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Synchronization in complex networks is influenced by higher-order interactions and non-Gaussian
perturbations, yet their mechanisms remain unclear. We investigate the synchronization and spike
dynamics in a higher-order Kuramoto model subjected to Lévy noise. Using the mean order
parameter, mean first-passage time, and basin stability, we identify boundaries distinguishing
synchronization and incoherence. The stability index governs the tail heaviness of the probability
density function for Lévy noise, while the scale parameter affects the magnitude. Synchronization
weakens as the stability index decreases, and even completely disappears when the scale parameter
exceeds a critical threshold. By varying coupling, we find bifurcations and hysteresis. Lévy noise
smooths the synchronization transitions and requires stronger coupling compared to Gaussian white
noise. We then define spikes as extreme excursions of the order parameter and study their statistical
and spectral properties. The maximum number of spikes is observed at small-scale parameters. A
generalized spectral analysis based on an edit distance algorithm measures the similarity between
spike sequences and identifies spike patterns. These findings deepen the understanding of
synchronization and extreme events in complex networks driven by non-Gaussian noise.

Synchronization is a universal phenomenon widely observed in natural and
engineering systems, including neuronal brain networks', biological
thythms’, ecological networks’ and power grids". It provides insights into
how collective order emerges from complex interactions among individual
units™’. The Kuramoto model serves as a fundamental mathematical fra-
mework for analyzing synchronization phenomena, describing the inter-
actions among oscillators in a reduced and effective form. Its clear
characteristics of synchronization transitions make it particularly beneficial
for designing resilient networks and effectively suppressing oscillations in
real world networks”™"’.

However, the classical Kuramoto model considers only pairwise
interactions, while many real-world systems rely on higher-order couplings,
including triadic and even higher-order interactions, significantly enriching
the dynamical behaviors ''"". Recent studies have identified several dis-
tinctive synchronization phenomena induced by higher-order couplings,
such as abrupt desynchronization transitions, no synchronization, and
multistability'*"”. Besides, Milldn et al.'® present an explosive synchroniza-
tion transition in a higher-order Kuramoto model. Clustering and abrupt

desynchronization transitions are investigated arising from a three-way
interaction in the Kuramoto model”. Kundu et al."* demonstrate that
higher-order interactions in nonlocally coupled identical Kuramoto oscil-
lators promote the emergence of chimera states without a nonzero phase lag.
Complex spatiotemporal dynamics are illustrated on spatially embedded
networks driven by local triadic interactions”, resulting in abundant
topological patterns. Furthermore, higher-order interactions have been
shown to enhance the linear stability of synchronized states, while simul-
taneously shrinking their basins of attraction®, revealing a fundamental
trade-off between local stability and global robustness. These findings
highlight the significant role of non-pairwise interactions in complex
dynamical behaviors. Understanding these dynamics is important for
practical applications, including the development of resilient power grids™,
the engineering of robust communication infrastructures™”, and the elu-
cidation of intricate biological rhythms™*.

In addition to interactions among oscillators, many real systems are
always influenced by stochastic excitation””’. Gaussian white noise is
commonly used to model such external disturbances™’". Many scholars
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have investigated the collective dynamical behaviors of higher-order oscil-
lators under Gaussian white or colored noise, revealing richer dynamical
phenomena compared to deterministic systems™ . We have previously
investigated the heavy-tailed behavior of probability density functions
(PDFs) in generalized Duffing systems driven by irregular periodic excita-
tions under Gaussian colored noise, and found that stronger noise inten-
sities and shorter correlation times lead to heavier tails®. Recently, Marui
et al.”) investigated synchronization behaviors in higher-order Kuramoto
oscillators with simplex interactions driven by Gaussian white noise. They
find that even extremely weak noise erodes synchronization states, leading
to the lifetime of the synchronization state exhibiting an exponentially
growing slow decay. However, realistic disturbances often exhibit char-
acteristics different from Gaussian noise, such as large jumps, leading to rare
but significantly impactful extreme events. Lévy noise, characterized by
heavy-tailed distributions, naturally captures these extreme fluctuations and
abrupt perturbations more accurately’>”. For example, Liu et al.” study
stochastic transitions and stochastic resonance in a conceptual airfoil system
subjected to non-Gaussian Lévy noise.

