonlinear phenomena in
processes such as ciliary beating or ferromagnetic resonance
[43—47]. In this paper, the 3D Kuramoto model will be the
focus of research.

A. Higher-order Kuramoto model

The Kuramoto model is the most-widely used model
for studying synchronization, which  mathematical
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FIG. 1. Schematic illustration of the D-dimensional topological
Kuramoto model. (a) The Kuramoto model in complex networks,
where each node maintains its own Kuramoto dynamics with phase
6;. Here, i denotes the ith node. (b) The higher-order Kuramoto
model in simplicial complexes, where both nodes and links (higher-
dimensional simplices exist but are not shown) maintain Kuramoto
dynamic variables, with phases 6; and ¢, x, respectively. Here, [ ], k]
denotes the link connecting jth node to kth node. (c) The D-
dimensional topological Kuramoto model in simplicial complexes,
where each node and each link maintain a D-dimensional Kuramoto
dynamics, with phases r; and o, respectively. Taking r; as an ex-
ample, for D = 2, it is given by r; = (cos 6;, sin 6;), while for D = 3,
it takes the form r; = (sin 6; cos ¢;, sin 6; sin ¢;, cos 6;). Similarly, the
D-dimensional vector o; has the same structural composition. Three
cases are visualized, where agents rotate on the unit circle when
D = 2 and on the surface of a three-dimensional sphere when D = 3.

expression is

N
éiza)i+)LZaijsin(9j—9i), (1)

j=1
where i = 1,2,...,N. w; is the natural frequency, A is the

parameter of coupling strength, g;; is the element of the ad-
jacency matrix. The dynamics are defined on nodes, and the
links control the coupling relationship between nodes.

In Millan [17], by introducing the boundary map in al-
gebraic topology, the incidence matrix By, describes the
topological relationship between p-dimensional and (p + 1)-
dimensional simplices. See Appendix for more details about
By,. By defining the incidence matrix, Eq. (1) can be written
as

0 = w — AByy; sin (B[},0). )

Here, 0 is the vector of phases associated with all nodes,
and its expression are @ = (0, 6,, ..., Oy,,). Likewise, @ is
the vector of natural frequency w;. The notation sinx indi-
cates that the sine function is applied to the elements of the
matrix x.

The higher-order Kuramoto model is established when
the Kuramoto dynamics is set to be associated with the p-
dimensional simplex. Ghorbanchian et al. proposed a more
specific scenario, also known as the “model nodes-links”,
which considers the coupling dynamics only on nodes and
links (i.e., zero-dimensional and one-dimensional simplices)
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[20]. The model is described as follows:
0 = @ — AByy sin (B[;}6).
¢ = & — A(B[, sin(Bj1¢) + Bpaysin (B)¢)).  (3)

Here, ¢ = (¢1,, ¢y, - - -, ¢IN[1] ), where ¢; denote the phase
associated with the nth link [,. & is the vector of intrinsic fre-
quencies @ associated with each link. Equation (3) effectively
captures the key characteristics of the higher-order Kuramoto
model while also providing convenience for theoretical anal-
ysis. In this paper, we specifically focus on this scenario of
topological signals defined on both nodes and links.

B. D-dimensional Kuramoto model

In order to mimic the more realistic situation of swarms in
higher dimensions, the Kuramoto model has been generalized
to high dimensions. In this framework, the motions of agents
can be thought of as unit vectors rotating on the surface of a
D-dimensional sphere. The D-dimensional Kuramoto model
is described by

N
i‘i=Wiri+)\zaij(rj_(rj'ri)ri)' @

j=1

W, and r; characterizing the natural rotation and the phase of
the ith agent, respectively. W; is a real D x D antisymmetric
matrix with D(D — 1)/2, and r; is a D-dimensional unit vector
(V,'l,...,}’ij)WithjZ l,...,D.

For 3D Kuramoto model, W; is areal 3 x 3 antisymmetric
matrix as

0 —w3; Wy
Wi=| ws; 0 —wy,; |. 5
—wy; Wy, 0

The term W;r; can be represented as w; x r;, where w; =
(w1, w2, w3,;)T and r; = (sin@ cos @, sin 6 sin ¢, cos H)7 .
For the uncoupled dynamics, i.e., A = 0, r; precesses around
the rotation axis ®; = w;/|w;| at the rotation frequency w; =
|w;| along the surface of the unit sphere. Therefore the vector
®; can be physically interpreted as the natural rotation of the
ith uncoupled agent. For A # 0, the norm r; = 1 is always
conserved because the right-hand side of Eq. (4) is orthogonal
tor;.