Nonetheless, the synchronization dynamics of higher-order Kuramoto
models under Lévy noise remain largely unexplored, leaving a basic gap in our
understanding of synchronization in complex networks with higher-order
interactions. Moreover, Lévy noise often triggers extreme events, such as
extreme synchronization events or spike events”*, which represent transient,
high-coherence states significantly exceeding typical synchronization levels.
These extreme events have profound implications for the stability and
robustness of real-world systems. Critically, unlike Gaussian fluctuations
which act diffusively, the heavy-tailed shocks of Lévy noise may induce
fundamentally different transition mechanisms, potentially suppressing the
transient coherence that naturally emerges in finite-size systems. Therefore,
the present study investigates synchronization dynamics in higher-order
Kuramoto models under Lévy noise, exploring how Lévy disturbances and
higher-order interactions influence synchronization and spikes.

In this work, we show that Lévy fluctuations impede synchronization
and stronger pairwise and higher-order interactions promote synchroni-
zation, revealing a critical interplay between higher-order interactions and
non-Gaussian stochastic dynamics. Furthermore, we find that the ampli-
tude and frequency of these spikes are enhanced by a lower Lévy noise scale
parameter. These spikes also carry distinct statistical signatures of the
underlying collective state, evident in their autocorrelation and power
spectrum. Specifically, we find that the spike autocorrelation function
decays rapidly in the incoherent regime, but exhibits significantly longer
persistence during synchronization. Finally, the power spectra of these
spiking events show power-law behavior, with underlying periodicities
revealed by a windowed spectral analysis.

Results

Model overview

We consider the following higher-order Kuramoto model subject to non-
Gaussian Lévy noise. In particular, the phase dynamics of the ith oscillator is
governed by”

N
b= +%;sin(ej -6) +f—;zzsin(zej ~0-6) + 40, (1)

=1 k=1

-

in which 6;is the phase of the ith oscillator and w; is the natural frequency of

the ith oscillator. N is the total number of oscillators. i, j = 1, 2,..., N. K; and
K; are the coupling parameters of pairwise and triadic interaction, respec-
tively. ({(f) represents non-Gaussian Lévy noise. The natural frequencies {w;}
are drawn independently from the standard Cauchy distribution, whose
PDF is given by

1
g(w)=m-

Lévy noise ((#) is the formal derivative of the Lévy process L(f) to time ¢. L(f)
is expressed by its characteristic function ¢, ()", namely

a=1.

A= exp{l/,tt—(f“ltl“[l—lﬁsgn(t)tan(%)}}, a e (0,1)uU(1,2],
$0 =\ expt — ot [1 + sgn (0 21nie] .
(2)

In Eq. (2), 1 = +/—1 is the imaginary unit. & is the stability index and § the
skewness index. When & = 2, Lévy noise degenerates into Gaussian noise.
B > 0 means a left-skewed PDF, and § < 0 means a right-skewed PDF.
B = 0 shows the symmetric case. 4 0 is the location parameter and o the
scale parameter. So the noise intensity is D = ¢".

Here, {w;} and {{{(#)} are assumed to be mutually independent. The
scale parameter of the standard Cauchy distribution is 1, so that o plays the
role of the dimensionless noise intensity. Unless stated otherwise, we con-
sider finite ensembles with N = 100 oscillators. For each parameter set, we
generate multiple independent realizations of {w;}, together with indepen-
dent noise trajectories and initial conditions. All reported observables are
averaged over these realizations.

The macroscopic synchronization level is quantified by the order
parameter

1 N
reL‘P . 619] , (3)
0%

where r € [0, 1] measures the degree of phase coherence and ¥ is the
mean phase.

Basins of attraction in the noise-free case

Considering fixed K; and K,, we focus on the stable and unstable fixed
points of the system (1). The nonlinear differential equation of the global
order parameter r(t) is as follows™.

K K
i=—r+—l(r—r3)+—2(r3—r5). (4)
2 2
Fixed points are obtained by setting # = 0, which yields

—% (K + (K, — K, + (2 — K)] =0. (5)

For K; = 0.8 and K, = 8.0, the fixed-point condition above yields three real
solutions in 0<r<1: a stable fixed point r = 0, an intermediate unstable fixed
point r = r,, = 0.47, and a non-trivial stable fixed point r = r; = 0.82 < 1,
representing a coherent state close to full synchrony. Thus, the deterministic
dynamics are bistable between the incoherent state r = 0 and a partially
synchronized coherent state r = r,, separated by the unstable fixed point
r = r,.. These two stable fixed points represent, respectively, the incoherent
state and a coherent state.

By numerically integrating Eq. (4) from various initial conditions
1o € [0, 1], we obtain their basins of attraction, as shown in Fig. 1. Dif-
ferent initial conditions lead to two different states, including = 0 and
r = r,. Blue markers denote trajectories that converge to the incoherent
state r = 0, whereas red markers indicate those that approach the coherent
state r = r;. The vertical dashed line at ry = r,, = 0.47 marks the separatrix
between these two basins. This sharp threshold underlines the system’s
bistability.