For the model of D = 2, W; and r; are expressed as W; =
(;)i _(‘)“ ") and r; = (cos 6;, sin 6;), respectively. Given that W;
and r; are controlled by the unique elements w; and 6;, respec-
tively, it follows that Eq. (4) is equivalent to Eq. (1). In other
words, the D-dimensional Kuramoto model is consistent with
the classical Kuramoto model when D = 2.

The order parameter can capture the collective dynamics in
a system of coupled oscillators. In the coupled D-dimensional
Kuramoto model, it is defined as

1 N
p=17;rj, (6)

whose amplitude R = |p| characterizes the degree of synchro-
nization. R = 1 indicates a coherent state of the system (i.e.,
r; are identical), while R = 0 denotes an incoherent state (i.e.,

r; are uniformly distributed on the sphere). Here, | - | indicates
the L, norm, ranging between 0 and 1.

C. D-dimensional topological Kuramoto model

Although the higher-order topological model and the D-
dimensional Kuramoto model have been studied separately,
the study of topological signals governed by the high-
dimensional Kuramoto model is rare. In the study of Li [22],
the topological signals are represented by a finite number of
homogeneous high-dimensional oscillators. However, when
the number of oscillators tends to infinity and their dynamical
parameters are heterogeneous, the synchronization process of
the system remains unknown.

Here, we propose the D-dimensional topological Kuramoto
model, which mathematical expression is

i =F — MLipr — Iy © (Liyr" ))r. (7)

Here, F = [Wyry, ..., Wyry]l", Iy is a N x N identity ma-
trix, and © is Hadamard product. Ly, is the higher-order
Laplacian, which generalizes the graph Laplacian by describ-
ing diffusion taking place on p-dimensional simplex [17].
According to the definition of L), it can be represented by
the incidence matrix By, that is,

Ly = BE)]B[P] + B[p+1]BE;+1] = LE,] + L, ®)

In Appendix A, we explain that when p = 0, Eq. (7) is equiv-
alent to Eq. (4), and when D =2, Eq. (7) is equivalent to
Eq. (D).

Corresponding to the visual classification shown in
Fig. 1(c), Table I presents three cases of topological signals
associated with D-dimensional Kuramoto dynamics. For the
first case, the dimensions of the Kuramoto dynamics associ-
ated with both nodes and links are D = 2, which is consistent
with the expression of Eq. (3). For the second case, the dimen-
sions of the Kuramoto dynamics associated with nodes and
links are D = 2 and D = 3, respectively. For the third case, the
dimensions of the Kuramoto dynamics associated with both
nodes and links are D = 3. Here, the phases associated with
ith nodes and jth links are denoted by r; and o ;, with dimen-
sions Dyo; and Dyyj, respectively. The set of phases on nodes
and links are denoted by r and o, respectively. Therefore, for
Ny nodes, r is an Ny x Djo) matrix, while for Njy; links, o is
an Njj) x Dyjy matrix.

To describe the effect of the dynamics defined on a p-
dimensional simplex on the dynamics of adjacent simplexes,
the algebraic topology can construct the projected dynamics
[17]. Here, we discuss the projection of the dynamics of a.
For D = 2, the dynamics can be expressed as

6 =& — A(By sin B[,j0 — B, sin B,;0). (©)

Specifically, the projection of the dynamics on nodes are de-
fined as & = Byjjo. Here, Byjy acts as a discrete divergence.
Since the incidence matrices satisfy BBz = 0, then Eq. (9)
becomes

(;i = Bll]w — )‘LIOI sin(&), (10)
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TABLE I. Three cases of topological signals associated with D-dimensional Kuramoto dynamics, corresponding to the visual classification

shown in Fig. 1(c).

Case | II 11

p=0 D=2 D=3 D=3

r ® — AgByy sin B[T”r F — o(Ligr — Iy © (Liggrr")r F — Ao(Ligyr — Iy © (Ligyrr™ ))r
p=1 D=2 D=2 D=3

I ® — A (B sin Bl 0 — B, sin B 0) @ — A (B sin Bl 0 — B, sin Bj;)0) F — (Lo — Iy © (Linoo"))o

where Lo = B[]]B[TI]. For D > 2, the dynamics can be ex-
pressed as

6=F — xLyo—Iy O (Lyjoo’))o. (11)

Since the commutative law does not apply to matrix opera-
tions, the projection of ¢ is not solvable for D > 2.