In what follows, considering different K; and K, the basin of attraction
will be calculated, as shown in Fig. S1 (Supplementary Note 1). A bistable
region occurs for different K; and K;. The approximate boundary observed
in Fig. S1 reflects the effective threshold for the finite-size system to reach
synchronization from the given initial conditions.
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Fig. 1 | The stable and unstable points are given by

Incoherent branch r =0
Synchronized branch r = 0.82
— == Transition threshold ro = 0.47

Eq. (4). The blue branch describes order parameter 0.81
r = 0, while the red branch is r = 0.82. The green

dashed vertical line marks the transition point at the

initial condition ry = 0.47, separating the basins of 0.6

attraction of the two stable steady states.
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Fig. 2 | Effects of Gaussian and Lévy noise on the dynamics and stationary
distribution of the order parameter. In each subfigure, the first row shows the time

series of order parameter r(t), and the second row shows the PDF obtained by
multiple trajectories. The number of oscillators N = 100. Blue curves represent the
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deterministic case (scale parameter o = 0), and orange curves show the stochastic
case (0>0).a0=0.5,a =2 (orange curves) and o = 0, « = 2 (blue curves). bo =04,
o = 1.4 (orange curves) and o = 0, & = 1.4 (blue curves).

Based on the analysis of the steady states for different K; and K;, we
now proceed to investigate the synchronization transition of the system (1)
driven by Lévy noise.

Synchronization transitions under fixed coupling
parameters
Probability density functions of the order parameter
We fix the coupling parameters at K; = 0.8 and K, = 8.0. When noise effects
are neglected, i.e., scale parameter o =0, the system (1) may stabilize at either
r =0 or r = 0.82. This bistability, as illustrated in Fig. 1, results in the (f)
shown by the blue curves in Fig. 2. Under the influence of noise, the
responses on 7(t) corresponding to different values of stability index e are
represented by the orange curves in Fig. 2. Besides, Fig. 2 also illustrates the
PDFs of the global order parameter r(f). The transient behaviors of the (f)
have been removed. We infer from each figure that each PDF in the
deterministic case is not exactly the same, which is caused by randomizing
the initial conditions.

From Fig. 2a, when o = 0, r(f) will eventually reach the synchronization
state. Otherwise, 7(f) is more difficult to transition from r = 0 to r = 0.82, at
o # 0, then returns to r = 0 in a very short time, yielding a bimodal PDF with

peaks near r = 0 and r = 0.82. In the intermediate case (« = 1.4), shown in
Fig. 2b, the system (1) exhibits rare and noise-induced synchronization
spikes, illustrating how heavy-tailed perturbations can both suppress and
transiently restore coherent behavior. The PDF, therefore, combines a
dominant peak at r = 0 with a small secondary peak near r ~ 0.82. We
observe a qualitatively similar transition for a wider range of « and o, as
detailed in the Supplementary Information (see Supplementary Note 2
and Fig. S2).

It is worth noting that for finite-size systems (e.g., N = 100), intrinsic
fluctuations can induce spontaneous transitions from an incoherent to the
synchronized state in the bistable region™. In this regime, our simulations at
N =100 show that the presence of Lévy noise counteracts such finite-size-
induced synchronization and keeps the order parameter in a low-
synchronization regime. To examine how this behavior depends on the
system size, we further increase the ensemble size to N = 200 and N = 500.
For these larger networks, where intrinsic finite-size fluctuations are
strongly reduced, and the deterministic dynamics already remain inco-
herent, the addition of Lévy noise does not generate global synchronization
(see Supplementary Note 2 and Fig. S3). Taken together, these observations
indicate that the desynchronizing influence of impulsive Lévy noise in the
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Fig. 3 | The PDF under different stability index and scale parameter. 0 and « are scale parameter and stability index, respectively. The horizontal axis is the order parameter
r, the vertical axis is the o and «, and different colors represent PDF values.aa =2.ba=12.co=0.5.
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Fig. 4 | Heatmap of three metrics under different stability index and scale
parameters. o denotes the scale parameter, and « represents the stability index.

a Basin stability BS. Dark blue denotes BS ~ 0, where almost no initial conditions
synchronize. While pale pink denotes BS = 1, nearly all trajectories synchronize. The
white curve is the contour line, marking the region with BS = 0.8. b Phase diagram in
the (0, «) plane summarizing three indicators. The green region corresponds to the

(b)

2.0
1.8
Coherent Region
1.6
3
Incoherent Region

1.4

1.2 ——— Mean Order Parameter
=  First Passage Time
— Basin Stability

1.0

0.20 0.30 0.40 0.50 0.60
o

coherent regime, the orange region corresponds to the incoherent regime, and the
gray band marks the transition region. The solid green curve shows the transition
boundary estimated from the mean order parameter (r), the purple dashed curve
shows the boundary estimated from the MFPT Tj,, and the red dash-dotted curve
shows the boundary given by the basin-stability criterion BS.

bistable region is consistent over the range of system sizes considered here,
although a systematic finite-size scaling analysis of basin boundaries is
beyond the scope of the present work.

Therefore, as «a decreases, the same ¢ both more readily suppresses
persistent synchronization and occasionally gives rise to transient coherence
events. Whereas moderate Gaussian fluctuations can still drive the network
from incoherence into synchrony, Lévy noise shifts the balance toward
desynchronization.

Furthermore, we consider the PDFs under different « and . Figures 3a,
b visualize how the stationary PDF of the order parameter r is reshaped by o.
We plot the joint density P(r, o) for two fixed values of the stability index
(o=2and = 1.2), while panel c shows P(r, &) at a fixed 0= 0.5. We find that,
in each subfigure, two high-density regions appear, one near r = 0.1 (the
incoherent attractor), and one near r ~ 0.82 (the synchronized attractor).

As o decreases from 2.0 to 1.2, the incoherent peak both broadens in &
and loses weight relative to the synchronized peak, namely, heavy-tailed
fluctuations progressively erode the stability of the synchronized branch.
Besides, as the decrease of a, o required to suppress synchronization
decreases accordingly. Figures 3a, b verify them. We also provide the PDFs
under ¢ = 0.5 in Fig. 3c. The system (1) mainly focuses on the incoherent
state, i.e., 7 = 0. Therefore, the critical value of a needs to be determined based
on the different values of 0. However, no matter what the value of « is, > 0.5

will basically not result in synchronization. The PDF for the case of « = 1.8,
presented in Fig. S5 (Supplementary Note 3), further corroborates this
phenomenon. In the subsections that follow, we will systematically quantify
these phenomena in terms of the mean order parameter, mean first-passage
times, and basin stability, to map out the critical boundary («,, o,) beyond
which synchronization is suppressed. When « < 1, the first-order moment of
Lévy noise does not exist, and, hence, we do not consider the case of
a < 1 here.

Basin stability and quantitative analysis of the synchronization
transition

The results of basin stability BS (defined in the “Methods” section) are
shown in Fig. 4a under different 0 and a. We observe that, at fixed o,
increasing « raises BS. In other words, when the noise has lighter tails, it is
less effective at preventing synchronization. By contrast, for smaller a, BS
drops more rapidly, indicating that rare large jumps more easily trap the
sytem (1) in the incorherent basin. Besides, at fixed @, increasing o
monotonically decreases BS. Once ¢ exceeds the white line, the majority
of initial conditions fail to reach synchronization within the observation
window. In practice, this means that Gaussian-like fluctuations require a
larger o to suppress synchronization than heavy-tailed Lévy fluctua-
tions do.
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Fig. 5 | Bifurcation structure across coupling and noise parameters. The solid line
is the solution to Eq. (4). Forward numerical iterations are denoted by long dashed
lines with dots, while backward numerical iterations are denoted by short dashed

lines. a The deterministic case, a = 2, 0 = 0. b The Gaussian case, &« = 2, 0 =0.5. ¢ The
Lévy noise, a = 1.6, 0=0.5. Here, K; is the pairwise coupling strength, « is the stability
index, and ¢ is the noise scale parameter.

Furthermore, the mean of the order parameter (r) (defined by the
“Methods” section) and the mean first-passage time (MFPT) Tgy (illu-
strated by the “Methods” section) distribute at the similar transition region,
including coherent and incoherent regions. The full results are provided in
Fig. S6 (Supplementary Note 4). To quantitatively characterize this transi-
tion, we simultaneously analyze three metrics, including BS, (r), and T,
with the results synthesized in Fig. 4b. We find that the three contour critical
curves have overlapping regions but are not identical. The discrepancy arises
because the three indicators measure the dynamical behaviors from dif-
ferent perspectives, including the mean order parameter, the escape time,
and the size-volume of the basin. Even though the same threshold criteria
are applied, the indicators focus on different aspects, leading to boundary
deviations. Therefore, we define the largest region covered by the over-
lapping segments of the three curves as the transition region. Within this
region, BS and (r) may not simultaneously exceed 0.8 under the same
parameters, and T'may not necessarily increase beyond T .. Consequently,
synchronization occurs in the green region, but is suppressed in the yellow
region, and synchronization in the transition region depends on specific
conditions.