By introducing the order parameters as the weight of the
coupling strength, coupling between higher-order dynamics is
achieved in Milldn [17]. Specifically, the control parameter 8,
is used as the coefficient of coupling strength, i.e., A — AB,,.
p represents the dimension of the simplex. It has been shown
that 8, plays an important role in the emergence of multiple
stable states [48—50]. In this paper, we consider three different
weights 8, namely, (a) 8, = R, (b) B, = R2, () By =R,R,.
Here, R, and R, are the order parameters for the dynamics of
the p-dimensional and g-dimensional simplices, respectively.
If p=1, then ¢ =0, and if p =0, then ¢ = 1. (a) and (b)
depict couplings weighted by the order parameters of adjacent
order signals, while (c) depicts mixed coupling weighted by
the order parameters of its own signal and the adjacent order
signals. Since the order parameter depends on the real-time
state of the system, the adaptive coupling exists when 8 # 0.

In the next section, the results of numerical simulation
will be presented. Unless otherwise specified, the network
structure is fully connected and A = KN~'. The fourth-order
Runge Kutta method is used for calculating 5 x 10 iterations
with At = 1072 at each value of K. After removing an initial
transient, R, is averaged over 3 x 10 iterations for N = 2000
oscillators. We require the elements wy; of W; and the el-
ements @; of @ follow Gaussian distribution, respectively,
ie., wg; ~ Norm(0, 88) and @&; ~ Norm(0, t2), with k =
1,...,D(D—1)/2 and i=1,...,N. On a fully connected
network, T = 1/(8;+/N — 1) through properly rescaled [20].
Here, 8y and t are the standard deviations of the Gaussian
distribution, which characterize the degree of heterogeneity
among the oscillators.

III. NUMERICAL SIMULATION

In this section, we revealed the roles played by g, and
dp in phase transitions (Fig. 2). For case I in Table I, the
D-dimensional topological Kuramoto model degenerates to
the higher-order Kuramoto model. Here, we first show the
results of numerical simulation for case II. The nodal dy-
namics and the projected dynamics of links are analyzed,
namely Egs. (7) and (10). For all settings of 8,, we discover
a discontinuous transition for Ry from 0 to 0.5 when K = 0.
When K > 0, the synchronization processes for both Ry and
R; exhibit differences in different cases. For 8, = R,, both
Ry and R; generate continuous transitions to synchronization

[Figs. 2(a) and 2(d)]. However, Ry displays a second dis-
continuous transitions for g, = Ré [Fig. 2(b)], as well as for
Bp = R,R, [Fig. 2(c)], when 8¢ = 0.5. Meanwhile, R; also
exhibits a first-order transition when the second transitions
occur for Ry. Therefore, B, plays a key role in controlling the
continuity of phase transition. Notably, when §, = 1.5, both
Ry and R, depict continuous transitions [Figs. 2(e) and 2(f)],
which means that §y plays another crucial role in switching
between continuity and discontinuity of phase transitions.

To reveal the microscopic states of the system before and
after the phase transition, the dynamics of the nodes and links
are shown in Fig. 3. Taking the phase transition in Fig. 2(c) as
an example, 10 individuals are randomly selected for illustra-
tion. When there is no coupling between individual dynamics
(i.e., K =0), the order parameters of both the nodes and
links are approximately R & 0. The links’ dynamics exhibit
periodic rotation on the unit circle, while the nodal dynamics
rotate on a circular cross section of the unit sphere, with both
dynamics displaying incoherent oscillations. When K = 2.2,
the order parameter of the links remains R &~ 0, whereas the
order parameter of the nodes increases to R & 0.5. The links’
dynamics still exhibit incoherent oscillations, while the nodal
dynamics follow a motion pattern resembling chaos. When
K = 2.6, the order parameters of both the nodes and links

@,

~0.5

FIG. 2. Numerical simulations and stable theoretical solutions
for the evolution of order parameters. Here, 3D Kuramoto model on
nodes while 2D Kuramoto model on links. §; = 1 is fixed for all
panels, and §; = 0.5 is used in the row above (a)—(c), while §o = 1.5
is used in the row below (d)—(f). The red circles and blue squares
respectively depict Ry and R, in numerical simulations. The red -solid
curve and blue-chain line correspond to the stable theoretical solu-
tions of Ry and R; from Egs. (14) and (15), respectively, while the
black-dashed line corresponds to the unstable theoretical solutions
of Ry and R;.
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FIG. 3. Microscopic state diagrams before and after the phase
transition corresponding to Fig. 2(c). (a)—(c) The motion of node dy-
namics on the sphere for K = 0, K = 2.4, and K = 2.6, respectively.
(d)—(f) The phase evolution of links’ dynamics for K = 0, K = 2.4,
and K = 2.6, respectively.

approach 1. The links’ dynamics then show weak oscillations,
while the nodal dynamics exhibit synchronized rotation on the
unit sphere.

We simulated the case of D = 3 in Erd6s-Rényi random
network (ER network) and scale-free (SF) network. The for-
mer characterizes connectivity through to the average degree
(k;), while the latter has a power-law degree distribution with
the exponent . We observe that network connectivity sig-
nificantly influences phase transitions as shown in Fig. 4.
Under identical parameter conditions, as the average degree
of network decreases, the type of phase transitions shifts from
first order to second order. Moreover, an increased network
heterogeneity also contributes to smoother synchronization
transition curves. Our findings provide a validation for the
conclusions drawn in Ling [51].

Figure 5 shows the phase diagram of Ry for D = 3. Two
scenarios of By are studied, which correspond to four phase
diagrams of the system in the (K, §,) plane. Clearly, two

@ S o P ® P

=15 y=2 oS y=s o ®

o, 0 =

& 0.5 e 0.5 e 0.5 f”
R0 Du RO R0
& Rl P Rl S Rl

0 (e 0 Bempn
2 0 2 2 0 2 -2 0 2
K K K

FIG. 4. Phase transitions corresponding to the different network
structures. (a)—(c) ER network. (d)—(f) SF network. Here, N =
200, §; =1, 8o = 0.5. The parameters of network are displayed in
the upper left corner of each panel, with the average degree (k;)
corresponding to the ER network, and the exponent y of degree
distribution corresponding to the SF network. Here, 3D Kuramoto
model on nodes while 2D Kuramoto model on links.

2 _p?
8K, R

05 1.0

0

0 2 4
K

FIG. 5. Phase diagram of Ry in the (K, §,) plane. Here, 3D Ku-
ramoto model on nodes while 2D Kuramoto model on links. The
upper row represents Ry for each pair of (K, §p) when 6; = 1, which
corresponds to the case of (a) B, = R; and (b) B, =R,R,. The
lower row represents Ry for each pair of (K, §;) when 8y = 1, which
corresponds to the case of (c) 8, = Ri and (d) B, = R,R,.

boundaries between incoherence (R ~ 0), and partial coher-
ence (R~ 0.5), as well as the partial coherence state and
synchronization (R = 1), are visible. Additionally, in Fig. 6,
we present the results for D > 2 on nodes, while D =2 on
links. For odd D, i.e., D = 3,5, 7, there are always double
first-order phase transitions. For even D, ie., D =2,4,6,
there are always one first-order phase transitions. Meanwhile,
we present the case where 8, = RpRg and find that the width
of the hysteresis loop increases with the increase of order
for B,,.

For the cases of same dimensional dynamics on nodes and
links, namely the 2D Kuramoto model as case I in Table I, and
the 3D Kuramoto model as case III in Table I, their results
are shown below. The phase diagrams in the (K, §,) plane
for the 2D Kuramoto model as case I in Table I are shown
in Fig. 7. Three types of B, are displayed, namely (a)(d)

(b)

D=2
~=D=4
+D=3-=D=5-D=7 D=6
0 0
0 2 4 6 0 2 4 6

FIG. 6. Phase transitions of the order parameter. Here, D > 2 for
nodal dynamics while 2D Kuramoto model on links. (a) Odd D, i.e.,
D =3,5,7,onnodes (b) Even D, i.e.,D =2,4, 6, onnodes. (c) 8, =
RpRg forD =3 and (d) B, = RpR; for D = 2.
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B =R
r_9q

K K K

FIG. 7. Phase diagram of R in the (K, §,) plane for 2D Ku-
ramoto model on both nodes and links. The cases of 8, =R,,
By = R;, and B, = R,R, are displayed in (a)(d), (b)(e), and (c)-(f),
respectively. §; = 1 is in (a)—(c), while §o = 1 is in (d)—(f).