The above analysis illustrates the synchronization dynamics of system
(1) under Lévy noise excitation at fixed coupling parameters K; and K,.
Specifically, as the stability index « decreases, synchronization becomes
increasingly suppressed. Furthermore, when the scale parameter o exceeds
0.5, synchronization is suppressed. We validate these conclusions through
heatmap analyses of the mean order parameter, the mean first-passage time,
and the basin stability.

Modulation of synchronization by coupling parameters
Bifurcation hysteresis

In the following, varying K; is investigated. We set K, = 8 to describe the
transition process. Figure 5 illustrates r versus the first-order coupling K;.
The solid curve is the analytical solution of Eq. (4), the long-dashed line with
dots is the forward numerical simulation, i.., increasing K;. The short-
dashed line is the backward simulation, i.e., decreasing K;.

Figure 5a refers to the deterministic case. A clear hysteresis loop opens,
signifying bistability between the incoherent and synchronized states. The
Gaussian and Lévy noise cases are compared in Fig. 5b and c. In both
stochastic cases, the overall bifurcation structure is preserved, but the curves
shift to larger values of K, reflecting the extra coupling parameter needed to
overcome noise and achieve synchrony. In addition, the case with Gaussian
noise depicted in Fig. 5b shows a relatively small rightward shift, whereas the
Lévy noise case in Fig. 5¢ exhibits a more pronounced shift to the right. In
addition, we also generate bifurcation diagrams for different K5, as shown in
Fig. S7 (Supplementary Note 5).

While the results presented above are obtained for N = 100, we verify
that the suppression effect of Lévy noise and the overall hysteresis structure
are robust to system size. Additional simulations performed with N = 200
and N = 500 show qualitatively similar behaviors, specifically the enhanced
suppression under Lévy noise, verifying that the observed transitions are not
finite-size artifacts. Detailed comparisons for larger system sizes are pro-
vided in Fig. S8 (Supplementary Note 5).

Integrated analysis of three metrics

Furthermore, we now consider the BS, the mean order parameter, and
MEFPT under varying K; and K. Figure 6 shows the BS as a function of K;
and K, under different types of noise. In the deterministic case, the inco-
herent state dominates for low K; and low K5, i.e., BS = 0. Once K; and K,
jointly exceed a boundary, the synchronization captures essentially the
entire state, i.e., BS = 1. Considering Gaussian noise, in Fig. 6b, adding
moderate white noise fluctuations shifts the transition region to larger values
of Kj and K. In other words, stochastic perturbations make the synchro-
nization less resilient. Besides, in Fig. 6¢, Lévy noise further reduces the
resilience of the synchronization regime.

Furthermore, (r) and the MEPT Tj, in the (K, K;) plane are shown in
the Figs. S9 and S10 (Supplementary Note 6), showing that Lévy noise
further shrinks the high-coherence region (with a fuzzier boundary), and
that T, exhibits a clear boundary and is systematically larger under Lévy
noise than under Gaussian noise for the same (K5, K;).

Therefore, noise transforms the deterministic bistable transition into a
broad crossover region. Gaussian fluctuations blur the boundary, but still
allow an extensive region of synchronization. In contrast, Lévy fluctuations
not only blur but also shift this boundary, requiring stronger coupling to
reach synchronization.

Finally, to ensure that the observed suppression of synchronization is a
robust physical feature rather than a finite-size artifact, for example, we
extend the results of the mean order parameter to larger system sizes
(N'=200and N = 500). As detailed in the Fig. S11 (Supplementary note 7),
the qualitative landscape remains consistent across system sizes: the syn-
chronized region is invariably smaller, and the transition boundary is shifted
to higher coupling strengths under Lévy noise compared to the Gaussian
case. This demonstrates that the dominance of heavy-tailed fluctuations in
suppressing global coherence is intrinsic to the noise distribution and per-
sists toward the thermodynamic limit.

Spike statistics and spectral analysis

As demonstrated in the above sections, the system (1) exhibits transitions
between incoherence and synchronization. Particularly under the
influence of Lévy noise, such transitions occur repeatedly and
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Fig. 6 | Basin-stability maps across pairwise and higher-order coupling strengths.
Here, BS denotes basin stability, K is the pairwise coupling strength, and K, is the
higher-order coupling strength. o and « denote the scale parameter and stability

index, respectively. a The deterministic case. o = 0. b The Gaussian case. & = 2 and

1.0

0.0

0=0.5.cThe Lévy case. @ = 1.6 and o = 0.5. The basin stability in the Gaussian case is
similar to the deterministic case. The Lévy noise case shows a significant shrinkage of
the high BS, indicating a much stronger destabilizing effect on the
synchronization state.

intermittently, driving the system (1) to alternate rather unpredictably
between synchronization and incoherence. These intermittent and
abrupt transitions can be regarded as extreme events in the dynamical
system"'. Therefore, it is important to analyze the frequency and char-
acteristics of these recurrent extreme events, capturing the complex
interplay between synchronization and incoherence.