By =Ry, (b)(e) B, = R2, and (c)(f) By = R,R,. For each case
of (K, 8,), there is always §, = 1. In all panels, Ry exhibits
discontinuous transitions between incoherence and coherence,
while partial coherence does not exist. Phase transitions of the
order parameter for 3D Kuramoto model on both nodes and
links are shown in Fig. 8. When the 3D Kuramoto model is
defined on links, the numerical simulations reveal that it can
never be synchronized. In fact, the limitation of 3D models is
that they cannot obtain the projection onto nodes.

IV. THEORETICAL ANALYSIS

In order to reveal the origin of discontinuous transitions,
we provide theoretical analysis of the system described by
Eq. (7) for D = 3. All analyses are based on fully connected
networks. The main results are presented below, and more
details in the Appendixes. By using the definition of the order
parameter, the system can be written as follows:

ri = KBo(py — (pg - ri)ri) + @; X ri,
éi = C?)i -+ K,B]R] sin® — K,Bl sin9,-. (12)

The incoherence of the system at infinite size can be mea-
sured by R = 0, which means that the state r; of each agent

1 et 0.6 b s

FIG. 8. Phase transitions of the order parameter for 3D Ku-
ramoto model on both nodes and links. (a) The cases of unweighted
coupling, i.e., B, = B, = 1. (b) The cases of weighted coupling, i.e.,
By, = R,. Here, the network is the ER network with N = 200 whose
average degree is 20.

rotates around their own axes &; with its intrinsic rotation
frequency w;. In Fig. 2, Ry displays discontinuous transitions
from Ry &~ 0 when K = 0 for all panels, indicating the insta-
bility of the incoherent states. We analyze the linear stability
of incoherent states, namely introduce a small perturbation
to the incoherent solution as f = fy + se*&. Here, s is the
characteristic exponent capturing the growth rate of the pertur-
bation. Ultimately, the dispersion relation of s can be obtained
as follows:

2KBy | 4K Bos /+°° g(w)
= dw. 13
9s + 9 0o 824+ w? @ (13)

In the limit of weak coupling K — 0%, s — 0% along with K,
thus the second term in right-hand sides of Eq. (13) can be
ignored. Accordingly, there is s = %K Bo from Eq. (13). Here
Bo can be regarded as a weighted constant of K. Since s « K,
the incoherent state is stable (s < 0) for K < 0, while it is
unstable (s < 0) for K > 0. Obviously, the first discontinuous
phase transitions when K = 0 are independent of §, and f,,.
Thus, they occur in all cases shown in Fig. 2.

Next, we analyze the coherence when K > (. We are able
to derive the self-consistent equation about the order param-
eter from Eq. (12) in the thermodynamic limit, i.e., N — oco.
Then an implicit expression regarding Ry can be yielded as

follows:
1 bopoe h(K BoRon)
—_— = I'i¢, n)———=dndc, 14
Kfo /71/700 M Ty M6 1Y

where I'(¢,n) = «/”7(1 — 02 + /(2 — 1)* +4n2¢?), and

h(x) = x2e ™. A theoretical expression for R; can be in-
ferred as follows:

V(=92 wson?
R = KB —— 81 2 dy. (15)
-1 2

More details are given in the Appendix C. If §, and §; are
provided and the specific expression of 8, is given, Ry and
R; can be calculated by using numerical methods based on
the combination of Eqgs. (14) and (15). In Fig. 2, the red-solid
curves describe the stable theoretical solutions of Ry, while the
blue-chain line refers to the stable theoretical solutions of R;.
The black dashed line corresponds to the unstable theoretical
solutions of both Ry and R;. As we can see, the bistable states
of both Ry and R; only appear in Figs. 2(b) and 2(c), which
lead to the second first-order phase transitions in case (b) and
(c) when K > 0. In analogy with the previous study [34], the
implicit expression for Ry for D = 2 is given by

1

1 — y2 7(’0‘301?9)()2
% % dy. (16)
0

V. DISCUSSION

Although extending the Kuramoto model to a high-
dimensional space is not a new topic, there has been no
research from the perspective of phase transition when it is
used as a topological signal. Our study reveals that there
are double discontinuous transitions in the three-dimensional
Kuramoto model defined on topological signals. For D = 3,
parameters regulating coupling B,, as well as the natural
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frequencies of nodes and edges w),, are two factors control-
ling the continuity of phase transitions when K > 0. They
are verified to be related to bistability of order parame-
ters. In addition, there is another first-order phase transition
when K — 0, which is proved to exist independently in the
three-dimensional Kuramoto model. On the contrary, any
coupling controlled by order parameters leads to only one
first-order phase transitions for D = 2. Our study reports
a high-dimensional extension of explosive high-order Ku-
ramoto dynamics [17].