Spike amplitude and the number of spikes
Here, a spike or an extreme event refers to a short excursion of the order
parameter r(t) above a critical threshold 7 .- We quantify these spikes
using two metrics: amplitude and frequency (see the “Methods” section for
the precise definitions). The results of maximum spike amplitude R, («, 0)
and spike count Nypiies(a, 0) are shown in Fig. 7.

Figure 7a depicts the averaged results of R, («,0) by multiple
trajectories for different & and o. It is worth noting that these averaged
results are taken only when exceeding 7 iica, rather than each amplitude.
We observe that when o is large, synchronization is suppressed com-
pletely, resulting in no spikes. In contrast, when ¢ is small, R, («, 0)
becomes relatively large. These trends are displayed in Fig. 7c. Although
there are small fluctuations around o € [0.6, 0.8], R, («, 0) exhibits an
overall decreasing trend as o increases. Moreover, larger « are associated
with a slower decline of R, («, 0), whereas smaller « produce a faster
decrease. Figure 7d shows that R . («, 0) increases with . This increase
is stronger at larger 0 and negligible at small 0. These results illustrate the
effect of Lévy noise on the maximum spike amplitude under different o
and o. In particular, smaller « as well as larger o promote stronger sup-
pression of spikes. Figure 7b shows the Nixes(a, 0) for different a and o.
Similar to Fig. 7a, Nypikes(, 0) is highest when o'is small and « is large, and
vice versa. Moreover, when o is sufficiently large, the system (1) does not
undergo transitions, resulting in no spikes. Besides, Fig. 7e shows a
detailed Ngpikes(, 0) under different «. We observe that Nypjres(at, 0)
consistently decreases as o increases. Thus, a smaller ¢ corresponds to
larger Nypixes(t% 0). Nypikes(a; 0) under different o are shown in Fig. 7f.
With increasing o, Nypikes(a; 0) either remain nearly constant or gradually
increase. Nypikes(®, 0) attains higher values for larger a. Therefore, the
system (1) always exhibits more frequent spikes when « is larger and o is
smaller.

To disentangle the effects of tail heaviness from that of the overall
intensity, we also analyze the spikes in the (&, D) plane. In this analysis, the
scale is chosen as o = D' so that D = ¢" keeps constant. The resulting
heatmaps R .. («, D) and Nyyies(a, D) are shown in Fig. 8. These plots reveal
that both the R, (a, D) and Ngpixes(, D) decrease monotonically with D.
Whereas for fixed D, their dependence on « is much weaker than their
variation with D. This indicates that the effective noise intensity D is the
primary control parameter for the spiking behavior, while the Lévy index «
provides only a secondary modulation at constant D.

Autocorrelation and power spectrum analysis of spikes
Moreover, analyzing only the amplitude and number of spikes is insufficient
to fully characterize the impact of Lévy noise on synchronization transitions
in the system. Therefore, we further explore the intrinsic temporal structural
features of the spike sequences. Using the edit distance method”, we
compute the autocorrelation function in the time domain and the power
spectrum in the frequency domain of the spike sequences.

Spike sequences are discrete and irregularly spaced, and occasionally
have large intervals. Therefore, it is difficult to directly calculate the auto-
correlation function and power spectrum. We use the statistical properties
of the autocorrelation function (EDACF) and power spectral estimate
(EDSPEC) based on the edit distance®. The main idea behind the edit
distance method is to quantify how similar two sequences of symbols or
events are by calculating the smallest number of operations needed to turn
one sequence into the other. These steps include adding, removing, and
moving symbols*.

We select representative points from three distinct regions in Fig. 4b to
investigate the autocorrelation and power spectra of the corresponding
spike sequences. Specifically, the coherent region is characterized by
a = 1.6, 0 = 0.3 (Fig. 9a and b), the transition region by & = 1.4, 0 = 0.33
(Fig. 9c and d), and the incoherent region by & = 1.4, 0= 0.4 (Fig. 9¢) and f).
The blue and red shaded regions represent one standard error of the mean
(SEM), while the black curves indicate the 95% confidence levels (see the
“Methods” section).

We observe from Fig. 9a that the EDACF decays to zero at approxi-
mately lag values greater than 100, whereas in Fig. 9c the EDACF decays
more rapidly, reaching zero at lag values smaller than 100. In Fig. e, the
EDACEF reaches zero at around lag = 100. These findings indicate that spike
sequences in the coherent region display the longest-lasting serial depen-
dency, whereas sequences in the incoherent region exhibit the shortest
temporal correlations. Furthermore, from Fig. 9b, d, and f, the spike
sequences consistently follow a power-law f~0%1, f7090 and f-0-84,
respectively. Then we give the hypothesis: Hy: The temporal structure of the
observed event sequence is indistinguishable from that of a random process,
implying the absence of periodicity or long-range correlation. H;: The event
sequence exhibits a significant non-random temporal structure, such as
periodicity, long-range correlation, or notable autocorrelation (see the
“Methods” section). If the EDSPEC of the actual data exceeds these
thresholds at certain frequencies at the 95% confidence level, we reject the
null hypothesis, indicating a significant non-random temporal structure in
the system (1). Specifically, the EDSPEC in Fig. 9d and f remains within the
95% confidence level, indicating no significant periodicities. However, there
are peaks in the EDSPEC in Fig. 9b, which exceed the 95% confidence level,
indicating the existence of real but small spectral peaks.

To quantify the decay of the ensemble-averaged EDSPEC and to assess
whether a power-law is an appropriate model, we fit a power law P(f)
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fPw to the part of the ensemble-averaged spectrum that appears
approximately linear in log-log coordinates. For comparison, we also fit a
simple exponential model in log-linear form, log,,P(f;) = A + Bf , to the
same frequency range and compute the Akaike information criterion (AIC)
for both models*. For all parameter sets considered, the power-law fits yield
the weighted coefficient of determination R?* = 0.99, and the AIC of the
power-law model is lower than that of the exponential model by AAIC ~ 10,

Since AAIC > 10 is commonly interpreted as very strong evidence in favor
of a model with a smaller AIC, this strongly prefers the power-law
description over the exponential alternative in the frequency range studied
(see Table S1 for detailed numerical values in the Supplementary Note 8).

Considering spike sequences characterized by large inter-event inter-
vals, it becomes more meaningful to analyze these sequences by segmenting
them into shorter windows. Thus, we present the EDACF and EDSPEC
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Fig. 8 | Influence of noise intensity and stability
index on the maximum spike amplitude and
spike count. a Heatmap of the maximum spike
amplitude R, («, D) under different « and D. The
thin curves denote contour lines of R, («, D).

b Heatmap of the spike count Nyyies(a, D). The thin
curves are contour lines of Nyyixes(, D).
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highlighting the critical role of higher-order interactions and Lévy-type
fluctuations in governing rare but impactful dynamical behaviors. Our
findings provide valuable perspectives for managing and predicting extreme
events in real-world complex oscillator networks subjected to stochastic
excitations.

Methods

Model parameters

For the system (1), the numerical integration is performed using the Ruge-
Kutta method with a time step dt = 0.01. The total simulation time is set to
T = 10° time units, with the initial T,, = 10° discarded as transients. Since
both the Lorentzian distribution of natural frequencies g(w) and the Lévy
noise distribution L({;(f)) possess diverging variances, we quantify the
relative noise strength using the ratio of their scale parameters. Since the
scale parameter of the standard Cauchy distribution is 1, the Lévy scale
parameter o serves as a direct measure of the noise intensity relative to the
intrinsic heterogeneity.

Moreover, a single finite-size realization (N = 100) of natural fre-
quencies {w;} may contain extreme outliers (Histogram of |w;| and histo-
gram of the sample maximum max;|w;| are shown in Fig. S13
(Supplementary Note 10)). To ensure that our results are not artifacts of
atypical realizations, the macroscopic quantities reported (e.g., order para-
meters) are obtained by averaging over multiple independent realizations of
{w;} in addition to noise trajectories.

To ensure that all numerical results correspond to the stationary
regime, we discard an initial transient interval from each simulation. For
each (a, 0), we integrate the dynamics up to a final time T with time step df,
and monitor the ensemble-averaged order parameter r(f) as well as its
running time average over sliding windows of length AT. Specifically, we
define

R(t) = (Nj—ara

denotes the time average of r(¢) over the interval [t—AT, t]. Starting from
early times, we increase f and determine the smallest time T, for which the
change between two consecutive windows satisfies

|R(t) — R(t — AT)| <e.

We then interpret this time as the end of the transient and discard the
interval [0, T\,] in all subsequent analyses. Throughout this work, we use
AT =20 and ¢ = 0.005, which yields a transient length of T, ~ 10° inte-
gration steps (corresponding to t = 10° for dt = 0.01) for all parameter
combinations considered. All stationary quantities are computed from data
collected for t > T,,. Furthermore, we verify that extending the integration
time beyond T,, (for example, by extending the simulation time to 2T.
Results are shown in Fig. S4 (Supplementary Note 2), does not affect the
measured stationary observables within numerical accuracy under Lévy

noise, ensuring that our conclusions are robust with respect to the precise
choice of T, and T.