When facing large vertebrate predators, collective defense,
namely mass stinging responses to perceived threats, forms
within these insect communities [52-54]. For instance, hon-
eybees convey the message of aggregation to companions
nearby through alarm pheromones. Additionally, some ac-
tive colloids can form oscillatory clusters through long-range
chemical coupling [55], micro-robots and robotic fish utilize
infrared, electrical, and acoustic signals for communication
[56,57]. We believe that our model is more realistic than pre-
vious models for better characterizing swarming and flocking
dynamics in high-dimensional space. Recently, some studies
have provided progress [58,59]. There are still areas that need
to be further explored, such as the addition of higher-order
simplexes, the influence of more network structures, and the
role of different coupling functions.
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APPENDIX A: A TOY EXAMPLE FOR THE
D-DIMENSIONAL TOPOLOGICAL KURAMOTO MODEL

A basic concept is that simplicial complexes represent
higher-order networks. A node is a zero-dimensional sim-
plex, a link is a one-dimensional simplex, a triangle is a
two-dimensional simplex, a tetrahedron is a three-dimensional
simplex, and so on. In Milldn [17], by introducing the bound-
ary map in algebraic topology, the incidence matrix By
describing the topological relationship between p- and (p +
1)-dimensional simplices is given.

We present a toy example to describe the D-dimensional
topological Kuramoto model in Fig. 9. In panel (b), we present
the construction of the boundary matrix Byj;. The (i, j) en-

J

/(@ 2
| y |
i 1 i
\\ L 3 __________________________ ) /Il’
[ (b) o o o o i © o
; (1,21 [13][23] [34] i [1,23]
5 nllf-1 -1 0o ol a2l 17 i
EB 2]t 0o -1 o] _ o2 [L3]|=1]
UTn o 11 i TP e 23] 1)
i n[4lo 0 o 1]y 04341101 1

FIG. 9. An example of the high-dimensional oscillators on a
simplicial complex. (a) The structure of simplicial complex. (b) Its
incidence matrix By;; describing the topological relationship between
nodes and links. (c) Its incidence matrix By describing the topolog-
ical relationship between links and triangles.

try of B encodes the incidence relationship between the
ith node (zero-dimensional simplex) and the jth link (one-
dimensional simplex). Specifically, if node i serves as the
initial vertex of the oriented link j, the corresponding entry is
—1; if node i is the terminal vertex, the entry is 1. Otherwise,
the entry is 0, indicating no incidence between node i and link
Jj. In panel (c), we present the construction of the boundary
matrix By The (i, j) entry of B encodes the incidence
relationship between the ith link (one-dimensional simplex)
and the jth triangle (two-dimensional simplex). Specifically,
if the oriented link 7 is aligned with the orientation of the
triangle j, the corresponding entry is 1; if it is oppositely
oriented, the entry is —1; if the link does not belong to the
boundary of the triangle, the entry is 0. It should be noted that
for a rigorous definition of By, from the perspective of the
boundary map, we refer the reader to the study of Millan [17].

According to Eq. (8) in the main text, the zeroth-order
Laplace matrix of this toy example is obtained as

2 -1 -1 0
-1 2 -1 0
L[O] = -1 =1 3 1 (A1)
0 0 -1

For 2D Kuramoto model is on nodes, its mathematical expres-
sion is

i + A(sin(f, — 0;) + sin(63 — 61))

0=w— ABjy) sin (BIT“G) =

wy + )\( sin(91 — 92) + sin(93 — 62))
w3 + )»( sin(@l — 93) + Sin(92 — 93) + Sil’l(94 — 93))