Deterministic reduction and order-parameter equation

In the absence of noise (¢ = 0), Eq. (1) becomes deterministic and admits a
low-dimensional description in terms of the order parameter. We briefly
summarize the reduction and refer to Supplementary Note 11 for the
detailed derivation.

Taking the thermodynamic limit N — oo, we describe the state of the
system by the probability density f(6, w, t) of oscillators with phase 6 and
natural frequency w at time ¢. The density satisfies a continuity equation with
phase velocity (6, w, t) obtained from Eq. (1).

Following the Ott-Antonsen ansatz*, which has also been applied to
higher-order Kuramoto interactions in ref. 39, we obtain a low-dimensional
description in terms of the order parameter. Evaluating the resulting
expression at the pole of g(w) in the complex w plane yields a closed ordinary
differential equation for r(f), whose explicit form is given in Eq. (4). The
complete algebraic steps of the reduction are presented in Supplementary
Note 11.

Order parameter and three metrics

We calculate the global order parameter r(f) by Eq. (3). It can be calculated
by the order parameters of multiple paths as (r) = (|N~! Zje’el |) and
provides quantitative insights into the collective dynamics.

Basin stability is the probability that the system converges to a steady
state under a specific initial condition, revealing a measure of the resilience
against perturbations. We obtain some initial condition samples from
phase space, calculate the probability that the order parameter goes into a
synchronization state experiencing long enough time.

n

path
~ 6
N, path ( )

BS =

in which 71,4, represents the number of paths going into the synchroni-
zation state, described by 7 > Fipreshold: Npath is the number of all paths, and
Tthreshold = 0.8. If BS is large, most of the initial values in system (1) will go
into the synchronization state. Otherwise, the system (1) is very sensitive to
initial values and cannot go into the synchronization state. In Fig. 4b, a white
contour at BS = 0.8 highlights the boundary between mostly synchronized
and mostly incoherent regimes, delineating the region where at least 80% of
random initial conditions end up in the synchronized state.

For the mean of order parameter (r), in Fig. 4b, the contour (r) = 0.8
marks the combinations of (&, 0) at which the long-time average (r) falls
below 0.8 or above 0.8. It characterizes the average synchronization or
incoherence behaviors of the system (1) under noise fluctuation.

First-passage time is defined as the ensemble-averaged time at which
the order parameter r first exceeds a chosen threshold i eqnotd’ - Speci-
fically,

Tﬁrst = <lnf{t : 7'(1’) > rthreshold}>7 (7)

where fipreshold IS the threshold we defined. According to the value of r under
different states, we choose 7ipreshola = 0.8. When 0.8, the system (1) will
enter the synchronization state. Besides, in Fig. 4b, we identify a threshold
Tihreshold = 0-87T o for MFPT, where T, . is the largest value of T we
considered.

ax

Spike amplitude and the number of spikes

We define a spike as a time interval during which 7(£)>7ica. These intervals
represent sudden synchronization events™. Figure 13 illustrates typical
responses of r(f). the dashed horizontal line indicates the threshold. The blue
crosses in Fig. 13 mark some spikes. The green dot highlights the spike with
the maximum amplitude.
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The mean-field analysis of the corresponding noise-free model in
ref. 39 indicates that the unstable fixed point separating the incoherent and
synchronized states is located at r = 0.5. Therefore, we set the threshold
Taitica = 0.5. To provide a comprehensive framework for assessing
and suppressing extreme events, we calculate the maximum amplitude of
spikes and the number of spikes during the specific time interval extracted
for each @ and o. The maximum spike amplitude is defined as
Rpax(@, 0) = max, o {r(®)[1(£) = 7 }- The spike count is defined by

Nspikes(‘x7 U) z#{[tstartv tend] < [07 T] : r(t;mt) <7 riticals r(t;;d)

< itical> T() 2 itical }

®)

Edit distance algorithm

When calculating the averaged EDACF and EDSPEC, we select multiple
trajectories to generate spike sequences for each parameter set. The step size
of lag is 0.01. To establish the 95% confidence intervals shown, we generate
20 surrogate event sequences by randomly and uniformly redistributing
events within the original observation interval. These surrogate datasets are
then used to calculate the EDACF and EDSPEC, from which we derived
frequency-specific thresholds corresponding to the 95% significance level.
These thresholds allow a statistical comparison with the original data to test
the hypotheses.

Data availability
All data needed to evaluate the findings of the paper are available within
the paper.

Code availability
The Python and Julia source code is available at https:/github.com/
zhaodan-npu/Higher_order_kuramoto_paper_code.
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