(A2)
wy + A sin(93 — 94)
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For D-dimensional Kuramoto model is on nodes with D > 2, and since r is a row vector, there are riro =r;-rjand ryr] =

|r;| = 1, there is
i Wirl + Ay — (r2 -r)r 413 — (r3 - 11)ry)
; Worl +A(ry — (r1 -r2)r +1r3 — (r3 - 12)r)
) ¥ 2 1 1 - 1r2)ry + 13 312
r=F — )\.(L[()]F—IN (O] (L[o]rrT)r) = i.2 = T 2_ . . (A3)
3 Wary +A(ri — (r1 -r3)rs +r2 — (r2 - r3)rs +rq — (ra - r3)r3)
ry

Clearly, Eq. (A3) is logically consistent with (A2). For the
projected dynamics defined on links, according to Eq. (10) in
the main text, it can be expressed as

41 @1 + A(sino, + sinoy — 2sinoy)
P 6 | @, + A(sinoy + sinoz — 2sin 03)
T 163|  | @3+ A(sinoy +sinoy +sinoy — 3sino3) |
64 W4 + sin o3 — sin oy
(Ad)

Therefore, for this toy model, Eqs. (A3) and (A4) constitute
the dynamic equations for numerical simulation.

APPENDIX B: THE LINEAR STABILITY ANALYSIS
OF THE INCOHERENT STATES

Following the approach of Refs. [32,58], the linear stability
analysis of incoherent states is derived as follows. As shown
in Eq. (5) in the main text, there is

ri = KBo(py — (py - ridri) + @; xr;. (BD)
In the limit of infinitely large N — oo, a density function
f = f(@r, w, 1) is used to describe the macroscopic dynamics
of Eq. (B2), which denotes the fraction of agents with the

natural rotation w at the position r in time ¢. For D = 3, there
is a continuity equation on the unit sphere,

of 1 (d(fsinfup) | 3(fvy)) _
§+sin9< 00 T g )‘O’ B2)

where  f  satisfies the  normalization condition
f\rl:lf(r’ w,t)dr=1, and [vy,vg] are given by 7=

U@é + v¢q3 where [9,43] is an orthonormal set of vectors
in a 3D space as follows:

6 = (cosf cos ¢, cos@ sin ¢, —sinH)’,
¢ = (—sing, cos ¢, 0). (B3)

Thus, vy =K,80~p0-9+w-q3 and vy :Kﬂo-po-cﬁ—
® - O can be obtained from Eq. (B1). Introducing the expres-
sion of vy and vy into Eq. (B2) yields

d d A N
3 af kpop-r+ L kpp 0+

at
_i_ﬂ(Kﬁoﬂ'.(ﬁ—w'@) _o.
olo) sin 0

The solution of f for an incoherent state is f = fy = ﬁ,
which corresponds to a state that all the agents are uni-
formly spread over the surface of the unit sphere for each
. To examine the linear stability of the incoherent state, we

(B4)

Warl + (s — (r3 - ra)rs)

(

consider a small perturbation to the incoherent solution as
= fo+ee"&(0, ¢, w). In terms of f(r, @, 1), the order pa-
rameter p, defined as the integral form,

p0=/ /rf(r,w,t)G(w)drdw
R3 J§2

b4 2
=/ / / ree” £sin G(w)dwddde ~ e (&),
R Jo Jo
(B5)

where (€) denotes a constant nonzero 3D vector. Substituting
f and p, into Eq. (B4), and gathering all the linear terms of
the first order in &, we get an equation for £ as follows:

0wy 06 KPo(§)

= = ., B6
St maag - 2 (B6)
In analogy with Ref. [58], & can be derived as follows:
2K
(§) = %@) (sI — W) 'G(w)dw B7)
R3

For a nontrivial solution of (&), there is

det (1 _ 212’30 / oI — W)_IG(w)dw) —0, (BS)
R?

If the following equation has no root of s with a positive real
part, the perturbation will decay exponentially in time, and the
incoherent state is stable. In contrast, the incoherent state loses
stability if the real part of one root of s changes from negative
to positive. Finally, the dispersion relation of s reduces to

2KBy | 4K Bos /+°° 8(w)
1= dw. B9
9s + 9 0o 82+ w? @ (BS)

In the limit of weak coupling K — 0%, s — 0" along with
K, thus the second term in right hands of Eq. (B9) can be
ignored. Accordingly, there is s = %K Bo from Eq. (B9). Here,
Bo can be regarded as a weighted constant of K. Since s K,
the incoherent state is stable (s < 0) for K < 0, while it is
unstable (s < 0) for K > 0.

APPENDIX C: SELF-CONSISTENT ANALYSIS FOR THE
ORDER PARAMETERS

Firstly, we aim to provide an analytic prediction of R for
the nodal dynamics with K > 0 in the limit of N — oo. The
nodal dynamics on full-connected network are described as
follows:

N
Fo=Wiri+2Bo Y (rj — (rj - r)ry). (Ch)

j=1
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For D = 3, there is W;r; = w; x r;. Equation (C1) can be
rewritten as follows by using the order parameter, i.e., p, =
N
ILV Z,‘=1 ri,
Fi = @; X ri + ABoN[py — (p - ri)ril. (C2)

When the order parameter p,, is at a fixed point, each agent
reaches its time asymptotic equilibrium. Thus, the fixed point

of these agents are governed by
0=w; xr] +1BoN[py — (py -1 )rf ], (C3)

where the superscript F means that the agent is at a fixed

point. Note that the above fixed point solution 7/ exists if
K > 0. We define a quantity y; = /\ﬁoN\p i and p, = o ‘,thus
0= i@ xrf) + (oo — (oo )F). (C4)

By equating the square of the norm of Eq. (C4), as well as
by dotting Eq. (C4) with &;, there are

1= (oo rf)" =i} (1= (@:-r)’) =0,
(o - @)
(i’o "f )
Furthermore, Eq. (C5) can be derived as
~ 4 ~ N ~
(Po 1) + (17 = 1)pg-rf — i (py-@)* =0,  (C6)
which can be solved to obtain

L= 2+ (12 = 1) + 423Gy - 0,2
po-rF = / . @

& -1 — =0. (C5)

In the thermodynamic limit N — oo, R is given by
R= [ py 1 Gw)dw, (C8)

and in analogy with Refs. [32,58], for w ~ N(O, 8%), and
G(w) = g(w)U (@) are substituted into Eq. (C8),

h(?»ﬂoNRn)

1 = ABoN G dndg, Cc9
50//@ hmnds,(©)
where G(; n) = \/ a—-n2+ \/(,7 1)2 + 4n222),

h(x) = x%e 2"1 and A = KN\

For D = 2, Eq. (4) can be simplified as
N

6 = w; + 2By Z sin(0; — 6)), (C10)

j=1
and following the classical analysis given in Ref. [34], then

— 52 _ ChoNRy0®
(I—=x*) 025%0

2782

N (C11)

Next, we will focus on the edge dynamics, which are de-

scribed as follows:

07 = o171 — AB Ly sin 0, (C12)

with @1 = Bpjj@. For convenience, the network is consid-

ered fully connected, and the superscript [—] is hidden. We
introduce the definition of order parameter,

N
Rié® =N""Y "€ (C13)
j=1
Accordingly, Eq. (C12) can be rewritten as
6 =&+ ABINR, sin® — AN sin 6. (C14)

In the limit of infinitely large N — oo, the macroscopic
dynamics of the system conveniently described by a density
function f (6, @, t), which denotes the fraction of oscillators
with the natural frequency & at the position 6 in time ¢. There
is the normalization condition

2w
fod6 =1, (C15)
0
and the continuity equation
dfo | 9fove
A =0 Cl6
ot + ot (16)

with the velocity vy given by 6, i.e., Eq. (C14). Accordingly,
the complex order parameters are given by

o1 =Rie® =N"! /f¢ei¢d¢, (C17)
and f, can be expressed as by Fourier expansion
o0
2 zzn—‘<1 + Y fue™ +c.c>. (C18)
m=1

We follow Ott-Antonsen ansatz to solve this continuity equa-
tion, and f,, = o™, where « is given by

Aﬂle o —1)=0. (C19)

Since the average value of ¢ is zero, the nonrotating stationary
solutions of the above equation for « is 9, = 0. Thus, there
is

- - 2
. @ .
a:—z(}\ﬂlN ):I:\/l—(W+Rlsmd>>

(C20)

By inserting this expression into the expression of p;, we get
the following expression:

N 2
Rysin® = l1—-{——+R (O]
Lo /(M;'l’,vﬂel sincp))gl\/ (%31 psin )

(c21)

x G(®)dd.

We define u = % and G(®) = 1/ =e M , then there is

[(1— u? Apy Ny
Rl _ )\,ﬂlN/ ( ) (ﬁlez 2

(C22)
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